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Abstract
Weak and non-line of sight (NLOS) signals severely degrades the detection performance
of Global Navigation Satellite Systems (GNSS) signals. High attenuation and severe
multipath introduces a challenge in the detectability of GNSS signal indoors. The use of
antenna arrays in GNSS allows for the provision that multiple spatially separated
antennas receive uncorrelated signal fading independent of each other. Being quite
common in point-to-point wireless communications, the concept of antenna array in
GNSS is considered as a new application. The independent fading statistics are used to
reduce noise and to increase signal to noise ratio (SNR) at the receiver, which ultimately
increases the detectability of the signals in any environment. This research discusses the
enhanced detection of GNSS signals based on spatial combining of multiple antenna
outputs. From spatially apart multiple antenna receivers, there is a possible diversity gain
when the individual antenna outputs are combined in an appropriate fashion. For two
antennas, the diversity gain is in the range of 4 to 5 dB relative to a single antenna. The
theory of multiple signals combining along with the experimental setup to demonstrate
the approach with real GPS data is presented. The data presented supports the fact there is
significant gain in signal to noise ratio (SNR) which improves the detection of GNSS
signals in degraded signal environments, e.g. indoors. A deeper investigation on the
spatial correlation of GPS L1 multiple receiver channels shows that the data collaborates
the theory and, above all the spatial diversity method enhances detection in a statistically
significant manner.
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CHAPTER 1: Introduction

1.1 The Indoor Detection and Positioning Problem

The existence of NLOS signals in Global Navigation Satellite System (GNSS) severely
degrades position-domain and time-domain performances of GNSS signals. This issue is
directly related to degradation of positioning accuracy that results from inaccuracy in the
estimation of the time-of-arrival (TOA) of signals coming from the satellite. The
scenarios of urban canyons, where there are few line-of-sight (LOS) signals and indoors
where there is almost no LOS signals present are quite different. This results in a
performance variation in positioning accuracy as well as in time-domain or in correlationdomain accuracies. The other aspect of the problem is the detection of GNSS signals in
mixed LOS/non-LOS and completely non-LOS environments. Signal detection and
positioning performances are closely interlinked with each other because in order to have
a position solution, satellites with a reasonably good signal-to-noise ratio (SNR) have to
be acquired first and tracked. Also, in the case of cold-start the problem is first to use a
binary hypothesis to check whether there are any GNSS signals present or not. The
problem soon moves to a multiple-hypothesis problem of satellite selection over the
Doppler and code-phase dimensions. In addition to this, the GNSS channels are unknown
and they are quite different from ordinary point to point wireless communications. This is
because the signals received from satellites suffer from Doppler both when the receiver is
in static and dynamic modes. This is why in order to have an improved indoor positioning
solution, research into the detection performance and characterization of GNSS channels
in degraded and indoor environments is necessary.
1

1.2 Indoor GNSS Challenges

GNSS suffers from the following fundamental limitations when used indoors:
Accurate detection of GNSS signals is very difficult because GNSS signals indoors suffer
from attenuation and fading. This ultimately leads to the need for improved SNR of
signals when indoor situations are considered (Watson 2005).
In the GNSS research and development community, there has always been a challenge to
overcome these limitations and to develop receivers that provide better performance
indoors, especially in terms of better TOA estimation accuracy and SNR improvement so
that the signal detection and positioning problems indoors become gradually resolved.
That is why for such situations in the indoors, when an SNR is predefined as the working
SNR, the performance is generally bounded by the Cramer-Rao lower bound (CRLB) of
TOA estimation. The initial step in this procedure is to understand the reasons for the
receiver performance degradation. The two basic limitations are briefly reviewed in the
remainder of this section. Interested readers who are not familiar with GNSS technology
can consult the review of GPS fundamentals in any textbook dealing with GNSS
technology. For instance, a comprehensive resource for GPS information includes
Parkinson & Spilker (1996), Kaplan (1996), and Misra & Enge (2006).
1.2.1

Multipath Propagation Errors

Multipath errors in GPS systems are one fundamental issue that has to be mitigated with
special care. The GPS relies on LOS propagation between satellites and users in order to
ensure accurate ranging and therefore positions. The signal propagates at the speed of
light. This makes the GPS fundamentally a timing system. The concept of GPS is
2

different from that of conventional digital communication systems in that for the purpose
of digital communications, the measure of success is the bit error rate (BER) encountered
at the receiver, which overlooks the effects of propagation paths as long as a desired BER
is achieved in the receiver (Watson 2005). However, with GPS, an error in TOA
estimation is added due to the effects of NLOS signal propagations. Such a phenomenon
adds a timing error and therefore compromises positioning accuracy (Watson 2005).

The GPS LOS signal propagation channel consists of free space and Earth’s atmosphere.
GPS timing error effects, which are not insignificant for metre-level positioning even on
the LOS channel, have already been modelled by many researchers and can be
largely mitigated using existing receiver technologies and techniques (Watson 2005). For
details, interested readers are referred to Ray (2000) and Parkinson & Spilker (1996). For
instance, the use of dual-frequency receivers mitigates ionospheric effects; single- and
double-differencing methods largely mitigate tropospheric, orbital, and clock errors
(Watson 2005, Lachapelle 2006). What is left are the remaining significant errors due to
NLOS propagation and receiver noise (Watson 2005). The effect of NLOS propagation is
collectively referred to as multipath propagation errors. When the outdoor is considered,
NLOS signal propagation effects can be insignificant to severe depending on the
circumstances. Minor low-power reflections may be considered as insignificant when
strong LOS signals are simultaneously present (Watson 2005). On the other hand, in the
worst cases where only a reflected signal is available, positioning is severely affected.
These are two extreme circumstances that can be found outdoors. Most outdoor scenarios
are somewhere in between these two extreme circumstances. Thus outdoors, a varying
3

degree of position degradation is found because of the various combinations of LOS and
NLOS signals available (Watson 2005). Apart from this scenario, there is a high
likelihood of NLOS propagation effects in indoor environments. Often, there is no LOS
signal available at all indoors due to obstruction by various building materials, such as
thick concrete, metal, or other obstructive media. In addition to this, the large number of
surrounding objects available indoors cause reflections and scattering. The complex
nature as well as wide variation of different indoor environments have made the
characterization of NLOS propagation effects indoors difficult to achieve (Watson 2005).
1.2.2

Signal Attenuation and Fading

Assuming a GPS receiver antenna with hemispherical gain pattern, the minimum
received signal level of the GPS signal under open-sky conditions is defined as -160
dBW for the L1 coarse/acquisition (C/A) code (ICD200C 2000, Watson 2005). The
power is then spread over an equivalent bandwidth of approximately 1 MHz by a spread
spectrum (SS) or direct sequence code division multiple access (DS-CDMA) technique.
This DS-CDMA spreading of power leads to a peak power spectral density (PSD) near
-220 dBW/Hz. This is significantly lower than the average radio frequency (RF) noise
levels of about -204 to -208 dBW/Hz (Parkinson & Spilker 1996, Pritchard 1997, Ray
2007). This requires a significant processing gain in order to extract GPS signals from the
noise even under ideal conditions (Watson 2005). Indoor signal levels are weaker than
those received outdoors principally because of the fact that propagation through building
materials induces an attenuation in the range from 0 dB to 30 dB or even more on LOS
signals, depending on specific indoor scenarios. In addition, in indoor situations the
interference received between multiple NLOS signals causes fading. Indoors, as the
4

signal travels through roofs, walls, windows or other obstacles en route to the receiver, a
portion of the signal energy is lost due to reflection, refraction, and diffraction by indoor
scatterers and energy absorption by building construction materials (Hu 2006). Stavrou &
Saunders (2003) reported that factors like signal frequency, position and nature of
buildings and their internal construction as well as construction materials can influence
the radio wave propagation from outdoor to indoor. However, the findings in Stavrou &
Saunders (2003) were obtained through simulations, and include the non-linear variation
of loss with material thickness or frequency and the average predicted penetration loss
versus frequency, for a windowed wall. A detailed explanation of why these effects take
place was given and some contradicting issues were discussed (Stavrou & Saunders
2003). Referring to Aguirre et al (1994), Hu (2006) mentioned that the median
penetration losses for propagations at 912 MHz, 1920 MHz, and 5990 MHz were 7.7 dB,
11.6 dB, and 16.1 dB, respectively. Schwengler & Gilbert (2000) reported the field test
results at 5.8 GHz in a residential area in that the mean penetration loss in a residential
building was found as 3.3 dB, 13.2 dB, and 16.2 dB for locations at a closed window,
front and rear of the house, respectively (Hu 2006). Klukas et al (2004) reported several
results of experiments conducted to study the signal penetration effects of building
materials at GPS L1 frequency and found attenuations of 0.5 dB, 2.4 dB and 23 dB for
gyprock, plywood and cinder blocks, respectively. In general, fading is particularly
detrimental to GPS signal reception because characteristics of the propagation
environment make the signal level highly variable. When strong multipath signals are
received, deep and long lasting fades can take place because of the geometry of the
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propagation environment. As a result, environmental geometry also has an impact on
indoor GNSS signal fading (Watson 2005).
1.2.3

Approaching the challenges

Given that GNSS signals suffer from severe conditions in the indoors, it is very important
that an understanding be developed about the NLOS indoor characteristics of the GNSS
receivers in order to improve their performance indoors. Receiver performance and
channel characteristics are both important to consider before testing and implementing
any new algorithms. New algorithms must be developed and tested to improve
detectability of GNSS signals indoors. Since GNSS channels indoors incorporate signal
attenuation and fading effects, research should aim at improving the SNR of received
GNSS signals. Results of some early experiments to increase the integration time with
high-sensitivity GPS (HSGPS) receiver in order to obtain a higher SNR was first reported
by Peterson et al (1997). The performance of HSGPS receivers under various degraded
GPS environments were also studied by MacGougan et al (2002), MacGougan (2003),
Cannon et al (2003), and Lachapelle et al (2003). Hu (2006) reported on the replication of
GPS signals in indoor environments using a hardware simulator, the results being backed
by several field tests with real GPS data. The research in Hu (2006) mainly studied the
characteristics of measured degraded GPS signals from selected environments, followed
by a validation in terms of the correlation coefficient between the simulated and field
results.
In this thesis, a two-antenna GPS receiver system has been considered and a new scheme
using spatial diversity with two GPS receivers for improving signal detectability indoors
is introduced.
6

Modern Technologies

A certain number of technologies have been developed to overcome the limitations of
indoor GNSS and to improve its overall performance in the signal acquisition and
tracking domain. Improvement in post-correlation SNR (PSNR) is the primary target of
such research (Shanmugam 2008). High-sensitivity GPS (HSGPS) and assisted GPS
(AGPS), pre-detection-differential and post-detection-differential combining are among
the modern technologies that have been developed so far. Using spatial channel
information, more commonly known as ‘space diversity’, to combine GNSS signals
spatially is the technique that is the subject of the research presented in this thesis.
Spatial Diversity

The concept of spatial resource i.e. ‘spatial diversity’ is new in GPS for it to achieve
better post-correlation SNR. The concept of spatial diversity has been successfully used
in standard wireless communications for a long time. Spatial diversity in transmitter and
receiver sides in standard wireless communication is commonly known as multiple-inputmultiple-output (MIMO) communication systems. For example, spatial diversity has been
broadly covered in Haykin (2001). Diversity techniques in N×M dimensional receivers
are discussed in Van Trees (Part-1, 2001). Space-time wireless systems have also been
extensively discussed in Bolcskei et al (2006). However, the application of spatial
diversity to GNSS appears to be new. The use of multiple antennas, better known as
multiple-receiver processing, exploits receiver antenna space diversity to improve
receiver performance at the GNSS signal detection level. When GPS signals are received
with multiple receiver channels, the receiver antennas experience mostly independent
fading which, after some signal processing techniques, provides significant gain in terms
7

of SNR as shown in the results section. Multiple spatially separated antennas receive
uncorrelated faded signals. The plane wave arriving from the satellites at the receiver
antenna is subject to independent fading behavior in the receivers that are spatially apart
by a certain distance from each other. The independent fading statistics are used to
mitigate noise and so to increase SNR at the receiver, which ultimately increases the
‘detectability’ of GNSS signals in any environment. For instance, multiple GNSS antenna
signal processing can be performed using equal-gain (EG) and estimator-correlator (EC)
combining algorithms and this yields a higher detection output and correspondingly
higher PSNR. Propagation channels can be analyzed in terms of fading distribution with
the help of cumulative distribution functions and diversity combining gain can be
achieved from multiple antennas. This fact brings about many potential benefits that can
be achieved from using a multiple-antenna GPS receiver system. Potential benefits may
include improved signal detection capability as equally important as position-domain
performance. The following sections outline the optimum multi-antenna detection of GPS
signals, as they apply to the research conducted herein. For a LOS satellite signal, the
latter is correlated among multiple antennas and it is less likely that all receiver antennas
will experience deep fades at the same time. As a result, signal combining with spatially
apart antennas will provide much SNR gain by reducing the noise floor and increasing
the signal value. For a PRN that is unavailable at that location at that instant of time, the
signal combining from multiple receivers provides reasonable SNR improvement by
reducing the noise floor. In fading environments, for instance indoors, the uncorrelated
signal reception is achieved by spacing the antenna elements at least one half wavelength
apart; in fact, the required antenna separation depends on the spatial coherence of the
8

indoor channel, which may be greater than half a wavelength (O’Driscoll & Lachapelle
2007, Pratt 2000). Often multipath signal is also correlated over longer distances.

1.3 Research Overview
1.3.1

Motivation and Limitations of Previous Research

The degradation of SNR indoors for GNSS signals is the overarching motivation for this
research. To exploit the spatial information of GNSS signals using multiple antenna
arrays for SNR improvement is the principal objective of the thesis. The characterization
and information theoretical analysis of antenna array reception for the GPS L1 channel is
another motivation for this thesis.
In satellite-based navigation and positioning systems, received signal power on the earth
is very low even under open sky condition (Tsui 2005). When the GPS receiver is taken
indoors, due to the unavailability of LOS signals and also reflections from the several
reflectors, the received GPS signal is attenuated. So, it becomes very hard to detect GPS
signals in weak and degraded signal conditions, which ultimately causes poor
detectability. Though several authors have illustrated pre-correlation and post-correlation
combining of GPS L1 signals (e.g. Shanmugam et al 2005), all of the combining
algorithms used a single antenna. In this research, the use of spatial diversity is proposed
for a GPS receiver with the realization of a 2-element GPS receiver array antenna system
in order to provide SNR gain at the post-correlation level. It will be shown that gain
improves by four to five dB typically when two antennas are used. This SNR
improvement is obtained after averaging the SNR improvements over a variety of
locations. This will ultimately be useful for weak signal tracking indoors and in degraded
9

signal conditions such as in urban canyons. The overall objective is to improve the
detectability by combining the complex correlation signals. In this research several postcorrelation combining methods are explored in relation to improving the SNR at the postcorrelation level. At the same time multiple GPS receivers can provide means to combat
multipath. While measurements for single GPS antennas are well documented in the
literature, there are a very few sources (e.g. Backén 2007) that discuss channel impulse
response (CIR) measurements based on multiple antennas for GPS L1 band signal
reception. Backén (2007) mainly proposes an ASIC based live GPS data collection and
processing scheme using GPS antenna array. Since the satellites are moving in a
particular orbit, the estimation accuracy in estimation of the Doppler shift is an issue to
consider. Though there is a large body of literature regarding CIR measurements for
MIMO wireless systems at different frequencies, generally these are point-to-point
measurements and not applicable to the indoor GPS single-input-multiple-output (SIMO)
GPS case. In addition, considering the correlation between the two antenna elements the
estimator-correlator (EC) based GNSS signal processing should also be useful in this case
because it provides an idea of how much the SNR can improve for correlated GPS signals
due, for example, to close antenna spacing (e.g. in d<0.5 λ cases).

1.3.2

Objectives and Novel Contributions

The primary objective of the present research is to develop an optimum spatial postcorrelation signal processing and detection algorithm using a signal combining technique
for multiple-antenna array GPS receivers in different types of LOS and NLOS
environments. This is achieved through the use of multi-antenna array GPS receiver,
10

which has been implemented in hardware, at different antenna spacing to exploit spatial
information of the channels. In addition, to investigate different new spatial signal
combining algorithms at the post-correlation level for GPS L1 band signals in different
types of environments are considered and this constitutes the secondary objective of this
thesis.
The major objectives are summarized as follows:
1. To propose a practical post-correlation signal combining detection algorithm
under multipath environments using spatial diversity of GNSS receivers
2. To apply spatial diversity combining using multiple antennas and to compare the
performances of GPS antenna array receivers for equal-gain and estimatorcorrelator (EC) based diversity combining algorithms in multipath environments.
This will also include the development of spatial covariance matrix for GPS L1
band receiver channels using the single antenna and multiple antennas and an
eigen-analysis of the receiver channel covariance matrices.
3. To assemble an actual hardware platform for realizing the GPS antenna array
system using two front-ends and a data-collection scheme
4. To study spatial combining performances for different GPS antenna spacing. As
part of this objective, a software program is developed to implement the proposed
algorithm and verify it with actual measured field data. For this research, selected
NLOS indoor locations have been considered for the data collection. Assistance
has been provided by using a reference antenna located at rooftop with
unobstructed view of the sky. Collected field data have been further processed
with the software algorithm thus developed.
11

To implement the above objectives, the following issues are addressed.
•

The two GNSS receiver front-ends must be time-synchronized. This is ensured by
driving the individual front-ends with on-board clocks, as developed in National
Instruments (NI) based data collection system setup. The different channels of the
NI system are time-synchronous.

•

The antenna gain patterns do not matter for this research work. This is because the
tests deal with uncorrelated multipath signal that appears all over the Poincaré
polarization sphere. The Poincaré sphere, conceived around 1892 (Wikipedia
2008), provides a convenient way of representing polarized electromagnetic (EM)
waves. To have an easy understanding of polarization, polarization states are
often specified in terms of the polarization ellipse, specifically its orientation and
elongation. A common parameterization uses the azimuth angle and the ellipticity
(the ratio of the two semi-axes). An ellipticity of zero corresponds to linear
polarization and an ellipticity of 1 corresponds to circular polarization. Thus the
two poles – upper pole and lower pole – of Poincaré sphere represent left and
right-circularly polarized EM wave respectively. Points on the equator indicate
linear polarization. Other points on the sphere represent elliptical polarization.
The description of Poincaré sphere is well known in the area of electromagnetic
wave propagation. In addition to that, it can also be said that if the antennas are
different in terms of polarization, for instance, for two orthogonally polarized
GNSS antennas that are collocated, it is possible to have the benefits equivalent to
spatial diversity.
12

•

Although the phase of radio frequency (RF) wave is related to the cable length
through which the wave propagates, the phase differences between the two
receiver antennas do not matter here. This is because phase differences become
part of correlation matrices and are taken care of by the correlation matrices for
further signal processing.

•

To test the spatial combining algorithm in indoor locations, at first the synthetic
array configuration has been used for the received signal. The performance is later
verified by two indoor antennas separated by a given antenna spacing.
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Figure 1.1: Flowchart of GPS Antenna Array Receiver Signal Processing

The proposed spatial combining of GNSS signals consists of the following steps.
Firstly, real-time GPS raw in-phase and quadrature-phase samples are collected using two
receiver front-ends spatially apart by some distance. Secondly, the effects of intermediate
frequency (IF) and Doppler are removed from the data and then the correlation matrix for
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the two receivers using locally generated code are obtained. The correlation matrix is the
basic asset for this research. The above correlation matrix procedure is carried out in
NLOS locations and the correlation matrix is thus averaged over several spatial locations.
As a third step, the post-correlation signal processing block mainly does the major work
of spatial signal combining and spatial channel analysis. Two main tasks are done in this
section. Post-correlation signal combining techniques are tested with real data.
In the final stage, detection outputs are considered as a criterion of algorithm testing and
thus SNR analyses are made to compare the performance of multiple-antenna spatial
combining of GPS L1 signals as compared to the single receiver case. The probability of
detection for a given probability of false alarm is evaluated in this case.

1.3.3

Thesis Outline

The thesis is organized as follows: Chapter 2 provides with a brief description of spatial
diversity for GNSS signals. The discussion is followed by Chapter 3 describing spatial
diversity combining of weak GNSS signals. Chapter 4 provides the description of test
methodology and GNSS signal processing as well as some intermediate results.
Correlation properties of dual-antenna GPS receiver system, its detection performance
and SNR gain using spatial combining have been described in Chapter 5. Finally, Chapter
6 presents conclusions and recommended future works. Two appendices provide some
fundamental and necessary background information necessary for a full understanding of
the methodology used in the thesis.
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CHAPTER 2: Spatial Diversity for GNSS Signals

A GPS L1 band signal is an electromagnetic radio wave that is transmitted at L1 band
carrier frequency of 1575.42 MHz. The GPS is one of the presently available GNSS. To
understand spatial diversity for GNSS and the performance of spatial combining of
GNSS signals, it is first important to understand electromagnetic signal reception by an
array of GNSS antennas. This chapter begins with a brief description of electromagnetic
wave reception with a multi-antenna GNSS receiver system. Subsequent spatial signal
combining methods as well as the criteria for performance evaluation for multi-antenna
GNSS receiver system are described next.
2.1 Background and Importance of GNSS Multi-Antenna Signal Reception

Most GPS receivers utilize the signals from a single antenna and this has been adequate
for many non-integrated system solutions (Pratt 2000). On the other hand, according to
Nyquist’s spatial sampling theorem, when multiple antennas are used for signal
reception, the GNSS faded signals received are independent from each other if the
spacing between GNSS antennas is greater than half the wavelength of the carrier
frequency (Intarapanich et al 2004, Park & Min 2005). Multi-antenna GNSS signal
reception is very promising in order to have positioning solution in weak and multipathrich signal environments e.g. indoors. The performance of multiple receivers for
mitigation of carrier phase multipath errors has already been shown in Ray (2000). In
order to extract the advantages from using multiple GPS antennas, improved multiantenna signal processing has to be adopted (Pratt 2000). Though multiple antenna GPS
systems are in use in land survey GPS receiver systems, attitude determination systems,
16

controlled reception pattern antenna (CRPA), the use of spatial diversity with multiple
GPS receivers for improving signal detectability in weak and degraded signal
environments is a new area in GNSS research. On the other hand, successful acquisition
and tracking of weak GNSS signals requires longer integration times and correct
multipath detection and rejection capability (Dedes & Dempter 2005). With weak signals,
the SNR is too low to support the extraction of the 50 bits/s navigation message from the
signal (Bryant et al 2001). While the technical issues confronting indoor GPS have been
discussed in Van Digglen & Abraham (2001), some aspects on measurements of GPS
signals indoors have been well discussed from a correlation domain perspective in
Peterson et al (2001). From an interference point of view, however, due to extremely
weak received signal power, the GNSS receiver design must take into account the effect
of RF interference from either intentional or unintentional sources. It is well known that
these interferers can severely impair synchronization performance of the receiver (Kim &
Iltis 2004). Space-time adaptive processing (STAP) has been well documented in Kim &
Iltis (2004) and Melvin (2004).
After signal processing at each receiver antenna, the post-correlation signal combining
provides for SNR improvement and better signal detection. Spatial correlation between
two antenna elements in a multi-antenna system is a well-known concept for point-topoint wireless communication. The spatial correlation is a function of the antenna
element distance, array geometry, radiation pattern and signal distribution (Park & Min
2000). The use of spatial diversity in traditional wireless communications has been
addressed in several available texts, e.g. in Stuber (2000) and Rappaport (2002).
However, the hardware complexity of the GNSS receivers did not interest researchers in
17

using multiple GNSS receivers for signal detection problem. But in recent years the size
of GNSS antennas has been reduced to an extent that is interesting to study the
performance of GNSS antenna array for multiple GPS receiver systems. This research
investigates into the spatial diversity signal combining of multiple GPS antennas for
weak and mixed signal conditions.
2.2 GPS Signal Reception by Uniform Linear Array (ULA) Antenna

Figure 2.1 below shows the conceptual diagram of GPS signal reception with a uniform
linear array (ULA) antenna. The satellite is the transmitting source and, considering the
long paths of the transmitted signals as compared to the antenna array dimensions, the
signals coming from the satellite are considered as plane waves. It is assumed that the
antenna array consists of M identical elements and receives signals from KSat satellites.
Each satellite is moving in a particular orbit and every transmitted signal comes from a
particular direction. While deriving the mathematical formulations, only one transmitting
satellite is considered, i.e. KSat=1 is assumed. Later the algorithm is tested for all
available PRNs to have an average performance evaluation. So, accordingly the antenna
array consists of M identical elements and each of the elements receives signals from a
single satellite in a direction β1 .

18

Transmitter

Channel

Incident plane wave-fronts
β1

Ant. 1

d

x0(t)

2

x2 (t)

M-1

M

xM -1(t)

xM-1 (t)

Multi-antenna receiver

Figure 2.1 GNSS signal reception using a uniform-linear-array (ULA) antenna

If the first element is taken as a reference point and the signal from the satellite is baseband, the output data of the array is an M×1 complex vector. For the signal source, the
array output vector can be expressed as
1

s1 (t )
 x1 (t )  
  w1 (t )  
 w1 (t ) 
 x (t )   s (t - τ )   w (t )   - j 2π fc τ 
 w (t ) 
e
2
1
2








x (t ) =
s1 (t ) +  2 
=
+
=

 ...  
  ...  
 ... 
...
...

 
 
  - j 2π fc ( M -1)τ 



 xM (t )   s1 (t - ( M -1)τ )   wM (t )   e
 wM (t ) 

(2.1)

= a ( β1 ) s1 (t ) + w (t )
T

where a( β1 ) =  1, e− j 2π fc τ , … , e − j 2π fc ( M −1) τ  is an M×1 vector called the array

direction vector, the symbol ( T ) denotes the transpose, f c is the carrier frequency of the
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incident signals, τ =

d cos( β1 )
is the delay between two elements, where d is the
c

spacing between two antenna elements, w (t ) is the M×1 complex noise vector. The
noise at different antenna elements can be either independent and identically distributed
(i.i.d.) zero-mean Gaussian stationary random process or correlated depending on its

source of radiation. It is known that the spatial correlation between signals received at
two antenna elements is related to the spatial structure of the antenna array, the direction
of arrival of the satellite signal, mutual coupling between two antenna elements and
individual antenna gain pattern. Each of these parameters plays a decisive role in the
analysis. The spatial correlation, mutual coupling as well as some design considerations
regarding antenna array have been discussed in Pozar (1990).
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2.3 Diversity Technology for GNSS
Diversity in GNSS is a technique by which the multipath GNSS signals inherently

present in a GNSS receiver are combined in order to mitigate fading and improve the
overall quality of GNSS signal detection. Diversity is a common technique for standard
wireless devices. However, the concept of spatial diversity is comparatively new in
GNSS. The basic principle of diversity is that the receiver combines more than one
version of the transmitted signal, where each version is received through a different path
or branch (Gao 2007). Figure 2.2 illustrates two uncorrelated Rayleigh fading signals and
the combined signal.
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Figure 2.2 Illustration of two individually received signals and the concept of signal
combining by diversity technique. The combined signal always has higher SNR
compared to the individual branch signals.
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For two uncorrelated faded signals, it is rare that both signals will be in a deep null due to
deep fading at the same time. Figure 2.2 shows that the combined signal has a higher
mean SNR at the correlator output when compared to a single branch. The effectiveness
of a diversity system is measured by a quantity known as the diversity gain (Gao 2007),
which is defined as the SNR improvement by using diversity signals as compared to a
single version of the signal received with a single antenna for a given cumulative
probability. There are several ways of achieving independent fading paths in a GNSS
system, such as frequency diversity, time diversity, and antenna diversity. However, the
focus of this thesis is on spatial or antenna diversity, which can be regarded as a measure
of effectiveness for multiple receiver antennas spatially separated from one another. The
principal focus is on the acquisition of GNSS signals.
2.4 Spatial Diversity Techniques
As mentioned earlier, spatial diversity techniques exploit the spatial resource using

multiple antennas. Spatial diversity is also known as diversity antennas or antenna
diversity as shown in Figure 2.3. The arrangement of multiple antennas to receive

multiple signals with uncorrelated fading and the subsequent signal combining at the
receiver are the most important issues in spatial diversity. These aspects of spatial
diversity are briefly discussed herein.
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Figure 2.3 Flow chart of spatial diversity technique

Multiple antennas are separated from each other spatially to achieve independent fading
paths. Due to the spatial separation, i.e. antenna spacing, between two antennas, the
relative phase of the multipath signal is significantly different at both antennas. The
distance between two antennas usually has a minimum spacing requirement depending on
different fading environments such that sufficient decorrelation can be achieved (Jakes
1994, Gao 2007).
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Research work on the spatial diversity on a GNSS receiver has been carried out in this
thesis. In the following the traditional mathematical formulation for spatial correlation
between two antennas is derived assuming GNSS multi-antenna signal reception. Let us
first consider a GNSS antenna located at a position x on a plane. Also, let us consider
another GNSS antenna at a distance ∆x from the first antenna. The electromagnetic wave
coming from the satellite is considered a plane wave. The received signal envelopes for
the two antennas are ϕ0 = y0 and ϕ1 = y1 respectively, where y0 and y1 are the

received complex signals on the first and second antenna, respectively. Suppose that the
separation between the antennas in space is ∆x . The correlation between the two GNSS
antennas can now be expressed as
(2.2)

ρ ( ∆x ) = E ϕ0 ( x ) ϕ1 ( x + ∆x )  .

For a short proximity of the two antennas and assuming that the wireless channel does
not vary much in a short duration of time, we can use the concept of synthetic antenna
array to derive the expression of antenna correlation. Figure 2.4 shows the antenna
position at x and ∆x with respect to the incoming signal. With the synthetic array
concept, it is understood that both ϕ0 ( x ) and ϕ1 ( x + ∆x ) corresponding to the two
receive antennas can be thought of being collected by a single antenna sequentially at two
non-overlapping time intervals. It is reasonable to assume that in such a case the fading
experienced by the same antenna at two locations would be uncorrelated, which is
equivalent to capturing signals with two antennas at the same time instant. So, one can
write equivalently
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(2.3)

ρ ( ∆x ) = E ϕ0 ( x ) ϕ1 ( x + ∆x ) 
≡ E ϕ0 ( t ) ϕ0 ( t + ∆t ) 
where the spatial separation between the antennas is ∆x = v ⋅ ∆t , assuming that the

antenna takes ∆t time to move from the first position x to the second position ( x + ∆x ) at
a velocity v .

y

Incoming signal

Angle or arrival, β
Antenna
v

∆x = v ⋅ ∆t

Figure 2.4 Plane wave incident from a satellite at a GNSS receiver

Since the synthetic array concept is assumed, ρ ( ∆x ) eventually becomes the autocorrelation of the envelope ϕ0 received by the first antenna, which can be expressed as
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(2.4)

ρϕ ϕ ( ∆x ) ≡ E ϕ0 ( t ) ϕ0 ( t + ∆t ) 
0 0

2
 1 1
ρGG ( ∆t ) 

= ρGG ( 0 ) F  − , − ;1,
2
2
 2 2
ρGG ( 0 ) 


π

where F [⋅, ⋅; ⋅, ⋅] is the hypergeometric function expressed as
(2.5)

1
1 2
 1 1

F  − , − ;1, x  = 1 + x +
x + ......
4
64
 2 2

However, a useful approximation according to Stuber (2000) yields

(2.6)

 1 ρ ( ∆t ) 2 
GG
.
ρϕ0ϕ0 ( ∆t ) = ρGG ( 0 ) 1 +
2
 4 ρGG ( 0 ) 2 



π

where ρGG ( ∆t ) is the autocorrelation of the received complex envelope

G ( t ) = GI ( t ) + jGQ ( t ) . Equation (2.6) is the expression for the antenna correlation. In
order to compute (2.6) in the well-known form of Bessel functions, it is necessary to
2

compute ρGG ( ∆t ) as

(2.7)

2

ρGG ( ∆t ) = ρG2 G ( ∆t ) + ρG2 G ( ∆t ) .
I

I

I

Q

Here ρGI GI ( ∆t ) and ρGI GQ ( ∆t ) are the real and imaginary parts of ρGG ( ∆t ) respectively.
2

The computation of ρGG ( ∆t ) is first derived as follows, which after being inserted into

(2.6) gives the well-known expression of antenna correlation in the form of a zero-order
Bessel function of the first kind J 0 ( • ) .
The received signal y0 = G ( t ) can be expressed as inphase and quadrature-phase
components as
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y0 ( t ) = GI ( t ) cos 2π f c t − GQ ( t ) sin 2π f c t

(2.8)

N

GI ( t ) = ∑ Cn cosψ n ( t )
n =1

N

GQ ( t ) = ∑ Cn sinψ n ( t )
n =1

where fc is the carrier frequency, Cn and ψ n are the amplitude and the phase of the n-th
component of the signal respectively. The autocorrelation function of y0 = G ( t ) is

ρ y y ( ∆t ) = ρGG ( ∆t ) . Assuming y0 to be a wide-sense-stationary process, its
0 0

autocorrelation becomes
ρ y y ( ∆t ) = ρGG ( ∆t )

(2.9)

0 0

= E  y0 ( t ) y0 ( t + ∆t ) 
{GI ( t ) cos 2π f c t − GQ ( t ) sin 2π f c t}


= E
{GI ( t + ∆t ) cos 2π fc ( t + ∆t ) − GQ ( t + ∆t ) sin 2π f c ( t + ∆t )}




= E GI ( t ) GI ( t + ∆t )  cos 2π f c ∆t − E GQ ( t ) GQ ( t + ∆t )  sin 2π f c ∆t
= ρGI GI ( ∆t ) cos 2π f c ∆t − ρGQGI ( ∆t ) sin 2π f c ∆t

where ρGI GI ( ∆t ) = ρGQGQ ( ∆t ) and ρGI GQ ( ∆t ) = ρGQGI ( −∆t ) .
Now, due to the long distance from the receiver to the transmitting satellite in space, the
radio propagation environment can be considered as two-dimensional. As the antenna
moves at a velocity of v to a second position at a distance ∆x , the Doppler introduced in
the receiver is given by f D = f m cos β Hz, where f m = v / λc is the maximum Doppler
frequency when β = 0 and λc is the wavelength of the incoming plane wave. The phases

ψ n in GI and GQ are assumed to be uniformly distributed over [ −π , π ] . Using these
properties, the autocorrelation of GI is (Stuber 2000)
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(2.10)

ρG G ( ∆t ) = E GI ( t ) GI ( t + ∆t ) 
I

I

 N
 N

= E  ∑ Cn cosψ n ( t )  ∑ Cn cosψ n ( t + ∆t ) 
  n =1

  n =1
= E∆t , β GI ( t ) GI ( t + ∆t ) 
where
∆t = ( ∆t1 , ∆t2 ,..., ∆t N )

(2.11)

β = ( β1 , β 2 ,..., β N )
N

℧ = E GI 2 ( t )  + E GQ 2 ( t )  = ∑ Cn2
n =1

for n = {1, 2,..., N } . Here, ℧ is the total received envelope power. Finally, it becomes

(2.12)

℧
Eβ [ cos 2π f D ∆t ]
2 i
℧
= Eβ cos ( 2π f m cos β ∆t ) 
2

ρG G ( ∆t ) =
I

I

And, in a similar way, it is found that

(2.13)

ρG G ( ∆t ) = E GI ( t ) GQ ( t + ∆t ) 
I

Q

 N
 N

= E  ∑ Cn cosψ n ( t )  ∑ Cn sinψ n ( t + ∆t )  .
  n =1

  n =1
℧
= Eβ sin ( 2π f m cos β ∆t ) 
2
However, the expectations in (2.12) and (2.13) above require that both probability
distribution of incident power p ( β ) and receiver antenna gain GR ( β ) be expressed as a
function of the angle or arrival β . According to the well-known Clarke’s isotropic twodimensional scattering model (Clarke 1968), p ( β ) can be assumed as uniformly
distributed over [ −π , π ] , which provides the pdf of p ( β ) as p ( β ) =
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1
for
2π

β ∈ [ −π , π ] and p ( β ) = 0 elsewhere. According to the same model, the receive antenna
gain is assumed as GR ( β ) = 1 . As a result, (2.12) and (2.13) finally become functions of

J 0 ( • ) , as shown in the following expressions:
℧
Eβ  cos ( 2π f m cos β ∆t ) 
2
π
℧
= ∫ cos ( 2π f m cos β ∆t ) p ( β ) GR ( β ) d β
2 −π

ρG G ( ∆t ) =
I

I

(2.14)

π

℧ 1
=
2 2π

∫ cos ( 2π f

m

cos β ∆t ) d β

−π

π

=

℧1
cos ( 2π f m sin β ∆t ) d β
2 π ∫0

℧
J 0 ( 2π f m ∆t )
2

℧ 
v
= J 0  2π ∆t 
2  λc 
=

=

℧  ∆x 
J 0  2π

λc 
2 

℧
Eβ cos ( 2π f m cos β ∆t ) 
2
π
℧ 1
sin ( 2π f m cos β ∆t ) d β .
=
2 2π −∫π

ρG G ( ∆t ) =
I

Q

(2.15)

=0
This gives

(2.16)

2

ρGG ( ∆t ) = ρG2 G ( ∆t ) + ρG2 G ( ∆t )
I

I

I

Q

= ρG2 I GI ( ∆t ) + 0
= ρG2 I GI ( ∆t )
And taking (2.7) into consideration, it becomes
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(2.17)

2

ρGG ( 0 ) = ρG2 G ( 0 ) .
I

I

Using two-dimensional isotropic scattering, (2.17) becomes
2

2

ρGG ( ∆t ) = { ρG G ( ∆t )} =
I

I

(2.18)

∆x 
℧2 2 
J 0  2π
.
λc 
4


Using (2.18), the auto-covariance function can finally be expressed as (Stuber 2000)

µ ( ∆x ) = E  ρ0 ( t ) ρ 0 ( t + ∆t )  − E  ρ0 ( t )  E  ρ 0 ( t + ∆t ) 

(2.19)

 1 ρ ( ∆t ) 2  π
GG
 − ρGG ( 0 )
= ρGG ( 0 ) 1 +
2
 4 ρGG ( 0 ) 2  2



π

π ρGG ( ∆t )
=
8 ρGG ( 0 )

2

.


∆x 
J 02  2π

λc 
8 ℧ 4

2
π ℧ 2  ∆x 
=
J 0  2π

λc 
16

=

π 1 ℧2

After normalization, the antenna correlation becomes

µ ( ∆x )
 ∆x 
= J 02  2π
.
π℧
λc 


(2.20)
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For an antenna spacing of d, the antenna correlation between the first and second antenna
elements can be expressed as

(2.21)


d 
ρ12 = J  2π  = J 02 (κ d )
 λc 
2
0

where κ is the phase constant and is defined as κ = 2π / λc .
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Figure 2.5 Theoretical antenna correlation as a function of antenna spacing

As shown in Figure 2.5, the first null occurs at d=0.38 λ; however, according to several
publications, the minimum distance for negligible correlation between two antennas in
space is considered 0.5 wavelength (Park & Min 2005). The decorrelation distance of 0.5

λ is due to the fact there is a multipath angular spread in the received signal, affecting the
antenna correlation. However, as described above the main factors that contribute to
antenna correlation in an antenna array system are antenna configuration, physical
properties of the antenna elements, mutual coupling between antennas, radiation pattern,
multipath angular spread, and scattering environment surrounding the antenna system.
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2.5 Combining Methods
Having received the GNSS signals in multiple independent fading paths, the next

important consideration in spatial diversity technology is to apply diversity combining.
The received GNSS signals at each antenna can be combined in a number of different
ways to mitigate the effects of fading. Switched combining, selection combining, equal
gain combining and maximum ratio combining techniques are briefly described in this
section.
2.5.1 Selection combining
In the selection combining technique the instantaneous SNR at the output of M

branches is monitored by using M processing modules, i.e. there is one processing
module for each of the diversity branches, as shown in Figure 2.6 and the branch with the
highest output SNR at any time is selected as the active output signal (Gao 2007).

Antenna 1

Antenna 2

Module 1

Selects the
highest SNR
Output

Module 2

Antenna M
Module M

Monitoring SNRs

Figure 2.6 Selection combining method for M antenna elements
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2.5.2 Switched combining
The switched combining technique is similar to the selection combining technique to
some extent. It only requires one processing module for all of the M branches as shown in
Figure 2.7, whereas other combining techniques require M modules for M separate
antennas. The receiver is switched to another branch only when the SNR on the current
branch is lower than a predefined SNR threshold (Gao 2007). The performance of the
switched combining technique is inferior to that of selection combining since unused
branches may have SNRs higher than the current branch. However, a practical sense
limits the switched combining method to be used with a snapshot of signals because of
the practical implication that the antennas are tested for equivalent SNRs in a sequential
manner.

Antenna 1

Antenna 2

Antenna M

Processing module

Switch

Output

Predefined
threshold

Figure 2.7 Switched combining method for M antenna elements
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2.5.3 Equal gain combining
As described above, both switched and selection combining techniques only use the
signal from one of the branches as the output signal at any given time, so the signal
energy in the other branches is not utilized. In order to improve the performance of
diversity combining, the signals from all branches can be combined. If this is done
directly using the complex signals, their random real and imaginary signal components
would combine incoherently (Gao 2007). In order to obtain an effective diversity
combining performance and a larger available output SNR, the signals must be co-phased
so that they add in a coherent fashion. The signal in each branch must be multiplied by a
complex phasor or weight having a phase θi where θi is the phase corresponding to
branch i as shown in Figure 2.8 and then the outputs from each branch are added
together. When this is achieved, all the signals are combined coherently. For each of the
antenna elements, a co-phasing circuit would be necessary to estimate the phase θi .
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Figure 2.8 Equal gain combining method for M antenna elements

2.5.4 Maximum Ratio Combining
Equal-gain (EG) combining is a special case of the maximum-ratio (MR) diversity
combining technique. In the maximum ratio combining method, the diversity branches
are weighted according to their individual SNRs. In the equal gain combining technique,
sometimes it may happen that the branches may not have the same SNR, for instance,
sometimes one of the branches may have a much lower SNR than the other branches.
Due to equal weighting in the sum, the overall output SNR may occasionally be reduced
to a lower value (Gao 2007). To maximise the SNR at the output, a weight ai is applied
to the i -th branch before all the signals are combined coherently, as shown in Figure 2.9.
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A diversity branch with a lower SNR is given a lower weighting and a diversity branch
with a higher SNR is given a higher weighting. When the weights ai = 1 , where

i = 1, 2,..., M , maximum-ratio (MR) combining becomes equal-gain (EG) combining
scheme.

Antenna 1

a1

e jθ1

a2

e jθ 2

Antenna 2

∑
Antenna M

aM

Weighting

Output

e jθ M

Co-phasing

Figure 2.9 Maximum ratio combining method for M antenna elements
2.6 Diversity Gain

The diversity gain is a measure to evaluate the performance of a diversity system. The
effectiveness of the diversity combining technology is usually assessed in terms of
diversity gain, which is defined as the improvement in the SNR of the signals at the
output of the diversity combiner or switch, with respect to the SNR from a single branch
or antenna for a given reliability. In general, assuming a Rayleigh channel, which is a
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multipath propagation environment, the cumulative distribution function (cdf) of a
Rayleigh channel is given as (Gao 2007)

P(γ < γ s / ξ ) = 1 − e

−

(2.22)

γs
ξ

where ξ is the mean SNR, γ is the instantaneous SNR, and P (γ < γ s / ξ ) is the
probability that the SNR will fall below the given threshold γ s / ξ . For a selection
combiner with M independent antennas, assuming that the M antennas have received
independent faded signals and equal mean SNRs, the probability of all antennas having a
SNR below γ s is equivalent to the probability for a single antenna raised to the power M
and can be expressed as (Gao 2007)
γ
− s

P(γ < γ s / ξ ) M = 1 − e ξ








M

(2.23)

where M is the number of branches or antennas. Figure 2.10 shows the reduction of the
probability of fading below a given threshold when increasing the number of antennas,
M. Figure 2.10 also shows the diversity gain in terms of the increase in the normalized
SNR of a combined output compared to a single antenna. According to Gao (2007), the
normalized SNR or threshold is defined as γ s / ξ . The diversity gain is marked off where
P (γ < γ s / ξ ) = 1% (i.e. 99% reliability) and P (γ < γ s / ξ ) = 10% (i.e. 90% reliability).
Figure 2.10 shows that for a 99% reliability level, there are diversity gains of 10 dB and
13 dB for the two-antenna and three-antenna selection combiners, respectively, whereas
for a 90% reliability level, there are 5 dB and 7.5 dB diversity gains for the two-antenna
and three-antenna selection combiners, respectively (Gao 2007).
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Figure 2.10 CDFs of Rayleigh fading signals for different numbers of diversity
branches

For low instantaneous SNR, the following approximation can be made for the formula
above:

(2.24)

M

γ 
P (γ < γ s / ξ ) M ≈  s  .
ξ 

While diversity gain quantifies the improvement in SNR of a received signal obtained
from different receiver antennas, it also permits a direct comparison in SNR improvement
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offered by multiple antennas compared to a single antenna. The diversity gain for a given
cumulative probability is expressed as
Gdiv = γ div − γ 1
where γ div is the SNR with diversity and γ 1 is the SNR of a single antenna without
diversity combining. And thus diversity gain is the increase in SNR due to diversity
combining for a given level of cumulative probability or reliability. The theory of
diversity gain involves the concept of mutual information and is widely popular in field
of standard point-to-point wireless communication. For example, Gesbert et al (2003) is a
good tutorial paper that discusses the diversity gain and its information theoretical
perspectives in a detailed manner. It begins with fundamental results that compare singleinput single-output (SISO), single-input multiple-output (SIMO), and multiple-input
multiple-output (MIMO) capacities and then it moves to more general cases taking
possible a-priori channel knowledge into account. Finally, the paper investigates useful
limiting results in terms of the number of antennas or SNR.

2.7 Spatial Diversity Performance Criterion

As mentioned in a previous section, spatial diversity gain is the measure of the
effectiveness of a spatial diversity system. A significant spatial diversity gain can be
achieved when the received signals from multiple antennas have low correlation among
themselves, and the SNRs of the received signals with the two antennas are not too
different from each other. In the following, some of the related terms of spatial diversity
and their relationship are analyzed.
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2.7.1 Antenna Correlation
One important condition to obtain a significant diversity gain is that a low correlation is
to be ensured between the signal fading received in the branches of the diversity system.
The antenna correlation can be described as complex and envelope correlations (Colburn
1998). The complex antenna correlation is denoted as ρ c . The instantaneous magnitudes
and relative phases of the received signals at different branches are used to compute the
complex correlation ρ c , as shown in Gao (2007). The envelope correlation coefficient ρ
is related to the complex correlation ρ c as shown below, assuming that the received
signals have a Rayleigh distributed envelope and randomly distributed phase (Clarke
1996, Gao 2007):

(2.25)

2

ρ = ρc .
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The envelope correlation ρ has been derived previously in Section 2.4 and followed in
this thesis. In principle, the theoretical diversity gain assumes that independently faded
signals are received at the diversity antennas, i.e. there is theoretically no correlation in
the fading received (i.e. ρ = 0 ). If the correlation coefficient ρ is greater than zero
( ρ > 0 ), then the diversity gain will be reduced (Gao 2007). Therefore, the correlation
coefficient should be kept low enough such that the diversity is effective. The effects of
envelope correlation on the diversity gain can be found in Schwartz & Bennett (1966).
The analysis showed that for the correlation coefficient ρ ≤ 0.7 , the degradation of the
diversity gain due to envelope correlation is given by the following degradation factor
(DF), as shown in Gao (2007) and Schwartz & Bennett (1966):

(2.26)

DF = 1 − ρ
where ρ is the envelope correlation between the antennas.

2.7.2 Post-Correlation Signal to Noise Ratio (PSNR)
Another important condition for achieving a high diversity gain requires that the SNR of
the signals delivered by the antennas in the diversity system should not vary significantly
from each other. In GNSS receivers with post-processing of in-phase and quadraturephase data samples, the PSNR is one way of illustrating this. The PSNR is thus observed
for the two antennas and their difference in dBs is as follows:
PSNR Difference = PSNRAntenna1 − PSNRAntenna2

(2.27)

where PSNRAntenna1 and PSNRAntenna2 are the post-correlation SNR (PSNR) calculated from
the first and the second antennas, respectively. Figure 2.11 shows the peak correlation
and noise floor calculated at the post-correlation level.
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Peak correlation

Noise floor

Figure 2.11 Peak correlation value and post-correlation noise floor

In statistical detection signal processing, the PSNR is expressed as the Deflection
Coefficient. The performance of the schemes is evaluated in terms of the post-correlation
deflection coefficient as (Kay 1998)

 E (T | H1 ) − E (T | H 0 ) 
d =
var {T | H 0 }

(2.28)

2

2

where T ( x ) is a test statistic with the hypotheses H 0 representing no peak detection and

H1 representing peak detection. The above equation of deflection coefficient is
applicable for Gaussian signals where the test statistic T ( x ) is also Gaussian. However,
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for non-Gaussian signals the deflection coefficient is a little bit different in form as
shown in eq. 5.3 of Chapter 5. For example, in the case of spatial signal combining with a
dual-antenna system, the test statistic is a sum of two Chi-square random variables and so
the deflection coefficient of eq. (5.3) is valid. The probability of detection PD and the
probability of false alarm PFA can then be computed by using the probability distribution
of the test statistic T ( x ) under the H1 and H 0 conditions, respectively, for given value
of the threshold. The definition of PSNR is different from that of conventional SNR. In
defining the PSNR, the noise bias at H 0 is subtracted from both the signal and noise
components. The reason for using PSNR as a criterion to investigate the spatial diversity
and spatial combining gain as well as GNSS signal detection is that with real GNSS
signal samples, a bias remains in both signal ( H1 ) and noise ( H 0 ) and this noise floor
distribution is not predictable. So, the conventional SNR computation is not
recommended. However, analysis with simulated GNSS signals may use the conventional
SNR computation because in simulated environments, the noise floor distribution is
predictable and so the conventional SNR computation method can be reasonably applied.
As PSNRs computed from both antennas are observed, the PSNR difference gives an
indication of the correlation between the two antennas as well as the presence of any
mutual coupling between them.
2.8 Conclusions

In this chapter, the concept of spatial diversity was explained first by illustrating GNSS
signal reception with an M-element uniform linear array. Different types of combining
methods were described. The concept of spatial diversity is new in the context of GNSS.
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The performance criterion of spatial diversity for GNSS was explained in terms of spatial
diversity gain, correlation and PSNR. In Chapter-3, further details are discussed and
necessary mathematical formulations are developed.
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CHAPTER 3: Spatial Diversity Combining of Weak GNSS Signals

This chapter describes the system in detail and introduces the basic theory of spatial
diversity combining for weak GNSS signal detection. The chapter begins with a
description of spatial covariance estimation. This is followed by a detailed analysis of
spatial combining of GNSS signals, which starts with the signal processing technique
applicable for single GNSS antenna; this is then followed by an analysis of diversity
schemes applied to GNSS signals. As part of the analysis of GNSS diversity schemes, the
fundamental mathematical formulations for equal-gain (EG) and maximum-ratio
combining techniques are shown. Consequently, necessary mathematical formulations for
estimator-correlator (EC) based combining technique are developed for both uncorrelated
and correlated GNSS antennas. Performance evaluation of GNSS diversity schemes are
made in conjunction with single antenna performance. While this chapter acts as the
theoretical foundation of this research, for the test methodology and experimental setup
as well as spatial combining processing, readers are referred to the next chapter.
3.1

System Description

The proposed multiple antenna system consists of M antennas whose continuous time
complex outputs are denoted by xm (t ) where “m” is the antenna index in the range from
0 to M-1. It is assumed that xm (t ) are despread and coherently integrated over a period of
Tcoh, where Tcoh is determined by the minimum Doppler search bin size. Let us denote the
correlator outputs as zm, n , where m denotes the antenna index and n denotes the coherent
integration epochs. The residual Doppler and the code phase of the signal of interest are
known a priori. The fading is assumed to be Rayleigh and hence zm, n is modeled as a
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circularly Gaussian random variable. The correlation between the antennas has been
determined spatially using a synthetic array and later verified by dual indoor antenna
configuration. For practical reasons, the number of antenna elements is limited to two
here, which can be readily justified for the case of handheld GNSS applications.

3.1.1 Spatial Covariance Estimation
The spatial correlation as a function of antenna separation has been obtained using a

synthetic array technique and later verified with results obtained from a dual indoor
antenna configuration. Spatial correlation for various antenna separations ranging from
0.1 λ to 3.75 λ , where λ is the wavelength of GPS L1 carrier frequency and is equal to
19.04 cm, has been considered. Figure 3.1 shows how the antenna was mounted on a
linear motion table. The arrow in the middle shows the central position of the linear
motion table. The table was programmed such that it first moved from the central
position to one extreme and then data were collected while the antenna was moved at a
constant velocity. The data thus collected were processed using a synthetic array
technique to yield spatial covariance measurements between two synthetic antenna
locations. Later, two indoor antennas with a particular antenna spacing d were mounted
in the same way on the linear motion table to verify the results obtained with a synthetic
array technique. In this way sufficient amount of raw GPS IF data were collected. The
linear motion table allowed for data sets to be collected at a number of locations (e.g. L
locations). Figures 3.1(a) and (b) below show the schematic diagram for computing the
estimated spatial covariance matrix, in such a case with synthetic array formation and
with two individual antennas respectively. However, in Figure 3.1(b) the different
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antenna positions with two indoor patch antennas were obtained by mounting the two
indoor patch antennas on the linear motion table. The data received for spatial
covariance measurements are represented by x0 and x1 for the first and second receivers
respectively. During post-mission processing, the GPS IF data was initially conditioned
through IF down conversion and two-dimensional acquisition. The two-dimensional
search for a particular signal of interest (i.e. PRN) was carried out in code phase and
Doppler frequency whereby correct code phase and Doppler values were estimated.
Subsequently, the Doppler removal and code correlation were performed and the
correlation outputs were coherently accumulated over Tcoh seconds. The code phase
corresponding to the maximum correlation value was then utilized for the spatial
covariance estimation from the multiple antennas. For instance, in Figure 3.1(b), at
position-1, after IF down-conversion and Doppler removal, the correlation peaks for
coherent integration of Tcoh seconds for the two antennas are shown as z0,k and

z1,k respectively, where k is the coherent epoch index. The correct code phases for the two
antennas are also indicated. Furthermore, the spatial covariance matrix obtained in this
fashion was further averaged among different PRN’s and finally over L locations.
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Figure 3.1 Antenna array setup for spatial combining (a) Synthetic array formation
using linear motion of single antenna, and (b) Dual antenna configuration

3.2

Spatial combining of GNSS signals

3.2.1 Single antenna processing
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For the analysis of spatial combining techniques, the detection performance of the single
antenna was utilized as a benchmark. As described earlier, the single antenna processing
involves the Doppler removal and code correlation. The corresponding correlation output
was coherently integrated over Tcoh seconds to yield the final detection statistic. The
down-converted discrete-time sampled received signal is given by
(3.1)

J −1

y ( n ) = ∑ h j ( n ) Aj g j ( n ) + w ( n )
j =0

where g j ( n ) and A j are the transmitted GNSS signal and the corresponding amplitude
respectively, pertaining to satellite “j” and h j ( n ) is the complex channel gain, which is
modeled as circular complex Gaussian. For convenience, the individual PRN index (i.e. j)
is dropped resulting in a single satellite assumption. Here w ( n ) is the thermal noise that
is modeled as a complex additive Gaussian noise (AWGN). The signal g ( n ) can be
further expressed as

g ( n ) = d ( n ) c ( n ) exp ( jφ ( n ) )

(3.2)

φ ( n ) = 2π∆Fn + φ0
where φ ( n ) is the residual carrier phase with the frequency and phase offset being
∆F and φ0 respectively. The symbol d ( n ) is the navigation data modulation and c ( n ) is

the underlying PRN code of length 1023 in chips. The correlation output can then be
expressed as

x1 =

1
N

(3.3)

N −1

∑ y ( n )g * ( n )
n=0

= R ( ∆τ )

sin (π N ∆F )

π N ∆F

1
exp ( jφerr ) 
N

 1
h (n)  +
∑
n=0
 N
N −1
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N −1

∑ w(n) g *(n)
n=0

where R ( ∆τ ) is the correlation function and φerr is the relative phase difference between
the reference and receiver signal, N is the total number of samples pertaining to the
coherent integration period Tcoh and is related to the sampling duration Ts as N = TcohTs−1 .
The detection variable is essentially the squared magnitude output of the complex
coherent integration output and is given by

z0 = x0

(3.4)

2

Often the detection variable includes the noncoherent accumulation to further enhance
the SNR prior to detection. In this case, the final detection variable is given by

z0 =

1
K

K −1

∑ x [k ]

(3.5)

2

0

k =0

where k is the index denoting the kth coherent integration output. Figure 3.2 shows the
system model for the single antenna-based GNSS signal detection scheme. In the
correlation process, the locally generated signal is shown as g * (n) , the correlation
operation is followed by coherent integration and non-coherent summations and thus the
detection output is formed.
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Figure 3.2 System model for single antenna-based GNSS signal detection

3.2.2 Diversity Combining Schemes
For spatial diversity combining, we consider M antennas spatially separated by a distance
d between the antenna elements. Figure 3.3 shows the generic structure of spatial
diversity combining when there are M diversity antennas in the receiving end. There
exists a number of diversity schemes, such as selection combining, switched combining,
equal-gain combining, maximum-ratio combining, and beamforming. Spatial diversity
techniques are discussed in detail in Chapter 2. However, as a quick review, in selection
diversity the instantaneous SNR is measured for the antenna elements and the antenna
corresponding to the maximum SNR is selected. In equal-gain (EG) diversity the
detection outputs of the individual antennas are equally weighed to obtain the final
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detection variable. Referring to Figure 2.8, it is noted that EG combining does not require
the co-phasing operation when combining with magnitude outputs is considered. Finally,
the maximal ratio (MR) combining weighs the detection outputs of the individual antenna
elements according to their instantaneous SNR prior to combining. The performance of
equal-gain (EG) combining is expected to be superior to selection diversity combining
but inferior to maximum-ratio combining. It should also be noted that the co-phasing
among antenna elements is utilized in maximal-ratio combining such that the signals are
actually added constructively. On the other hand, EG combining does not involve the
estimation of individual SNRs and the phase of each antenna, when combining with
magnitudes is considered. Alternatively, the individual antenna elements can be weighed
and combined in a way to maximize the SNR at the output of the combining, which is
accomplished by beamforming. However, beamforming assumes knowledge of the signal
covariance matrix that is often difficult to obtain in practice. On the other hand, the signal
covariance matrix can be estimated from the received signal, which readily allows for
blind beamforming. The blind beamforming method typically assumes an estimatorcorrelator (EC) structure in its implementation. Figure 3.3 shows the generalized spatial
signal combining algorithm for GNSS. In the following the mathematical formulation for
equal-gain (EG) and maximum-ratio combining is shown, followed by the same for
estimator-correlator (EC) based spatial signal combining for GNSS.
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Figure 3.3 Generalized spatial signal combining algorithm for GNSS

3.2.3 Maximum-Ratio Combining (MRC)
As mentioned earlier, in maximum-ratio combining, the signals at each branch are
weighed based on their instantaneous SNR estimates, having ensured a constructive
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Combining algorithms

g ( n)

z

combining of the individual outputs through co-phasing. This allows for the envelope that
is applied to the detector to be given by
(3.6)

M

z M = ∑ am z m
m =1

where am is the weight of the m-th branch, zm is the received signal at the m-th antenna
and M is the total number of antenna elements in diversity reception. Assuming the noise
in each of the branches to be independent with noise power σ 2 , the total noise power that
is applied to the detector is expressed as the weighted sum of the noise powers of all
branches in the diversity reception and is denoted as
(3.7)

M

σ T2 = N noise ⋅ ∑ am2
m =1

where N noise is the average noise power at each channel. As a result, the total SNR applied
to the detector after the diversity reception of M channels is expressed as

γM =

(z
=
=

(3.8)

Signal power
Noise power
/ 2

M

σ T2

)

2

.

zM 2
2σ T2

Rappaport (2002) demonstrated that for maximum-ratio combining, if the branch weights
are chosen such that am =

zm
, then the total SNR applied to the detector will be
N noise

maximum. The maximum value of the detector is given as
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γM =

1
2 N noise

 M zm2 
∑

m =1 N noise 

⋅ M
zm2

∑

m =1

( N noise )

(3.9)

2

2

zm2
m =1 2 N noise
M

=∑
M

= ∑γm
m =1

where γ m is the SNR at each antenna. So, referring to (3.9) it can be said that the output
SNR applied to the detector using M branches is equal to the sum (in linear unit) of SNRs
of various antenna signals. Also, this is the best that can be achieved by any spatial signal
combiner. Here the m-th antenna SNR can be expressed as

γm =

(3.10)

zm2
2 N noise

where zm is the received signal envelope for the m-th branch. It is known that for a
wireless channel the received signal envelope can be modeled as a sum of squares of two
independent zero-mean Gaussian random variables as below

γm =

zm2
1
zm
=
2 N noise 2 N noise

(3.11)

( )
2

which inevitably shows that γ m is a Chi-square random variable with two degrees of
freedom. As a result, it is found that the total SNR γ M is a Chi-square random variable
with 2M degrees of freedom. This is a standard equation that can be found in any
available literature on wireless communications, e.g. in Rappaport (2002); however, the
fundamentals of Chi-square random variables can be found in Kay (1998). For each of
the 2M degrees of freedom in γ M , the corresponding random variable has a variance of
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Γ / 2 , where Γ =

σ2
N noise

is the average SNR of each of the M channels, assuming N noise is

the same average noise power in each channel. As a result, the average SNR applied to
the detector due to diversity reception of M channels is

(3.12)

M

γM = ∑Γ = MΓ
m =1

and thus it can be said that γ M varies linearly with the number of antenna elements M.

As a result, the pdf of the output SNR γ M can be written as a Chi-square random variable
with 2M degrees of freedom with average SNR (variance) equal to σ 2 /(2 N noise ) = Γ / 2 ,
expressed as (Rappaport 2002)
M −1
M
M

γ

−

e Γ
;
p (γ M ) =
Γ ( M − 1) !

=

(3.13)

γM

for γ M ≥ 0 .
for γ M < 0

0

The cumulative distribution function (cdf) can be written as

P (γ M ) = p ( γ M ≤ γ ′ )

(3.14)

γ′

= ∫ p (γ M ) d γ M

.

0

= 1− e

−γ ′ / Γ

k −1

(γ ′ / Γ )
∑
k =1 ( k − 1) !
M

3.2.4 Equal-Gain Combining
Equal-gain combining is a special case of the maximum ratio combining. The antenna
weights are ak = 1 and so there is no attempt to adjust the weight of the individual signals
before adding them, which means that all the antenna signals are weighed equally
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regardless of their SNRs. Applying ak = 1 to the above discussion similar to maximumratio combining, the envelope that is applied to the detector is
(3.15)

M

zM = ∑ zm .
m =1

The total noise power that is applied to the detector is expressed as
(3.16)

M

σ T2 = N noise ⋅ ∑1 = N noise M .
m =1

As a consequence the output SNR becomes

γM =
=

(3.17)

Signal power
Noise power

(

zM / 2

σ

)

2

2
T

.

z 2
= M2
2σ T
=

zM 2
2 N noise M

The average SNR for equal-gain combining is thus written as

(3.18)

2

M

γM =
zm 
∑

2 N noise M  m =1 
.
M
1
=
∑ z j zm
2 N noise M j , m=1
1

(

)

Assuming Rayleigh fading channels, when j = m ,
2

( )

z j zm = z = var ( zm ) + z
2
m

2
m

 πσ 2 
π

=  2 − σ 2 + 
 = 2σ 2


2

 2 
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(3.19)

and when j ≠ m , and given the assumption that each of the diversity branches receive
uncorrelated fading due to the wireless channels, one gets

πσ 2

z j z m = z j ⋅ zm =

⋅

2

πσ 2
2

=

πσ 2
2

(3.20)
.

As a result, the average output SNR becomes (Rappaport 2002)

γM =

(3.21)

M

1
2 N noise M

∑ (z z )
j m

j , m =1


πσ 2 
2
2
2
M
M
M
+
−
σ


2 N noise M 
2 

πσ 2 
1
2
M
M
M
2
1
=
σ
+
−
(
)


2 N noise M 
2 
=

1

(

)

π

= Γ 1 + ( M − 1) 
4

where Γ =

σ2
N noise

represents the average SNR per diversity branch.

3.3 Estimator-Correlator (EC) Based Spatial Combining

While the generalized signal combining methods of maximum-ratio combining and
equal-gain combining have been illustrated earlier, the concept of estimator-correlator
(EC) based spatial signal combining approach for multi-antenna GNSS signal reception is
introduced here. As shown in Figure 3.4, an antenna array system of M antenna elements
receives data samples in the spatial domain from M antennas over N temporal samples.
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Figure 3.4 Spatial and temporal samples of GNSS signal reception

ym [n] denotes the discrete-time received down-converted signal from m-th antenna at nth sample in time. The received signal ym [n] is related to the GNSS signal as shown in
(3.1) and (3.2). Correspondingly, the coherent integration output over a coherent
integration time of Tcoh seconds received with an array consisting of M antenna elements
is given by
(3.22)

 x0 [k ] 
 x [k ] 

x[k ] =  1
 ... 


 xM −1[k ]

where k is the sample index representing the coherent integration epochs. Note that here
for m = {0,1,..., M − 1} , the coherent integration outputs xm [k ] are complex quantities.
Accordingly, the covariance matrix of x[k ] can be expressed as
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(

C = E x [k ] x [k ]

H

)

(3.23)

 x0 [ k ] x0 * [ k ] x0 [ k ] x1 * [ k ] ... x0 [ k ] xM -1 * [ k ] 


x [ k ] x0 * [ k ] x1 [ k ] x1 * [ k ]
.

= E 1


...
...
.


...
xM -1 [ k ] xM -1 * [ k ]
 xM -1 [ k ] x0 * [ k ]
 C00
 C
10
≈
 ...

C(M -1)0

C01 ... C0(M -1) 

C11
.


...
.

...
C(M -1)(M -1) 

where (•) H and (•)* indicate the Hermitian transpose and conjugate operations
respectively. Cij are the inner products of the correlation outputs of the ith and jth antenna

(

elements. The cross-diagonal terms Cij = E xi [ k ] x j [ k ]

H

) for i ≠ j indicate the spatial

correlation between the antennas. Finally, C is a matrix with dimension M × M . The pdf
of x in this case can be computed for N=1 as (Kay 1998)

p (x) =

π

MN

1
exp  − x − µɶ

det ( C )

(

1

=

M −1

π

M

∏ det ( C

mm

)

H

C−1 x − µɶ 


(

)

(3.24)

 M −1
.
H
−1
exp  − ∑ ( xm − µm ) Cmm
( xm − µm ) 

)  m=0

m=0

Having studied the ordering of the received data samples from multiple antennas, it is
now time to illustrate the processing of the received data according to the estimatorcorrelator (EC) signal processing approach for GNSS signals. Correspondingly, we can
express the final detection variable for the binary hypothesis (i.e. correct and wrong code
phase) as
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 w0 [ k ] 


w1 [ k ] 

H 0 : x = x [k ] =
= w [k ]
 ... 


 wM −1 [ k ]
.
 s0 [ k ]   w0 [ k ] 

 

s1 [ k ]   w1 [ k ] 

H1 : x = x [ k ] =
+
= s [k ] + w [k ]
 ...   ... 

 

 sM −1 [ k ]  wM −1 [ k ]

(3.25)

The samples wm [ k ] and sm [ k ] represent noise and signal samples respectively, where
m = 0,1,..., M − 1 is the number of antenna elements and k is the coherent integration
epoch. The symbol sm [ k ] represents the signal component of the received signal and the
corresponding signal covariance matrix is given by
  s [k ]   s [k ]  H 
0
 0

 
s
k
s
  1 [ ]   1 [k ]  
H
Cs = E s[k ] s [k ] = E 


 
  ...   ...  
  sM −1 [ k ]  sM −1 [ k ] 



(

(3.26)

)

where Cs is a M × M spatial covariance matrix that is averaged over a large number of
data collection points. w [ k ] is a complex white Gaussian noise (CWGN) process with
spatial covariance matrix Cw = σ 2 I M where I M is an M × M identity matrix. It is assumed
that wm [ k ] and sm [ k ] are independent of each other for all values of m . As a result, one
can apply the estimator-correlator (EC) processing in the spatial sense, and the test
statistic i.e. the detection output can be expressed as

T ( x ) = x H sˆ > γ ′

(3.27)
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−1

where sˆ = Cs ( Cs + σ 2 I M ) x is the minimum-mean-square-error (MMSE) estimate of
the quantity x and Cs and I M are as described above. Such a system with M antenna
outputs is shown in Figure 3.5. The hypothesis H1 or H 0 is depending on the value of the
test statistic T ( x ) being greater or smaller than the threshold γ ′ respectively.

Ant. 0

x0* [k ]

x0 [k ]

sˆ0 [k ]

Conjugation (*)
Ant. 1

x1* [k ]

x1[k ]

M −1

∑ ( .)

sˆ1 [k ]

m=0

T (x)

>γ ′

H1

<γ ′
H0

…

…

Estimation

(

sˆ = C s C s + σ 2 I M

Ant.
(M-1)

xM −1[k ]

)

−1

x

xM* −1[k ]

sˆM −1[k ]

Figure 3.5 Estimator-correlator (EC) based spatial combining
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The EC based spatial combining approach is discussed herein for the two-channel
scenario. Firstly, an EC combining formulation for uncorrelated channel condition is
developed. For this case, M uncorrelated channels are assumed and the corresponding test
statistic is formed. In the second scenario, the correlated channel condition is
investigated. For this case, only two correlated channels are investigated because
consideration of more than two correlated channels certainly makes the mathematical
analyses difficult to develop.
(A) Uncorrelated channels
Consider the condition where the complex channel gains are spatially uncorrelated.
Accordingly, the received data, channel impulse response (CIR) and noise vectors are
represented as

 x0 [k ] 
 h0 [k ] 
 w0 [k ] 
 x [k ] 
 h [k ] 


, h =  1
 , w =  w1[k ]  .
x= 1
 ... 
 ... 
 ... 






 xM −1[k ]
 hM −1[k ]
 wM −1[k ]

(3.28)

Assuming a Rayleigh channel condition, the channel and the noise can be expressed as
(3.29)

 0

 

0


h ∼ CN
, Ch 
 ...

 

 0



M ×1


where
 1 0 ... 0
0 1
. 
Ch = σ h2 
= σ h2 I M .
...
... . 


1  M ×M
 0 ...

(3.30)
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Assuming a signal amplitude of A, with the uncorrelated channel condition and using
(3.30) the covariance matrix of the signal component of the received signal is expressed
as
(3.31)

Cs = A2Ch = A2σ h2 I M = σ s2 I M
where σ s2 = σ h2I M and as a result one has

(

)

sɵ = σ s2I M σ s2 I M + σ 2 I M
=

−1

(3.32)

x
.

σ s2
x
σ s2 + σ 2

Using (3.32) and (3.27) provides the following test statistic T ( x ) :

(3.33)

T ( x ) = x H sɵ
 σ s2

x
= x ⋅ 2

2
 σs +σ 
H

=

σ s2
( xH x)
σ s2 + σ 2

  x0 [k ]  H


σ s2   x1[k ] 
= 2
σ s + σ 2   ... 


  xM −1[k ]


 x0 [k ]  
 x [k ]  
 1

 ...  


 xM −1[k ] 

σ s2
2
2
2
x0 [k ] + x1[k ] + ......... + xM −1[ k ]
= 2
2
σs +σ

(

=
=

σ s2
σ s2 + σ 2
σ
2
s

2
s

σ +σ 2

M −1

∑x

m

[k ]

)

2

m =0

M −1

∑T (x )
m

m

m =0

2

where Tm ( xm ) = xm [k ] is the output energy of the m-th antenna. The pdf of the test
statistic is used to compute the probability of false alarm PFA and probability of detection
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PD . These are discussed in a later section that deals with the performance evaluation of
the combining schemes.

(B) Correlated channels
For the next scenario, let us consider the case where the complex channel gains are
correlated among the M antennas. The spacing between any two antennas is d. Assuming
a Rayleigh distribution, the complex channel gains can be expressed as (3.29); however,
the covariance matrix for the channel gains in this case is

 1
ρ
2  21
Ch = σ h  ...

 ρ M 1

ρ12

...

1

ρ 23

ρ32

...

...

ρ M ( M −1)

(3.34)

ρ1M 

. 
ρ( M −1) M 

1 
 M ×M

where the symbol ρij represents the correlation between the i-th and j-th antennas and

ρij = ρ ji . For convenience, only two antenna elements are considered and they are
separated by a distance d, where d is varied as a fractional multiple of λ. The
consideration of two GPS antennas is justified in view of handheld GNSS devices.
Assuming ρ12 = ρ 21 = ρ , the received spatial data samples, channel gains and the noise
samples for the dual-antenna system can thus be described as

 x [ k ]
 h [ k ]
 w [ k ]
 0

x =  0  , h =  0  , w =  0  , h ∼ CN    , Ch  , where Ch = σ 2  1 ρ  .
 x1[k ] 
 h1[k ] 
 w1[k ] 
ρ 1 
 0 


(3.35)

h

Here, the quantity ρ is the correlation coefficient between the first and second antennas.
For the signal amplitude of A, with the correlated channel condition, the covariance
matrix of the signal component becomes
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1
Cs = A2Ch = A2σ h2 
ρ

ρ

(3.36)

.

1

Therefore, it yields

1
sɵ = A2σ h2 
ρ

ρ

1
=Aσ 
ρ

ρ

2

2
h

1
Aσ 

1
ρ
2

2
h

(3.37)

−1


+ σ IM  x

1


ρ

2

 A2σ h2 + σ 2
⋅
⋅

1   A2σ 2 + σ 2 2 − A2σ 2 ρ 2   − A2σ h2 ρ
h
h


1

(

) (

)

− A2σ h2 ρ 
x
A2σ h2 + σ 2 

.

This in turn provides us with the following test statistic T ( x ) (Nielsen 2008a):
T ( x ) = x H sɵ

(3.38)


1

= x  A2σ h2 
ρ


H

 A2σ h2 + σ 2
⋅
⋅

1   A2σ 2 + σ 2 2 − A2σ 2 ρ 2   − A2σ h2 ρ
h
h



ρ

1

(

) (

)


− A2σ h2 ρ  
 x
A2σ h2 + σ 2  


As a result, it is found that the correlation coefficient ρ in the off-diagonal term of Ch
makes the test statistic expression of (3.38) complicated. This is why it is advantageous to
spatially decorrelate x by using y = VT x where the decorrelation matrix V is the modal
matrix of Cs . The matrix V is an orthogonal matrix expressed as (Kay 1998)



V=




1
2
1
2

(3.39)

1 
2 
,
1 
−
2 

where V H = V −1 and so VV H = I . Here both V and I are 2 × 2 matrices. So, let us now
check the covariance matrix of the received data before and after this decorrelation is
applied. Before applying y = V H x decorrelation processing to the received data, the
covariance matrix of x is given as
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(3.40)

Cx = Cs + σ 2 I 2
= A2Ch + σ 2I 2
1
= A2σ h2 
ρ

ρ

1 0 
+σ 2 


1
0 1 

 A2σ 2
=  2 2h
A σh ρ

A2σ h2 ρ  σ 2 0 
+

A2σ h2   0 σ 2 

 A2σ 2 + σ 2
=  2h 2
 A σh ρ

A2σ h2 ρ 

A2σ h2 + σ 2 

which says that x is not spatially white, whereas after applying y = V H x to the received
data, the covariance matrix of y becomes

(

)
= E {V x ( V x )
= E {V xx V}
= V E ( xx ) V

(3.41)

Cy = E yy H
H

H

H

T

H

}

H

H

= V H Cx V
For no signal (H0) condition, Cx = σ 2I 2 and so Cy = V H σ 2 I 2 V = σ 2 I 2 , and in the
presence of signals (H1), Cx = Cs + σ 2 I 2 , one obtains
(3.42)

Cy = V H Cx V

(

)

= V H Cs + σ 2 I 2 V
= V H Cs V + V H σ 2 I 2 V
= Λ s + σ 2I 2
which is a diagonal matrix that shows that y is spatially white. It is noted here that the
eigen-decomposition of Cs by using V = [ v 0
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 1
v1 ] , where v 0 = 
 2

T

1 
 and
2

T

 1
v1 = 
 2

1 
−
 are the eigenvectors of Cs , results in the eigen-value matrix
2

λs0
Λs = 
 0

0
 , λ and λs1 being the eigen-values of Cs , corresponding to first and
λs1  s0

second antennas respectively.
The test statistic T ( x ) , after decorrelation processing with y = V H x , becomes

T ( x ) = x H sɵ

(3.43)

(

−1

) x
= x VV C VV ( C + σ I ) VV x
= ( V x ) ( V C V )  V ( C + σ I ) V  ( V x )
= ( V x ) ( V C V )  V C V + σ I  ( V x )
= y Λ (Λ + σ I ) y
= x H C s Cs + σ 2 I 2
H

H

H

H

−1

2

H

s

H

H

s

=

−1

λs

2

y0 [ k ] +

0

λs + σ

2

s

λs

2

H

2

s

2

H

−1

2

H

s

H

2

s

H

−1

2

H

s

H

H

2

s

0

1

λs + σ

2

y1 [ k ]

2

1

2

λs / σ
λs / σ 2
2
2
y0 [ k ] +
y1 [ k ]
=
2
2
λs / σ + 1
λs / σ + 1
0

1

0

=

λ0
λ0 + 1

1

2

y0 [ k ] +

λ1
λ1 + 1

y1 [ k ]

2

where λ0 = λs0 / σ 2 and λ1 = λs1 / σ 2 . Equation (3.43) is the expression of the test statistic
for the estimator-correlator (EC) for spatially correlated antennas. In order to find out the
exact values of λs0 and λs1 , as mentioned earlier, we follow the eigen analysis procedure
as
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(3.44)

Λ s = V H Cs V



=




1
2
1
2

H

1 
1
2 
 A2σ h2 
1 
ρ
−

2

ρ
1 








1
2
1
2

1 
2 

1 
−
2 

0 
1 + ρ
= A2σ h2 
1 − ρ 
 0
which provides us with λs0 = A2σ h2 (1 + ρ ) and λs1 = A2σ h2 (1 − ρ ) . Finally it becomes

λs
A2σ h2 (1 + ρ )
λ0 = 2 =
= Ω (1 + ρ )
σ
σ2
0

λ1 =

(3.45)
and

λs A2σ h2 (1 − ρ )
=
= Ω (1 − ρ )
σ2
σ2
1

where Ω =

A2σ h2

σ2

is the SNR per antenna in EC processing under the condition of

uncorrelated channels, as described earlier. On the other hand, λ0 and λ1 represent SNR
at the first and second antennas respectively, under the condition of correlated channels,
and ρ is the correlation coefficient ( 0 ≤ ρ ≤ 1) between them. The case when ρ = 0
indicates the uncorrelated channel condition. It is also understood that in case of fully
correlated channels, i.e. ρ = 1 , all the energy is carried by the first eigen value, and the
second eigen value eventually becomes zero, i.e. for fully uncorrelated channels,

λ0 = λ1 = Ω and for fully correlated channels, λ0 = 2Ω , λ1 = 0 .
In addition, the decorrelation process y = V H x can be written as



 y [k ]
y =  0  = VH x = 

 y1[k ] 



1
2
1
2

1 
2   x0 [k ] 1  x0 [k ] + x1[k ]

=


1   x1[k ] 
2  x0 [k ] − x1[k ]
−
2 
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(3.46)

which results in

(3.47)

1
{ x0 [k ] + x1[k ]}
2
.
1
y1[k ] =
{ x0 [k ] − x1[k ]}
2

y0 [k ] =

Correspondingly, the EC test statistic T ( x ) becomes

(3.48)

T ( x ) = x H sɵ
=

λ0
λ0 + 1

2

y0 [k ] +

λ1
λ1 + 1

y1[k ]

2

.
2

Ω (1 − ρ ) 1
1
=
{ x0 [k ] − x1[k ]}
{ x0 [k ] + x1[k ]} +
Ω (1 + ρ ) + 1 2
Ω (1 − ρ ) + 1 2
Ω (1 + ρ )

2

Note that (3.43) expresses the test statistic for the EC combining processing for the
correlated antenna condition in terms of the eigen values corresponding to the first and
second antennas. However, (3.48) is the expression for the test statistic of the same in
direct terms of antenna correlation and SNR per antenna.
Also, note that for the uncorrelated channel condition, i.e. ρ = 0 , from (3.48) we have the
following final test statistic:

T ( x ) = x H sɵ =

Ω
2
2
x0 [k ] + x1[k ]
Ω +1

{

(3.49)

}

where the constant Ω / ( Ω + 1) indicates that this is an equal-gain condition. Therefore,
for uncorrelated channel conditions, the estimator-correlator based combining readily
becomes an equal-gain (EG) combining.
3.4 Performance evaluation

As detection performance of the spatial combining technique is a function of only the
probability of false alarm PFA and the probability of detection PD , in this section, the
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detection performance for single antenna and multiple antenna scenarios has been derived
in the form of the probability of false alarm and the probability of detection. The single
antenna case is discussed first, which is then followed by the equal-gain (EG) combining
and estimator-correlator (EC) combining techniques.
(A) Single-antenna case
For the single-antenna case, since there is only one antenna, the detection statistic

T ( x ) can be written as
(3.50)

2

z0 = T ( x ) = x0 [k ] = x0 [k ]x0 [k ]H

which is a Chi-square two-degrees-of-freedom central pdf random variable for both H0
and H1 conditions. The distribution of z0 can written as

H0 :
H1 :

T (x)

σ2

(3.51)

∼ χ 22

T (x)
2
s

σ +σ

2

∼ χ 22

where σ 2 and σ s2 are the noise variance and signal variance, respectively. The signal
variance σ s2 is represented as σ s2 = A2σ h2 for both real and imaginary components
combined. As a result, the probabilities of false alarm and detection can be written as
1 λ′

(3.52)

λ ′′

−
 λ′  − ⋅ 2
PFA = Qχ 2 |H  2  = e 2 σ = e 2
2
0
σ 

1
λ′
− ⋅
2 σ s2 +σ 2

 λ′ 
(
=e
PD = Qχ 2 | H  2
2 
2
1
σs +σ 
where λ ′′ =

) =e

λ′
2
1
− ⋅ σ
2  σ s2 
 2 +1
σ


=e

1
λ ′′
− ⋅
2  A2σ h2 
 2 +1 
 σ


=e

1 λ ′′
− ⋅
2 ( Ω+1)

λ′
is the threshold. In this way the false alarm and detection probabilities
σ2

can be derived as a function of the threshold λ ′′ .
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(B) Multiple-antenna case:
To discuss the detection performance of a multiple antenna system, the dual-antenna
system with equal gain combining is first explained. Both uncorrelated and correlated
channel conditions are described for the equal-gain (EG) combining technique. Finally,
the detection performance for the estimator-correlator (EC) combining is developed.
(i) Dual antenna with equal-gain combining (EGC)
Considering the equal-gain (EG) combining with uncorrelated channels, i.e. ρ = 0 , the
test-statistic can be expressed as

T ( x ) = x H sɵ =

{

(3.53)

}

Ω
is a constant and Ω is the SNR per antenna and can be expressed as
Ω +1

where

Ω=

Ω
2
2
x0 [k ] + x1[k ]
Ω +1

A2σ h2

σ

2

2

. Since x0 [k ] and x1[k ] are complex-normal random variables x0 [k ] and

2

x1[k ] are Chi-square random variables with two degrees of freedom. As a result, the test
statistic T ( x ) is a Chi-square random variable with four degrees-of-freedom and can be
expressed as

H0 :

T ( x)

σ

2

(3.54)

∼ χ 42 ⇒ T ′ ( x ) ∼ χ 42
T (x)

2
T ′( x)
∼ χ ⇒ σ2
∼ χ 42 ⇒
∼ χ 42
H1 : 2
2
σs
Ω +1
σs +σ
+1
2
σ

T (x)

2
4
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.

The signal variance σ s2 is represented as σ s2 = A2σ h2 for both real and imaginary
components combined. The modified test statistic is T ′ ( x ) =

T (x)

σ2

. As a result, the

probabilities of false alarm and detection can be written as
(3.55)

∞

PFA = ∫ pχ 2 ( x | H 0 ) dx
4

λ′
∞

1 − 2x
x e dx
4
′
λ

=∫

λ′

 λ′  −
= 1 +  e 2
2


(3.56)

∞

PD = ∫ pχ 2 ( x | H1 ) dx
λ′

4

x
 1 1  x  − 2( Ω+

1) 
= ∫
⋅ ⋅
 dx
e
λ′ 
Ω +1 4  Ω +1

∞

∞

1
1
=∫ ⋅
2
λ ′ 4 ( Ω + 1)
1
1
= ⋅
4 ( Ω + 1)2

∞

x
 − 2( Ω+

1) 
x e
 dx



∫ xe

−

x
2( Ω+1)

dx

λ′
λ′


λ ′  − 2( Ω+1)
= 1 +
e
 2 ( Ω + 1) 
Let us now consider equal-gain combining (EGC) but assuming the signal at two
receiving antennas being correlated, i.e. ρ ≠ 0 , i.e. the channel covariance matrix is now

1
Ch = σ h2 
ρ

ρ
1 

. Assuming the signal to be present (i.e. H1 hypothesis) and following

the formation of Cx as in (3.40) above, the eigen-decomposition of Cx yields
V H Cx V = Λ x where the two eigen values corresponding to two antennas are
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λx = ( A2σ h2 + σ 2 + A2σ h2 ρ )

(3.57)

0

λx = ( A2σ h2 + σ 2 − A2σ h2 ρ ) .
1

Referring to (3.48) and using a similar approach, the test statistic for this case can be
written as

T ( x ) = x H sɵ =

λx

2

0

λx + 1

y0 [k ] +

0

λx

1

λx + 1

2

y1[k ] .

(3.58)

1

According to (3.58) and since y0 [k ] and y1[k ] are both circularly normal, the test
statistic T ( x ) in (3.58) is a sum of two scaled Chi-square random variables with two
degrees-of-freedom, χ 22 , i.e.,

H0 :

λx

0

λx + 1
0

H0 :

λx

1

λx + 1

(3.59)

2

y0 [k ] ∼ χ 22
.
2

y1[k ] ∼ χ 22

1

The pdf of T ( x ) will be determined from the convolution of the two individual pdf’s of
2

2

y0 [k ] and y1[k ] . The pdf of two scaled Chi-square random variables is derived in
Appendix A (Nielsen 2008a). Referring to Appendix A,
z
−
 − λz

λx0
x1
 λx +1

1
λ
+
1
x0
1
pT ( x ) ( z ) =
e
e
−

u ( z)
 λx1
λx0  

−

 

1
1
λ
λ
+
+
x0
 x1


(3.60)

where u ( z ) is a step function of z showing pT ( x ) ( z ) = 0 for any value of z in the region
z < 0 . The corresponding probability that T ( x ) > λ is then found is
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z
z
−
−


λx0
λx1


λ
λ
1
 x1
λ +1 
λ +1
x0
Pr (T ( x ) > λ ′ ) = ∫ pT ( x ) ( z ) dz =
e x1 −
e x0  .

λx0 + 1
 λx1
λx0   λx1 + 1
λ′

−

 

 λx1 + 1 λx0 + 1 

(3.61)

∞

2

2

Since T ( x ) is the sum of two scaled Chi-square random variables, y0 [k ] and y1[k ] ,

putting the appropriate eigen values corresponding to two antennas λx0 and λx1 in the
above equation for Pr (T ( x ) > λ ′ ) at H0 results in the probability of false alarm PFA and,
in a similar way, putting the eigen values λx0 and λx1 at H1 results in the probability of
detection for the spatial combining in this case.
(ii) Dual antenna with estimator-correlator (EC) combining

As mentioned earlier, the test statistic for estimator-correlator (EC) combining can be
expressed as (Kay 1998, Nielsen 2008a)
(3.62)

−1

T ( x ) = x H sɵ = x H Cs ( Cs + σ 2 I ) x = x H C x
−1

where C = Cs ( Cs + σ 2 I ) and the correlation coefficient ρ between the antennas are
taken into consideration. The EC combining takes the estimation of antenna correlation

ρ into account. This results in that the first and foremost objective of EC combining
technique is to estimate the covariance matrix Cx . This covariance matrix will be
different depending on whether the signal processing that takes place involving Cx can
conclude that, once the eigen values of CCx are obtained, following the derivation of the
pdf of sum of two scaled Chi-square random variable in Appendix-A, PFA and PD can be
correspondingly computed. In the following, the necessary signal processing steps to
reach the above conclusion are shown in detail.
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Let us first consider the eigen-decomposition of the covariance matrix of
T

x = [ x0[k] x1[k]] , i.e. Cx as
H
x

H
x

1
2
x

(3.63)

1
2
x

Cx = V Λ x Vx = V Λ Λ Vx

where symbols are as described previously. This results in the eigen value matrix of Cx as

λx0
Λx = 
 0

(3.64)

0
.
λx1 

Here λx0 and λx1 are the eigen values of Cx corresponding to the first and second
antennas respectively. The eigenvectors are orthonormal and VxH = Vx−1 . It can therefore
be written that
1

1

1

(

)

1

Cx = VxH Λ x Vx = VxH Λ x2 Λ x2 Vx = VxH Λ x2 Vx Vx−1 Λ x2 Vx = A A H

(3.65)

1

where A = VxH Λ x2 Vx = A H . Note that A is obtained from the signal processing of x

only. Since it is assumed that the channel noise is white between the two antennas, A is
assumed to be full-rank, and so A is invertible such that the test statistic in (3.62)
becomes
T ( x ) = x H sɵ

(3.66)

= x H Cx

(

= x H Cs Cs + σ 2 I

(

) (

)

−1

x

= x H A −1A C A −1A

)

H

x

= x H A −1A C A H A −1, H x
= x H A −1QA −1, H x

where Q = A C A H is symmetric and real and Q can be decomposed into eigenvalues
such that Q = VQ Λ Q VQH and, as a result, defining m = VQH A −1, H x , one obtains
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T ( x ) = x H A −1 VQ Λ Q VQH A −1, H x

(3.67)

= m H ΛQm

 m [k ]
= 0 
 m1[k ] 

H

λQ0

 0

0   m0 [k ]

λQ1   m1[k ] 

2

= λQ0 m0 [k ] + λQ1 m1[k ]

2

where λQ0 and λQ1 are the two eigen values of Q corresponding to the first and second
antennas respectively. This states that for estimator-correlator (EC) combining of GNSS
signals the signals coming out of the two GNSS antennas are multiplied by the eigen
−1

1
2
x

values of the Q = A C A matrix, where C = Cs ( Cs + σ I ) and A = V Λ Vx .
2

H

H
x

As shown in (3.67) above, assuming that m0 [k ] and m1[k ] as circularly normal, the test
statistic is a sum of two Chi-square random variables with two degrees-of-freedom, the
scaling factors being λQ0 and λQ1 , i.e. the eigen values of Q . As an alternative way of
dealing with Q it has been shown in the following that the eigen values are the same for
Q and CCx , so the eigen values of CCx can be used as the scaling factors as well

(Nielsen 2008a). In order to calculate the eigen values λQi where i = 0,1 non-trivial
solutions of Qv i = λi v i , i = 0,1 have to be found. Since

Qv i − λi v i = 0

(3.68)

⇒ ( Q − λi I 2 ) v i = 0
non-trivial solutions would occur if and only if ( Q − λi I 2 ) is a singular matrix, i.e.

77

det ( Q − λi I 2 ) = 0

(3.69)

⇒ Q − λi I 2 = 0
⇒ A C A H − λi I 2 = 0
⇒ A C A H − λi A −1A = 0
⇒ C A H − λi A −1 A = 0
⇒ C A H − λi A −1 = 0

∵ A ≠ 0, as A = invertible

⇒ C A H A − λi I 2 = 0
⇒ CCx − λi I 2 = 0

∵ Cx = A H A

The above simplification is necessary because it ultimately shows that the eigen values of

Q = A C A H and CCx are the same and thus the computations become easier. In dealing
with EC combining, the eigen values of CCx can now be used in the following way:
For H0, i.e. ‘no signal’ case,

Cx = σ 2 I 2 and

(

CCx = Cs Cs + σ 2I 2

(
Λ V (V

)

−1

(3.70)
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This results in the eigen values
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λ0 =

λs σ 2
λs + σ 2
0

and

λ1 =

(3.71)

λs σ 2
λs + σ 2
1

1

0

corresponding to the first and second antennas respectively. According to (3.67), the test
statistic T ( x ) is a sum of two scaled Chi-square pdf’s. As mentioned earlier, the pdf of
the sum of two Chi-square random variables has been derived in Appendix A (Nielsen
2008a). Referring to that, the probability of false alarm is written as

PFA = Pr (T ( x ) | H 0 > λ ′ )

(3.72)

∞

= ∫ pT ( x )| H 0 ( z ) dz
λ′
z
z
−
−

λs0σ 2
λs1σ 2
 λ σ2
λs0 σ 2
1
 s1
λs1 +σ 2
λs0 +σ 2
e
e
=
−

2
2
2
λs0 + σ
 λs1σ 2
λs σ   λs + σ
− 0 2  1

2
λs0 + σ  
 λs1 + σ








Similarly, for the H1 condition, i.e. when there is signal present, Cx = ( Cs + σ 2 I 2 ) , and

(

CCx = Cs Cs + σ 2 I 2

−1

) (C

s

+ σ 2I 2

(3.73)

)

= Cs
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So, the probability of detection is

PD = Pr (T ( x ) | H1 > λ ′ )

(3.74)
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Referring back to (3.62), this is how the detection performance can be derived for the EC
processing.
3.5 Conclusions
In this chapter, the system has been described and the concept of spatial combining has
been illustrated for GNSS signals (Nielsen 2008a, Shanmugam 2008). Different channel
conditions in terms of antenna correlation are considered. Spatial combining techniques
based on equal-gain (EG) and estimator-correlator (EC) schemes have been illustrated
and their detection performance in the form of probabilities of false alarm and detection
are derived. These theoretical formulations are important in the sense that the effect of
signal combining on the detection of GNSS signals will be presented on an empirical
basis with several test setups with real GPS data in Chapter 4 and 5. Finally, this chapter
acts as the theoretical part of the proposed spatial combining algorithms.
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CHAPTER 4: Test Methodology and GNSS Signal Processing

Spatial diversity and its applicability to GNSS signals have been reviewed in Chapter 2,
where spatial correlation between antenna elements as well as diversity combining
techniques were also discussed. Chapter 3 has described the signal and system model and
developed mathematical formulations for spatial diversity combining of weak GNSS
signals. While Chapter 3 contains the theoretical contributions of this research, this
chapter describes the test methodology and the subsequent GNSS signal processing
techniques. The experimental setup is explained. The chapter also presents some of the
results in terms of multiple antenna GNSS signal processing including enhanced GNSS
signal acquisition and tracking.
4.1

GPS Signal Structure

GPS uses a Direct Sequence-Code Division Multiple Access (DS-CDMA)-based
signaling technique for transmission from the satellite. This is designed to allow all
satellites to transmit different information in the same frequency band using different
pseudo-random noise (PRN) codes to facilitate efficient receiver design. Each PRN code
is unique for each satellite transmitting the signal and there is low cross-correlation
between any two PRN codes. The codes transmitted from the satellites are known to the
receiver and the receiver correlates the received signal with a replica of the locally
generated code to obtain the code start time (or code phase). The code phase provides an
estimation of the transmit time of the signal traveling from the satellite to the receiver.
The civilian code of GPS is of length 1023 in chips and is derived from the family of
Gold codes known as coarse/acquisition (C/A) codes. The basic chipping rate is 1.023
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MHz, resulting in a code repetition time of 1 ms. The navigation data bits are transmitted
at 50 Hz rate, which corresponds to 20 code periods. The data bits contain information
such as absolute time and orbital parameters. Finally, the signal is binary-phase-shiftkeying (BPSK) modulated on a carrier wave (sinusoid) at 1575.42 MHz prior to
transmission via onboard antenna. Thus, when the transmitted GPS signal is received by
a GPS receiver, as shown in Section 3.2, the down-converted discrete time sampled
received signal can be represented by
(4.1)

J −1

y ( n ) = ∑ h j ( n ) Aj g j ( n ) + w ( n )
j =0

where symbols bear the meanings described in Section 3.2 pertaining to satellite “j”.
Signals from other GPS satellites and those from multipath reflections finally make the
received signal a composite signal. It should be noted here that the noise w ( n ) also
includes thermal background noise of the receiver, in-band interference and signals from
other satellites. Due to the substantial signal attenuation, the received GPS signal is
typically buried under the noise. Hence, the receiver requires extensive signal processing
to extract the signal information from the weak GPS signal. Signal demodulation and
estimation of code-delay and Doppler frequency requires successful signal detection and
continuous tracking. The following sections describe the GPS signal conditioning
techniques that accomplishes the above mentioned tasks.
4.2

GNSS Receiver Signal Processing

This section provides a brief description of receiver signal processing in the context of
GPS. The readers are further referred to Misra & Enge (2006), Kaplan & Hegarty (2006)
and Parkinson & Spliker (1996) for a more detailed treatment of the same. It should be
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emphasized here that the following analysis although based on GPS can readily be
extended to other GNSS such as GLONASS, Galileo and COMPASS.
4.2.1

Signal conditioning: Antenna Element

As discussed earlier, the receiver necessitates the estimation of code phase, carrier
Doppler and phase for navigation data demodulation and position solution. Figure 4.1
shows a generic GPS receiver operation chain. The receiver antenna is the first element
that captures the right hand circularly polarized (RHCP) transmitted GPS signal. The test
methodology developed herein utilizes a U-blox active patch antenna for all GPS IF data
collection (U-blox 2008). The receiver front-end is the first signal processing block inside
a GPS receiver. The cable length for the U-blox patch antenna is 5 m. The gain provided
by the preamplifier in the patch antenna is around 27 dB with a noise figure of 3 dB.
4.2.2

RF Down-conversion and Sampling

The received RF signal is conditioned through band-pass filtering, low-noise
amplification and down-conversion process before it is converted into digital samples.
The RF signal is beaten with a locally generated signal with frequency equal to f L − f IF ,
where f IF is the intermediate frequency, f L is the GPS L1 band frequency and the signal
output is filtered with a band-pass filter that allows signals near f IF only to pass. This
process of multiplying and filtering of signals is known as mixing.
The down-conversion process can be performed directly using a single stage only known
as direct down-conversion or through multiple stages (typically two stages) prior to
sampling and digitization. However, direct down-conversion requires the receiver to be
designed with great care because high power and low power signals co-exist at one
frequency and there is a potential possibility of oscillation instead of amplification if the
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strong output leaks back into the input side (Misra & Enge 2006). As a result, multi-stage
down-conversion is recommended rather than direct down-conversion. Multistage downconversion typically translates the received RF signal close to baseband (≤ 5 MHz). It
also suppresses image frequencies by intermediate filtering.

Antenna

Preamplifier

AGC

RF downconverter

N

IF sampling and
digitization

Navigation
processing
Reference
oscillator

Receiver 1
channel

Receiver
processing

Frequency
synthesizer

Navigation
solutions (PVT)

Figure 4.1 Generic GPS digital receiver block diagram
4.2.3

Baseband Signal Processing

Baseband signal processing primarily consists of pre-correlation sampling, code removal
and Doppler removal, post-correlation filtering, receiver clocks and finally navigation
processing.

Pre-correlation sampling - Modern GPS receivers involves digital processing for code
correlation and Doppler removal. The baseband conversion is achieved as part of the
sampling process known as IF sampling or pre-correlation sampling. The process of IF
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sampling is to sample the IF signal at a rate at which the I and Q signals are obtained
directly (Parkinson & Spilker 1996, p.348).

Doppler removal - The next step is Doppler removal, which involves the phase-rotation
of the received I and Q samples. Doppler removal process is used by the carrier tracking
loops to track either the phase or the frequency of the incoming signal samples
(Parkinson & Spilker 1996, p.356). The carrier tracking loop controls the numerically
controlled oscillator (NCO) to generate the inphase and quadrature phase signal outputs
for Doppler removal operation.

Code removal - After Doppler removal processing is complete, the received I and Q
samples are correlated with three versions of locally generated PRN code samples to
form corresponding correlator outputs. The three versions of the locally generated code
are named as early, prompt, and late correlators. This process of correlation of received
samples with local code is known as code removal. The PRN code tracking process is
maintained through Delay Lock Loop (DLL). The output error signal of the DLL is
obtained by the difference of the correlator output functions of early (E) and late (L)
correlators. When navigation bit synchronization is obtained, the coherent integration can
be extended up to 20 ms for both code and carrier tracking algorithms.

Discriminator outputs - The code phase and carrier phase discriminator outputs are fed
into the code and carrier numerically controlled oscillators (NCOs) such that loops are
maintained properly. The discriminator outputs are computed by the digital computer
from respective code phase and carrier phase measurements. As mentioned earlier, the
receiver has to estimate the code phase and carrier phase from the received signals, and
these estimates are further processed to estimate the position-velocity-time (PVT)
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navigation solutions for the receiver. The reader is further referred to Kaplan & Hegarty
(2006), Parkinson & Spliker (1996), and Misra & Enge (2006) for a detailed treatment of
signal acquisition and tracking algorithms.

4.3

GPS Signal Acquisition

4.3.1

Correlation

The GPS signal acquisition is the initial operation that deals with the detection and coarse
estimation of Doppler and code phase. This is essentially accomplished through a twodimensional discretized maximum likelihood search in the code phase and Doppler
domain.
For the GPS L1 frequency, the Doppler shift due to satellite motion causing a satellite to
user distance rate of change is typically on the order of ± 4 kHz. An unknown frequency
error of the local clock typically adds another uncertainty. As a result, an overall total
Doppler search space of typically ± 10 kHz should be used. On the other hand, the code
phase can assume almost any value, but as the code repeats every 1 ms, the search for
code phase estimate is restricted to within 1 ms of duration. Since baseband signal at this
stage still has the Doppler frequency in it, it is named pseudo-baseband signal. As a
result, the search is performed by mixing the pseudo-baseband signal and correlating it
with a known locally generated PRN code. Figure 4.2 shows the inphase and quadrature
phase complex correlation. As described in Section 3.2, having defined ∆F and φ0 as the
initial frequency and phase offset, the correlation output can thus be expressed as
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1
x=
N

N −1

∑ y ( n )g * ( n )
n=0

= R ( ∆τ )

sin (π N ∆f D )

π N ∆f D

1
exp ( jφerr ) 
N



N −1

1

N −1

∑ h ( n )  + N ∑ w ( n ) g * ( n )
n =0

n =0

where R ( ∆τ ) is the correlation function and φerr is the relative phase difference between
the reference and receiver signal, N is the total number of samples pertaining to the
coherent integration period and is related to the sampling duration as N = TcohTs−1 .
The time taken by the transmitted signal to reach the receiver is indicated by the time
delay of τ seconds and so known as the code-delay. The ∆τ is the code-phase error of
the signal. The output Sɶ is the representation of the ambiguity function. As explained in
detail in Misra & Enge (2006), the ambiguity function relates to the correlation function

R ( ∆τ ) and incorporates the Doppler frequency error ∆f D as well. As a result, the
ambiguity function Sɶ can be represented as Rɶ ( ∆τ , ∆f D ) , where Rɶ ( ∆τ , ∆f D ) is a function
of R ( ∆τ ) and ∆f D , i.e. Rɶ ( ∆τ , ∆f D ) = f { R ( ∆τ ) , ∆f D } . As a result, the correlation
output is dependent on the estimation accuracies of Doppler and code-phase errors. To
estimate ( ∆τ , ∆f D ) and to suppress the effect of navigation data modulation and residual
carrier, the GPS receiver takes the magnitude of Sɶ . Figure 4.2 shows how the IF and
Doppler frequency f Doppler removal process takes place and subsequently how the local
code correlation is done at the GPS receiver. The symbols in Figure 4.2 bear the usual
meanings as defined previously. Symbols marked with a hat represent corresponding
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estimated values.

y ( n ) = Ad ( n ) c ( n − τ ) cos {2π ( f IF + f D ) n + θ ( n )} + Noise

Ad ( n − τ ) c ( n − τ ) e

1
N

Low pass filter

e

{ (

)

}

− j 2π f IF + fˆD t +θˆ ( n )

j{2π ∆f D t +∆θ }

N −1

∑
n =o

Coh. Int.
output,
x[k ]

c ( n − τˆ )

Figure 4.2 Doppler removal and code correlation
4.3.2

Non-Coherent Combining Detector

Non-coherent combining is a popular technique for increasing the probability of detection

PD for a given probability of false alarm, PFA , in the presence of a randomly varying
phase offset due, for example, to a carrier Doppler offset, or data modulation effects. The
approach of non-coherent combining detector (NCCD) dates back to radar detection
theory and in general in the detection of unknown signal in noise (O’Driscoll 2007). The
NCCD is a standard detection technique for GPS signals and has been employed during
the analysis. Figure 4.3 shows a conventional non-coherent detector applicable for GPS
signals. In principle, the NCCD is an energy detector and operates by accumulating a
number of N NCH outputs obtained from coherent averaging of N time samples as shown
in Figure 4.3. The carrier removal and the code removal parts are taken care of by the
carrier NCO and code generator respectively, as shown. However, a major disadvantage
of non-coherent combining detector is the SNR degradation (i.e. squaring loss) due to
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envelope detection (Lachapelle 2006). By squaring the received signal after coherent
integration as shown in Figure 4.3, the navigation data bit effect is stripped off. While it
achieves the intended purpose of removing the data modulation, it also squares the
received noise. This squaring of noise introduces squaring loss. The effect of the
squaring loss is significant in low signal environment. The details on squaring loss are
available in Misra & Enge (2006, pp. 388, 480) and Shanmugam et al (2005).

xI [ k ] =

IF
samples

y[n]

Re(•)
Im(•)

1
N

N

∑ ( .)
i =1

(. )

2

N NCH

∑ ( .)

Code
Gen.

Carrier
NCO

xQ[k] =

i=1

1 N
∑(.)
N i=1

(.)

2

z

Figure 4.3 Non-coherent combining detector for GPS signal acquisition
4.4

Software Implementation of Dual-Antenna Array GPS Receiver

The developed test setup involved a commercial multi-channel front-end for RF down
conversion and subsequent signal conditioning. The raw IF samples from the commercial
front-end were stored in a PC memory for post-mission signal processing.
For synthetic array setup, the indoor antenna was mounted on a linear motion table and
moved at a constant slow velocity. The linear motion table was set to a pre-defined
motion of 0.012 m/sec or λ/16 per second, where λ is the wavelength of the GPS L1
carrier and λ is approximately equal to 19 cm. The antenna was moving back and forth
across the linear motion table, whose length was approximately 1.4 m.
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In addition to the indoor data collection, an outdoor reference antenna was utilized for
assisting the signal demodulation. The output of the outdoor reference antenna as well as
the indoor antenna were connected to the commercial front-end to allow for synchronized
data collection. Approximately one hour of data was collected using the front-ends.
Finally, a NovAtel reference antenna and an OEM receiver were utilized to obtain
approximate Doppler to reduce the search space during signal acquisition. The two
selected indoor locations were inside a commercial office building, namely the CCIT
building of the University of Calgary. The first location was in a corridor and the other
location was inside a room of the 3rd floor. Both the test locations had window panes but
exhibited substantial signal attenuation due to protective coating. Figures 4.4 and 4.5
below show the schematic diagram of the overall test setup and the mounting of dualantenna setup on the linear motion table respectively. Figure 4.6 shows the plan-view of
the third floor of the building and the indoor test locations. Regarding the experimental
data collection, it is noted that two different types of data collection modes were
considered and are summarized below

o Mode – 1: Outdoor reference antenna and indoor synthetic array antenna
o Mode – 2: Two indoor antennas
In the first mode of operation, the reference antenna is used to estimate the Doppler
frequency, code phase and navigation data bits and these estimates were then used for the
demodulation of the GPS IF data pertaining to the indoor antenna. The use of the
synthetic array readily eliminates the issues such as mutual coupling and antenna leakage
and allows for overcoming the limitation in physical separation. However, the results
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were further verified with dual antenna indoor data collection with a reduced number of
antenna separations.

Channel-1
Antenna #1

Linear Motion Table

Bias Tee

LNA
(External)

Battery
NI front-end based Data
Collection PC

Channel-2

Reference
rooftop antenna
Antenna #2
Bias Tee

NovAtel
OEM4
Rx

LNA
(External)

Battery
PRN monitoring with reference
rooftop antenna

Figure 4.4 Schematic diagram of the test setup
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Figure 4.5 Schematic diagram of the dual antenna system with linear motion table

Glass wall,
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reflection

Two selected indoor test
locations

Glass wall,
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reflection

Figure 4.6 Plan view of the test locations in CCIT building, University of Calgary
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Figure 4.7 Software signal processing of GNSS signal acquisition
Figure 4.7 shows the receiver signal processing stages for the post-mission processing of
dual-antenna GPS IF data. The reference antenna was used to estimate the Doppler, code
phase and navigation data bits. Those estimated parameters were then used for the data
set collected with the indoor patch antenna.
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Figure 4.8 Acquisition results of a strong GPS signal (a) Full search space (b)
Doppler frequency space (c) Code offset space
4.4.1

Signal Acquisition Results

Figure 4.8 shows the acquisition of a strong GPS signal, where the correlation peak is
also zoomed in plots of Doppler frequency and for code offset. The Doppler space of ± 5
kHz and code offset space of 1 ms were considered in this figure. Figure 4.8(a) shows the
two-dimensional search space for GPS signal acquisition. The FFT based correlation
technique (Tsui 2005) was used to correlate the received signal with the locally generated
code.
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4.4.2

Signal Tracking Results

To investigate the feasibility of the dual-antenna system proposed herein for spatial
combining of GPS signals, it is important to analyze the inherent channel biases. During
the preliminary analysis, acquisition results in terms of Doppler estimation and code
phase estimation were analysed to determine the significance of inter-channel biases in
the dual-antenna system. Figures 4.9 and 4.10 show the fine Doppler and code-offset
searches respectively of two U-blox patch antennas under open-sky condition for an
antenna spacing of 2λ (λ=19 cm). The data sets corresponding to these two plots were
collected using two Euro-3M front-ends (NovAtel 2004). The Doppler estimation utilized
was a FFT-based technique, which allowed for a fine resolution of 1 Hz. Both the
Doppler and code phase results readily corroborates the stability and the feasibility of the
proposed dual-antenna system.
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Figure 4.9 Fine Doppler search for Rx1 and Rx2, PRN-16, Tcoh=10 ms, d=2λ
λ

Figure 4.10 Code-offset search for Rx1 and Rx2, Tcoh=1 ms, N=10, T=10 ms, d=2λ
λ
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For an antenna spacing of 2λ, the inphase and quadrature correlation outputs for the first
and second receiver antennas for the case of PRN-16 are shown in Fig. 4.11. The sharp
changes in inphase and quadrature phase correlation outputs at 20 ms, 40 ms, 275 ms and
295 ms are caused by the data bit transitions.

Figure 4.11 Inphase and quadrature correlation outputs for Rx1 and Rx2 sampled
at 1 kHz rate, PRN-16, Tcoh=1 ms, d=2λ
λ
Figure 4.12 shows the accumulated phase in radians for the two receiver channels over
the duration. The phase difference between the two receiver channels can readily be
noticed in the plot. The phase difference essentially arises from the initial phase
ambiguity caused by the individual phase locked loops in the RF down conversion stages.
Note that the phase offset should be estimated separately and be removed prior to any
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subsequent analysis. Moreover, the stability of this phase is also critical in terms of
subsequent analysis.

Figure 4.12 Accumulated phase in radians for Rx1 and Rx2 sampled at 1 kHz rate,
PRN-16, Tcoh=1 ms, d=2λ
λ
Figure 4.13 shows the results for Doppler and code-phase tracking for one patch antenna
located in an indoor location (Room-326, CCIT building) when the indoor patch antenna
was simultaneously assisted by one reference GPS receiver located on the rooftop under
LOS conditions. Figure 4.13(a) shows the code tracking and Figure 4.13(b) shows the
carrier tracking respectively, for this assisted indoor patch antenna, the raw data samples
being collected with a National Instruments (NI) hardware setup as shown in Figure 4.4.
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Figure 4.13 Signal tracking results (a) Doppler tracking (b) Code tracking (System
parameters: Sampling frequency FS = 10 MHz, FC = 3.42 MHz, selected indoor
location)
4.4.3

Phase stability

Phase stability among the channels is critical in terms of subsequent analysis for spatial
combining. Figure 4.14 shows the phase difference, due to PLL ambiguity, between the
two receivers for PRN-26 over a duration of five minutes. Figure 4.14(a) shows the polar
plot of phase difference and Figure 4.14(b) shows the instantaneous phase difference
between the two receivers over a duration of five minutes. The phase difference was
almost constant over the observation period hence it can be averaged out during postmission processing. The resulting covariance matrix is used for finding the antenna
correlation.
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Figure 4.14 Phase difference of PRN-26 over 5 mins, due to PLL ambiguity, between
two antennas at open-sky-condition
4.4.4

Navigation Bit Synchronization

The navigation message contains information in the form of bits at the rate of 50 Hz. This
results in a bit interval of 20 ms, whereas it is mentioned earlier that the C/A code
repetition period is 1 ms. Data bit synchronization means detection of data bit boundary
and synchronization of coherent integration with that boundary. This is essential for
navigation data bit extraction, especially under weak signal tracking conditions. This is
because for weak signal acquisition and tracking case, the coherent integration time
necessarily has to be extended beyond 20 ms bit intervals of the navigation message. If
the bit boundaries are not synchronized, the correlation output after coherent integration
will be low because of opposite polarity of the data bits. As a result, it becomes evident
that data bit boundaries must be synchronized for weak signal tracking e.g. indoors.
Figure 4.15 shows the effects of data bit changes on coherent integration output of the
received signal. Since C/A code repeats every 1 ms, the correlation output value after
coherent integration of 1 ms is calculated. If there is a bit transition, the phase of the
coherently integrated correlated output has a shift of π radians, i.e. the sign of in-phase
and quadrature-phase correlation values reversed. In the following a technique of
navigation bit synchronization, referred to as hard decision calculating the phase of the
correlation output, is explained. A vector of length 20 is considered and the variable is
synchronized with the integration timer. An index counter is assumed to take on values
from 0 to 19, where 0 refers to first element in the vector and 19 refers to the 20th element
of the vector, respectively. To detect the data bit synchronization, the phase of correlation
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output is sensed after every 1 ms. For each sign change of the correlation output, a 1 is
added to the element in the vector pointed by the index counter. When any element
corresponding to an index vector exceeds all other 19 elements by a pre-specified
amount, then the bit synchronization is declared successful and then the C/A code epoch
count is reset to the correct value. Figure 4.16 shows the hard decision navigation data bit
synchronization principle. Figure 4.17 shows the extraction of navigation data bits from
the correlation output values.
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20 ms
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(a) Before bit synchronization

Total integration

Coherent

integration
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(a) After bit synchronization

Figure 4.15 Effect of bit synchronization on coherent integration output
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Figure 4.16 Hard decision technique for navigation bit synchronization
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Figure 4.17 Navigation data bit extraction from correlation output values, Tcoh = 1
ms, C/No = approx. 40 dB-Hz

4.4.5

Continuous Wave Interference Issues and Frequency excision

During the data collection campaign, the NI-based data collection setup itself acted as a
source of spurious signals that contributed to an undesired continuous wave interference
(CWI) at approximately -450 kHz. The effect of this CWI was severe because the
antennas were close to the main data collection system. Figure 4.18 (a) and (b) show the
spectrum of the received signal at both antennas. It is clear that both channels were
affected by the CWI, the effect on the second antenna being more severe. Though the
correlation outputs were also severely affected by the CWI from the system, in order to
remove the interference, the data collection PC and front-ends were taken a distance
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away from the antennas. To further mitigate the unwanted CWI effects from the
correlation outputs, a FFT-based frequency excision technique was adopted. The effects
of CWI on correlation output before and after applying the frequency excision technique
is shown in Figure 4.19, which shows that antenna 2 was more affected by the CWI.
However, using the frequency excision technique, the unwanted frequencies were
removed. In addition to Figures 4.18 and 4.19, Figure 4.20 shows that the code-phase and
Doppler estimates contain a lower amount of outliers after frequency excision is applied.
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(b) Antenna 2
Figure 4.18 Observed continuous wave interference (CWI)
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(b)
Figure 4.19 Effects of CWI on antenna correlation outputs (a) before and (b) after
frequency excision is applied.
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Figure 4.20 Code phase and Doppler tracking after frequency excision. The outliers
are removed after frequency excision.

4.4.6

High-Sensitivity Performance with Extended Coherent Integration

Due to weak and severe NLOS signal conditions indoors, high-sensitivity operation with
extended coherent integration time is necessary. In this section, a few indoor results are
presented. Coherent integration times of 100 ms, 200 ms, and 400 ms have been
considered and the corresponding detection outputs are shown in Figures 4.21, 4.22 and
4.23, respectively. Non-coherent summations are also considered. It is clear that there
exists a PSNR improvement for extended coherent integration time. Another significant
point is the effect of data bit synchronization on the detection output of the signal. Figure
4.24 shows one particular condition when the extended coherent integration operation has
been performed without the assistance of data bit synchronization from the reference
receiver. As expected, there is no peak detection without data bit information. As shown
in Figure 4.25, this is reasonable to show the PSNRs of 20 ms coherent integration over a
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total observation period of 6 s. As shown in Figure 4.25, with data bit synchronization,
the PSNR is improved over the entire observation period.

TCOH=100 ms, T=5s

Figure 4.21 Extended integration detection output for Tcoh=100 ms, T=5 s
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TCOH=200 ms, T=5s

Figure 4.22 Extended integration detection output for Tcoh=200 ms, T=5 s

160

Tcoh=400 ms, T=5s

140

Detection Output

120
100
80
60
40
20

0

2000

6000
4000
Samples

8000

10000

Figure 4.23 Extended integration detection output for Tcoh=400 ms, T=5 s
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Figure 4.24 Detection output without data bit information, Tcoh=500 ms, T=5 s
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Figure 4.25 PSNR sampled at 20 ms over an interval of T=6 s. Total points=300
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4.5

Conclusions

In this chapter of the thesis, the test methodology has been described in relation to the
GPS digital receiver signal processing. The test setup is first described, which is then
followed by the software dual-antenna GPS signal processing and implementation. A
brief description of the received GPS signal, signal search space and the acquisition
process was also illustrated. Several intermediate results have been included in order to
verify some important aspects of the implemented dual-antenna receiver system. This
chapter mainly explained the experimental procedures for multiple GPS antenna signal
processing as well as the accuracy of the test methodology that has been developed at the
hardware level to collect raw data from multiple GPS receivers. Extended coherent
integration times and phase stability are thereby of critical importance. A brief note on
the data sets and some pictures of the indoor test location have been included in the next
chapter where the remaining results as well as the main contribution of GPS spatial
signal combining gains and improvement of detection performance with dual-antenna
receiver setup are provided.
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CHAPTER 5: Experimental Analysis and Seminal Results

This chapter discusses the major results obtained with spatial combining of GPS signals.
The performance of SNR gain and improvement in detectability of GPS signals in
degraded signal environments is demonstrated. The detection performance of single
antenna and multiple antenna performances are compared under real indoor situations.
The performance of spatial combining schemes such as the equal-gain (EG) combining
and estimator-correlator (EC) combining are also reported. The test results of antenna
correlation, spatial combining gain in terms improvement in SNR and detection
performance are demonstrated.

5.1

Overview of the Recorded Data Sets and Data Processing

As discussed in Section 4.4 there are two selected locations where raw indoor GPS data
were collected using the dual-antenna GPS receiver system. The GPS L1 samples were
collected at a sampling rate of 10 MHz. The collected data samples were first amplified
by the respective LNAs and processed with down-conversion. However, the LNAs for
the two receiver front-ends were independent, but of the same type, so their amplification
characteristics are expected to be similar and not affecting the analysis significantly.
In the indoor location test, the linear motion table was placed inside the designated room
and one GPS patch antenna was mounted on it. The test strategy was to place one antenna
on the linear motion table and collect raw data for a period of one hour. The reason for
using one antenna was that the NI system had two available front-end receivers, of which
one was used for tapping real LOS GPS signals with a reference GPS antenna located on
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the rooftop. The linear motion table was moving at a speed of 1.2 cm/sec or
approximately λ/16 per second, where λ is the carrier wavelength for GPS L1 band signal
and is equal to approximately 19 cm. The indoor antenna inside the office room had its
north side view blocked with the building wall, but the southern side of the antenna was
open through the glass windows. While the GPS antenna was moving on the linear table,
the concept of synthetic GPS antenna was tested using the data at several antenna
spacing. Figure 5.1(a) shows the test location inside the room and the position of the
linear motion table, and the sky-view plot at that time as recorded by the reference
antenna is shown in Figure 5.1(b).
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Location of linear
motion table

SW
NW
(a) Indoor test location:

(b) Skyview at one particular instant
Figure 5.1 Selected indoor data collection site (a) indoor (b) skyview plot of
reference antenna
For verification purposes, a second location on the same floor of the same building was
also investigated. As seen in Figure 5.2, the patch antenna indoors was facing the glass
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window panes towards the north-west (NW) direction. The reference antenna was placed
on the roof of the same building with an unobstructed view. The roof reference antenna
was stationary; the indoor patch antennas were mounted on a linear motion table. The
linear motion table carried the antennas and moved back and forth at a speed of 0.012 m/s
i.e. λ/16 /s. Figure 5.2(a) shows the orientation of patch antennas indoors and Figure
5.2(b) shows the sky-view plot from the reference receiver during that time of data
collection. The red blocks in Figure 5.2(b) show the available PRNs in NW and NE
directions.

NW

NE

NW

NE
(a)

(b)

Figure 5.2 Orientation and skyview plot of the dual-antenna system
The data collected using the NI based front-ends was first stored in a PC hard drive for
post-mission processing. Using conventional FFT-based correlation techniques in twodimensional search space, the code-phase and Doppler were determined, however, the
search space is reduced from 10 kHz to only 500 Hz by using the rough estimates of
Doppler from the NovAtel OEM4 reference receiver antenna located at the rooftop.
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Additionally, the frequency estimates were obtained through a discrete open-loop FFTbased tracking. The code phase and Doppler tracking outputs obtained through block
FFT-based processing have been already shown in Chapter 4. The system parameters
utilized during the data collection are summarized in Table 5.1. The digitized samples
were obtained at a rate of 10 MHz.
Table 5.1 System parameters

Parameter Front-end Sampling Intermediate Coh. Int.
Period
Bandwidth Frequency Frequency

PRN Code Sampling
Factor
Length

Value

1023
chips

5.2

20 MHz

10 MHz

3.42 MHz

100 ms

≈10

Experimental Results

The results of the spatial combining of GPS signals as obtained herein are described in
three major steps.
Firstly, the fading behaviour indoors for both of the antennas has been shown, where the
C/No distribution characteristics indicate the indoor fading behaviour in terms of
envelope correlation and Ricean factor. The envelope correlation is compared with the
theoretical correlation coefficient as the antenna spacing is varied.
Secondly, the effects of spatial combining are illustrated. In particular, the effects of
equal-gain combining (EGC) and estimator-correlator combining (ECC) are illustrated
and compared. A comparison with single antenna case is also made. PSNR improvements
for EGC and ECC are also shown.
Finally, the detection performance for a single antenna and diversity combining are
compared. Analyses with receiver operating characteristics (ROC) curves in terms of
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improvement in detection probability as compared to that of single antenna processing
are illustrated.
5.2.1

Indoor Fading Characteristics

For the selected indoor locations, coherent integration times of 2 ms, 4 ms and 8 ms
along with subsequent non-coherent integration were considered. As an example of
indoor fading characteristics C/No characteristics over time for PRN-29 corresponding
to the dataset with 1 λ antenna spacing is shown in Figure 5.3.
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Figure 5.3 C/N0 fading plots for two antennas at the indoor location using a
synthetic antenna configuration
With a coherent integration time Tcoh = 2 ms and a total non-coherent sum of T=300 ms,
the average C/No for both of the antennas is approximately 24.5 dB-Hz for 1λ spacing.
However, the C/No characteristics have been further investigated with the help of a
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probability cumulative distribution function (cdf) as shown in Figure 5.4. The
propagation channel and its probability distribution are well explained in several
textbooks in the communication engineering area, for example, in Stüber (2000). When
signal propagation is concerned, some types of propagation environments have a specular
or LOS component. Ricean fading occurs when one of the propagation paths, typically a
LOS propagation signal, is much stronger than the others. The LOS signal strength is
characterized by the Ricean factor, K, which is defined as the ratio of the specular power
to scattered power (Stüber 2000). This means that, when K = 0 the channel exhibits
Rayleigh fading and when K = ∞ the channel does not exhibit any fading at all. That is,
when K = ∞ the channel is Gaussian. In Ricean fading, the amplitude gain of the
propagation channel is characterized by a Rician distribution. On the other hand,
Rayleigh fading is a special fading model for the propagation scenarios when there is no
LOS signal. This is sometimes considered as a special case of the more generalized
concept of the Ricean fading model. In Rayleigh fading, the amplitude gain is
characterized by a Rayleigh distribution. However, the results shown in Figure 5.4
indicate that the signals at the two antennas show a Ricean pdf fit with a very low Ricean
factor of K = -28 dB. This low value indicates that the two antennas experience Rayleigh
fading and after subsequent analyses it was found that the envelope correlation
coefficient between the two antennas was low (approximately 0.07 in this case). Figure
5.5 shows the fading histogram for weak GNSS signal acquisition for an extended
coherent integration time of Tcoh=200 ms with non-coherent summation of T=1 s. As
shown in Figure 5.5(b), with the given scenario the GPS signal indoor suffers
approximately 30 dB mean attenuation with respect to nominal LOS signal power.
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Figure 5.4 Cumulative distribution function for two antennas in a synthetic array
configuration (with best fit Ricean pdf of K=-28 dB and ρ=0.07, indoor location
inside, d=2.5λ
λ, PRN-4)
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Figure 5.5 Fading histogram during weak GNSS signal acquisition. (a) Correlation
output with extended coherent integration, Tcoh = 200 ms, T = 1 s (b) Fading
histogram, indoor

5.2.2

Envelope Correlation

The envelope correlation between the two receiver channels has been calculated and
compared with theoretical values found by Jakes (1994). After code and carrier removal,
the resulting output is coherently integrated prior to any kind of temporal or spatial
processing. Let a coherent integration output of TCoh seconds for first and second
antennas be x0 [k ] = I 0 + jQ0 and x1[k ] = I1 + jQ1 respectively, in which case their
envelopes are x0 = x0 [k ] = I 0 2 + Q0 2 and x1 = x1[k ] = I12 + Q12 respectively, then the

envelope correlation between the two antennas is expressed in terms of mean-removed
versions of x0 and x1 as

E

ρ=

{( x − x )( x − x )}
0

0

(

1

(

)

(5.1)

1

var x0 − x0 ⋅ var x1 − x1
E
=
E

{(

x0 − x0

)(

x1 − x1

)
.

)}

{( x − x ) } ⋅ E {( x − x ) }
2

0

0

2

1

1

However, Jakes (1994) showed that the theoretical correlation value between two
receiving antennas depends on the spacing between them, which can be written in terms
of a zero-order Bessel function of the first kind as




ρ = J 02  2π

(5.2)

d
.
λ 
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The expression in (5.2) holds good for a uniform angle of arrival distribution in azimuth
and omni-directional receiving antennas that are matched to the polarization of the
incoming radio wave. It should also be noted here that the envelope correlation of signals
received by two antennas can be influenced by several factors, such as the radiation
pattern, mutual coupling, direction of arrival of the radio wave and antenna gain. A
detailed discussion of antenna correlation was provided in Chapter 2. To overcome these
issues, the proposed test methodology utilized a single antenna with linear motion such
that a linear array is emulated. Figure 5.6 shows the squared magnitude envelope
correlation as a function of antenna spacing and the theoretical curve. In addition to this,
antenna correlation results for two indoor patch antennas for selected antenna separation
is also plotted in Figure 5.6. As shown in Figure 5.6, the measured antenna envelope
correlation is generally lower than the theoretical correlation curve, especially for a
smaller antenna spacing. This is because the indoor patch antenna used in this research is
not an ideal antenna; also the radiation pattern of the indoor patch antenna is not omnidirectional (Clarke 1968). As seen in Figure 5.6, the measured squared magnitude
envelopes maintained a similar shape for all of the available PRNs but they differed in
terms of actual correlation value. This is because the actual antenna envelope correlation
significantly depends on the angular multipath spread besides antenna characteristics
(Durgin & Rappaport 1999).
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Squared envelope correlation, ρ

Figure 5.6 Squared envelope correlation as a function of antenna spacing, indoor
location
As shown in Figure 5.6, the average antenna correlation obtained through experimental
measurements readily validates the theoretical envelope correlation prediction shown in
Eq. (5.2).
5.2.3

Diversity Gain

The diversity gain measurements initially involve the estimation of SNR at the output of
the coherent integration. Here the post-correlation SNR for the single and dual antenna
channel combining schemes has been evaluated in terms of the deflection coefficient d 2
defined as (Kay 1998)
(5.3)

2

d

2

{E ( z; H ) − E ( z; H )}
=
1
{var ( z; H ) + var ( z; H )}
2
1

0

0

1
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where z denotes the final detection output i.e. the test statistic as described in Chapter 3
and var ( • ) is the variance operation. Since the detection statistics are no longer modeled as
Gaussian random variables, the deflection coefficient provides only an approximate
measure of diversity gain. For the dual-antenna GNSS signal reception, the final
detection output z = T ( x ) is a sum of two Chi-square random variables, and that is why
the expression of the deflection coefficient d2 has taken a generalized form as shown in
eq. (5.3) and its denominator has taken into consideration the effects of the variance of z
in both H0 and H1 conditions. Figure 5.7 shows the deflection coefficient measures for
the single and dual antenna combining schemes corresponding to the indoor data set of
0.5 λ antenna spacing for PRN-13. The cumulative distribution function is also plotted
for the same dataset. As shown in Figure 5.7 (a), the deflection coefficient for the spatial
combining techniques has experienced a lower number of fades as compared to the single
antenna processing. Correspondingly, for a given smaller value of the cumulative
probability, the deflection coefficient values increases drastically. The gap in
performance between single antenna and diversity antennas has been marked in Figure
5.7(b) and this performance improvement is due to the diversity gain with spatial signal
combining. However, both the EG and EC combining are characterized by similar
distributions. Figure 5.8 shows the average gain in deflection coefficient at a cumulative
probability of 0.1, i.e. 10% of the time, for various diversity combining schemes as a
function of antenna spacing. The deflection coefficients for equal-gain (EG) and
estimator-correlator (EC) combining were first calculated and then the deflection
coefficient gain was calculated with respect to a single antenna. The deflection
coefficient gains thus obtained are then averaged over all available PRNs and the results
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are shown in Figure 5.8(a). The maximum diversity gain of 6.3 dB was obtained for an
antenna spacing of 0.5λ, i.e. 9.5 cm. However, as mentioned earlier, it is noted that the
deflection coefficient here is not an accurate measure of the diversity gain. The error bars
for EG and EC combining are also shown in green-shaded areas. As shown in Figure
5.8(a) there is an averaged diversity gain of 6.3 dB at 0.5 λ antenna spacing, which agrees
with the theoretical diversity gain of approximately 6.5 dB for the case of dual-antenna
EC combining as shown in Appendix B.
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Figure 5.7 Deflection coefficient characteristics (a) as a function of time (b) CDF of
deflection coefficient, PRN-13, d=0.5λ, Tcoh=100 ms
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Figure 5.8 Performance evaluation as a function of antenna spacing

5.2.4

Post-correlation Signal to Noise Ratio (PSNR)
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In this section, the spatial combining of GPS signals has been addressed in terms of postcorrelation SNR (PSNR) gain between equal-gain (EG) and estimator-correlator (EC)
techniques. The latter considers the estimate of the phase difference, i.e. the correlation
between two antennas. Using the difference in calculated PSNRs between single antenna
and spatial combining with a synthetic array configuration, Figure 5.8(b) compares the
performances between EG and EC combining techniques. The PSNR gain has been
averaged over all PRNs to show a realistic comparison between EG and EC methods. EC
combining shows a consistent performance improvement over EG combining. The
comparison in Figure 5.8(b) is a useful result to evaluate the performance of EC in
comparison to EG combining, although the exact amount of gain depends on the antenna
correlation at that particular antenna spacing.
Figure 5.9 shows the average PSNR for different combining schemes as a function of
coherent integration times for the data set corresponding to 1.5λ antenna spacing. As
shown in Figure 5.9, using diversity antennas provides more PSNR compared to single
antenna, however, EC combining provides slightly improved performance compared to
EG combining in terms of PSNR gain. For this particular condition, the envelope
correlation coefficient is calculated as 0.26. It is clear from Figure 5.9 that the PSNR
achieved from individual antennas increases as coherent integration time increases, but
when spatial combining is considered, EC combining provides improved performance
compared to EG combining, regardless of the coherent integration time. For example,
with Tcoh=4 ms, the PSNR achieved from the first and second antennas are 18.2 dB and
17.8 dB, respectively; however, when spatial combining is considered, EC combining
provides approximately 0.3 dB more PSNR compared to EG combining.
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Figure 5.9 Averaged PSNR for different combining schemes as a function of
coherent integration times, indoor location
An investigation into the achievable PSNR has also been made for different antenna
spacings averaged over all PRNs and the results are shown in Figure 5.10. A coherent
integration period of 8 ms and a total observation period of 1 s for non-coherent
summation are considered. As shown in Figure 5.10, both EG and EC spatial combining
techniques show superior performance to single antenna performance, which is desired.
However, EC combining shows a slightly better performance compared to EG
combining. This is because the performance of EC combining is influenced by the
correlation coefficient ρ between the antennas. Increasing the antenna spacing reduces
the correlation coefficient ρ and both EG and EC combining techniques show similar
performance.
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Figure 5.10 Averaged PSNR for different combining schemes as a function of
antenna spacing, indoor location, Tcoh= 8 ms, T=1 s
Figure 5.11 shows the CDF of PSNR for both the antennas for different coherent
integration times of 1 ms, 2 ms and 4 ms. As shown in Figure 5.11, for any given
cumulative probability if the Tcoh is increased there is improvement in PSNR for both the
antennas, which is desired. It is also shown in Figure 5.11 that for any given Tcoh, the
antenna PSNRs do not vary much (less than 0.5 dB).
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Figure 5.11 Cumulative distribution function of PSNR at different coherent
integration times, location: inside office room

5.2.5

Improvement in Detection Performance

As mentioned earlier, performance evaluation in terms of deflection coefficient is only an
approximation of the improvements but not an accurate measure, so in this case detection
performance has been measured directly using the indoor test data, in the form of receiver
operating characteristics (ROC). The coherent integration period of 100 ms was used
such that a good probability of detection is achieved. In order to obtain test statistics for
H1, i.e. in the presence of a signal, the correct code-phase estimate was used and the
corresponding detection output was computed. Incorrect code-phase/Doppler was used to
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obtain the test statistics at H0 condition. The average C/N0 values for the PRN’s
processed in the dataset were between 12 to 18 dB-Hz.
The CDF of the detection output for single antenna and diversity antennas at 0.5λ
antenna spacing is shown in Figure 5.12. The detection output was based on 100 ms
coherent integration time. For both H0 and H1 hypotheses, single antenna performance,
spatial combining with equal-gain (EG) and estimator-correlator (EC) combining are
illustrated. Figure 5.12 readily indicates the benefits of using multiple antennas for signal
detection purposes. For any given percentage of time, estimator-correlator (EC)
combining provides slightly better detection performance than that of equal-gain (EG)
combining.

The receiver operating characteristic (ROC) curves for the single antenna and spatial
combining schemes are plotted in Figure 5.13. For a 2% false alarm probability, GNSS
spatial combining schemes provide a detection probability improvement of around 0.23
over single antenna detection probability. Besides that, the ROC curves for both equal
gain and estimator-correlator based combining schemes are similar.

The detection probability improvement with diversity combining over single antenna
processing is plotted in Figure 5.14 as a function of antenna spacing. The estimatorcorrelator (EC) based spatial combining shows a slightly improved detection probability
compared to equal-gain (EG) combining when the antenna spacing ranges from 0 to 0.5λ.
The detection probability improvement for EC in this case comes from the correlated
multipath condition with a small antenna separation. However, for higher antenna
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spacing values (over 0.5λ), both equal-gain (EG) combining and estimator-correlator
(EC) combining perform almost the same, providing a detection probability improvement
of approximately 0.21 over the single antenna average detection probability of 0.66.
When the antenna spacing is over 0.5λ, the similar detection performance for EC and EG
can be explained in the following way: when antenna spacing is greater than 0.5λ, the
correlation coefficient ρ between the antennas is low due to independent fading statistics
experienced by the two antennas and thus the estimator-correlator (EC) combining can be
approximated as equal-gain (EG) combining. As a result, both EC and EG techniques
behave the same for antenna spacing greater than 0.5λ
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Figure 5.12 CDF of detection output using synthetic array case, Tcoh=100 ms and
T=5 s, indoor location
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Figure 5.13 Receiver operating characteristic (ROC) curves for single antenna and
spatial diversity combining schemes (PRN 13, d = 0.5λ, Tcoh = 100 ms, T = 300 s)
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5.3

Conclusions

While some of the intermediate results have been provided in the previous chapter, this
chapter principally contains several important results in regard to spatial signal
combining with equal-gain (EG) and estimator-correlator (EC) combining techniques.
Since this research mainly focuses on GNSS signal detection and GNSS signals suffer a
significant amount of attenuation indoors, fading statistics in the form of C/No and its
CDF have been illustrated at the beginning of the chapter. According to the GNSS signal
combining theory developed in Chapter 3, the correlation coefficient between antenna
elements is a significant factor in combining the signals spatially. Spatial correlation
between receiver antennas has been described first with the help of synthetic array and
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then the results have been validated using two spatially apart patch antennas indoors. The
results obtained from the synthetic array antenna and the two patch antennas indoors are
matched with each other and with the theoretical antenna correlation. The PSNR gain
improvement using two antennas with EG and EC combining applied has been shown
and compared with the single antenna performance. Different cases of coherent
integration times and antenna spacing have been considered and their probability
analyses have been performed. Finally, detection performance in the form of
improvements in the detection probability has been explained.
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CHAPTER 6: Conclusions and Recommendations

The benefits of spatial combining schemes for the detection of weak GNSS signals was
successfully demonstrated herein. The detection performance improvement achievable
with diversity combining was established in terms of theory and later validated using
experimental results. The following sections summarize the major findings of this work
and make recommendation for potential improvements.

6.1

Synopsis

Chapter 1 describes the indoor detection and positioning problem in general. The GNSS
challenges with signal attenuation and fading indoors have been discussed. The concept
of spatial diversity and its potential prospects are briefly addressed as an approach to the
solution of indoor GNSS challenges. An overview in the form of motivation and
limitations of previous research has been presented, the major objectives of the thesis
were summarized and an outline of the thesis was presented.

In Chapter 2, the concept of spatial diversity for weak GNSS signals was discussed.
Beginning with a brief description of signal reception by uniform linear antenna array,
the chapter discussed the fundamentals of spatial diversity applied to GNSS signal
reception. The concepts of switched-, selective-, equal-gain- and maximum-ratio
combining methods were briefly described. Diversity gain was briefly explained. Finally,
antenna correlation and post-correlation SNR (PSNR) was explained as well as the
criteria for performance evaluation of diversity combining of GNSS signals.
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Chapter 3 introduced the proposed experimental system model in detail. The
corresponding detection statistics for diversity combining schemes were introduced with
respect to a single antenna processing. As a combining scheme for GNSS signals,
Chapter 3 introduced the estimator-correlator (EC)-based spatial combining technique
applicable to weak GNSS signals, with two scheme variations, namely for uncorrelated
antenna and for correlated antenna signals. With a detailed description of the spatial
covariance and its signal processing treatment based on eigen-analysis, performance
evaluation has been done between equal-gain (EG) combining and estimator-correlator
(EC) combining.

In Chapter 4, the test methodology and the corresponding GNSS signal processing
techniques were discussed in detail. Preliminary results in terms of basic signal
processing of multiple antenna system were presented. These intermediate results support
the accuracy of the dual-antenna GPS receiver system developed at the hardware level
and the feasibility of the test methodology dealing with real GPS raw data at indoor
locations.

Chapter 5 focused on the experimental results of the spatial diversity combining schemes
for weak GNSS signal detection. The various assumptions made during the preceding
chapters were verified in terms of empirical results. The indoor fading statistics was
initially validated as a Rayleigh distribution. The antenna correlation was determined
using a synthetic array setup as well as using a dual antenna system. The theoretical
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antenna correlation was readily supported in terms of experimental measurements for a
number of PRN’s in the collected data set. The diversity gain analysis was carried out by
measuring the corresponding PSNR measures for single antenna and dual antenna spatial
combining schemes. The achievable detection probability gains through spatial
combining schemes were also determined experimentally from the indoor data sets. The
diversity combining schemes showed substantial improvements in terms of PSNR gain as
well as detection probability. The estimator-correlator based combining showed small
improvements over equal gain combining for small antenna separations due to increased
antenna correlation. For nominal antenna correlations, the estimator-correlator (EC)
combining was readily approximated to equal-gain (EG) combining scheme.

6.2

Research Contributions

The main contributions of this thesis in the area of multiple-antenna GNSS signal
detection are as follows:
1. Fundamental theoretical formulations for diversity combining of GNSS signals
have been developed.
2. A hardware system consisting of two front-ends for real-time GPS data collection
and storage system has been assembled to verify the theory.
3. Using the dual-antenna data collection setup, field data has been collected for
selected indoor locations representative of a modern office building. A software
receiver processing algorithm has been developed in Matlab™ and the datasets
have been successfully processed with the developed algorithm.
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4. After successful testing of the algorithms with real data, it has been found that a
multiple-antenna GPS receiver provides a significant improvement in terms of
PSNR and detection probability over a single antenna receiver.

6.3

Future Research

Based on the aforementioned conclusions, it is important to identify the limitations of the
research presented herein and, accordingly, to formulate the following recommendations
for further improvement of the presented research.

•

Measurement of further channel characteristics: In the present thesis, a dualantenna GNSS receiver system has been developed in hardware and the
corresponding performance is examined. However, future research should include
the measurement of further channel characteristics. It should investigate the use of
more than two, possibly three antennas in the array to evaluate the system
performance indoors. The software algorithms should be modified accordingly.

•

Experimental limitations: An effective data collection system should be
developed. The data collection system would have to be straightforward and
effective in terms of hardware connections, compactness and functioning. Such a
system would definitely mitigate experimental limitations and allow for
provisions to collect large spatial data samples at numerous locations laboring an
effective manner. Although a typical indoor environment of a modern office
building has been considered in this thesis and a good amount of data have been
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used, similar tests for a mixed LOS-NLOS environment, e.g. for urban canyons,
should be considered.

•

Finally, a coherent beamforming approach should be considered. In beamforming
the signal from each antenna may be amplified by a different weight. Different
weighting patterns for the antennas can be used to achieve desired radiation
patterns, e.g. the main lobe width, the side lobe levels, the position of a null can
be controlled. Such an approach in multi-antenna GNSS signal reception would
be useful to deal with noise or jammers from particular directions, while
enhancing signals in other directions. With the availability of an appropriate
experimental setup and real GNSS data, such a technique would be interesting to
investigate.
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APPENDIX-A

Probability Distribution Function of Sum of Two Chi-squared Random Variables

Since it has been found that the test statistic is a sum of two scaled χ 22 random variables,
it is necessary to determine the pdf of such a test statistic. The pdf of the test statistic is
used in order to determine probability of false alarm PFA and the probability of detection

PD . Let us assume x and y are two scaled χ 22 distributed random variables, the pdf’s of
which are given as

(A.1)

x

1 −
p ( x) = e a u ( x)
a
y
1 −
p ( y) = e b u ( y)
b

where a and b are the total variances of x and y respectively. Now let us consider
another random variable z = x + y , which is the sum of two scaled χ 22 distributed
random variables x and y . The pdf of z is the convolution of the pdf’s of x and y and
is expressed as (Nielsen 2008a)
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pz ( z ) = p x ( z ) * p y ( z )

(A.2)
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The probability that z > λ , i.e. Pr { z > λ } can be written as

(A.3)

∞

Pr { z > λ } = ∫ pz ( z ) dz
λ
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be − ae 
b−a 


If we assume that x = y0

2

2

and y = y1 according to our system model, then the output of

the combiner becomes
2

(A.4)

2

z = x H x = y0 + y1 .
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The symbols a and b would then correspond to total variances and so to eigen values in
the appropriate way as discussed in Chapter-3. Replacing a by λ0 , i.e. the eigen value
corresponding to first antenna and b by λ1 , i.e. the eigen value corresponding to the
second antenna in the equation of Pr { z > λ } above, we get the PFA at H0 condition and

PD at H1 condition respectively.

153

APPENDIX B
Validation of Diversity Gain

In this research, empirical diversity gain has been investigated and it has been found that
for an antenna spacing of 0.5 λ, where λ is the GPS L1 carrier frequency, on average
there is approximately a 6.3 dB diversity gain possible from two antennas. The 6.3 dB
diversity gain was achieved for 10% cumulative probability.
However, Nielsen et al (2008) conducted a similar analytical investigation for diversity
gain for correlated GPS channels. The correlation coefficient in Nielsen et al (2008) was
varied from 0 (i.e. uncorrelated channels) to 1 (i.e. fully correlated channels) and the
corresponding diversity gain for two-antenna system was reported analytically. The
diversity gain has been plotted as shown in Figure B.1 (Nielsen et al 2008). Both equalgain (EG) and estimator-correlator (EC) diversity combining techniques have been
considered in Nielsen et al (2008).
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7 dB

For 0.5 λ, ρ ≈ 0.12

Figure B.1 Diversity gain from dual antenna combining schemes with PFA = 0.1 and

PD = 0.9 (Nielsen et al 2008)
The probability of false alarm was fixed at 0.1 and the target detection probability was set
to 0.9. It was shown theoretically that a diversity gain of approximately 6.5 dB using two
antennas at ρ = 0.5 is achievable.
However, in this research, with the dual-antenna, averaged diversity gain has been found
approximately equal to 6.3 dB with experiments dealing with real GPS data. Thus it can
be claimed that the experimental results support theory and so the experimental results
are justified.
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