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Abstract 

This thesis presents a comprehensive study on Precise Point Positioning (PPP) 

using combined GPS/GLONASS dual frequency code and carrier phase observations. 

The existing PPP technique is implemented using only GPS measurements, which will be 

restricted from use in some situations such as in urban canyons and open-pit mine areas 

due to insufficient satellite number. In addition, the positioning accuracy and 

convergence time of PPP need to be further improved. A good strategy is to integrate 

GPS and GLONASS. 

In this research, a combined GPS/GLONASS traditional PPP model and a 

combined GPS/GLONASS UofC PPP model are developed, including their functional 

and stochastic models. The combined GPS and GLONASS PPP models have been 

implemented in a new version of the P3 software package. The performance of the 

combined GPS and GLONASS PPP is assessed using static data from IGS tracking 

network and kinematic data from an experiment. Numerical results indicate that the 

positioning accuracy and convergence time have a significant improvement after adding 

GLONASS observations. A further improvement can be expected when a full GLONASS 

constellation is completed in the near future. The stability of the GPS-GLONASS system 

time difference is investigated in the thesis. Recommendations for future work are also 

addressed. 
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Chapter One: Introduction  

 

1.1 Background 

Precise point positioning (PPP) with decimetre to centimetre level accuracies has 

become possible since the advent of precise satellite ephemerides and clock corrections 

from IGS (International GNSS Service) and several other organizations. PPP is a stand-

alone precise geodetic point positioning approach that uses un-differenced dual-

frequency pseudorange and carrier phase observations along with precise GPS satellite 

orbit and clock products. PPP has been receiving increased interests within GPS 

positioning and navigation community since its advent for a number of reasons: simple 

field operation, cost-effective, high-accuracy positioning results and no base stations 

required. Based on the processing of dual-frequency measurements from a single GPS 

receiver, position solutions with centimetre or decimetre level accuracies can be attained 

in static and kinematic modes on a global scale. Such an accuracy level currently can 

only be achieved through a differential positioning method by processing observations 

collected simultaneously from at least two receivers. 

Over the past ten years, a number of researchers and engineers have developed 

the PPP technique and its applications. The PPP method for a static application was first 

introduced by Zumberge et al. (1997). A traditional PPP observation model that uses 

ionosphere-free linear combinations between code observations as well as between 

carrier phase observations was presented (Zumberge et.al, 1997). Kouba and Héroux 

introduced the PPP technique using the traditional observation model in detail. A 

centimetre-level positioning accuracy was achieved in a static mode using un-differenced 
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code and carrier phase observations from dual-frequency receivers (Kouba and Héroux, 

2001). A UofC PPP observation model was proposed by Gao and Shen (2001, 2002), 

which uses ionosphere-free code and carrier phase observation combinations instead of 

code and code observation combinations. Several researchers have expanded PPP 

applications from static modes to kinematic modes as well as from post-mission to real-

time processing. Among them, Gao et al. (2003,2004) presented kinematic positioning 

results at a sub-decimetre level and static positioning results at a centimetre level using a 

real-time PPP method with precise satellite orbit and clock products from the Internet. 

Such an accuracy level was also achieved by Chen (2004) using real-time orbit and clock 

products. In addition, single-frequency PPP approaches have been developed at 

decimetre-level accuracy (Chen and Gao, 2005; Gao et al., 2006; Le and Tiberius, 2007; 

Chen and Gao, 2008). 

In recent years, PPP has become a valuable tool for some geodetic applications. 

Several software packages capable of PPP processing have been developed, including the 

GIPSY-OASIS (GOA II) software package developed at the Jet Propulsion Laboratory 

(JPL), the Bernese GPS software package (BSW) developed at the Astronomical Institute 

at the University of Berne (AIUB), and the P3 software package developed at the 

University of Calgary. The development of these software packages further promotes the 

applications of the PPP technology. 

          Although the PPP approach has indicated considerable advantages for a variety of 

applications in terms of its operational flexibility and cost-effectiveness, it requires a long 

initialization time before a position solution reaches its optimal precision. Normally it 

will take about 20 to 30 minutes for the position solution to converge to a decimetre level. 
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The convergence time is quite dependent on many factors such as the number and 

geometry of visible satellites, user environment and dynamics, observation quality and 

sampling rate (Bisnath and Gao, 2008). In addition, currently PPP is only capable of 

providing centimetre-level accuracy in a static mode and decimetre-level accuracy in a 

kinematic mode. The further improvement of the positioning accuracy is still needed in 

some applications. Since more visible satellites and observations are available, a 

combined use of GPS and GLONASS in the PPP is expected to improve the positioning 

accuracy, reliability and convergence time. The benefits of the integration of the GPS and 

GLONASS have been obvious especially for applications such as urban canyons and 

open-pit mining operations (Tsujii et al., 2000).  

Since the International GLONASS Experiment (IGEX-98) and the follow-on 

GLONASS Service Pilot Project (IGLOS) were carried out, GLONASS precise orbit and 

clock data has been becoming available. This provides a basis for developing a combined 

GPS and GLONASS PPP system. The other issues involved in the combined GPS and 

GLONASS PPP include the incomplete GLONASS satellite constellation and the 

interoperability. Fortunately, the Russian government has approved a long-term plan to 

reconstitute a GLONASS constellation of 24 satellites. The Russian GNSS system will be 

restored by the end of 2009 according to a presentation by the head of the Information 

Analysis Center (Inside GNSS, 2008a). Besides, Russia is moving to add Code Division 

Multiple Access (CDMA) signals to the Frequency Division Multiple Access (FDMA) 

format in order to facilitate the combined use of GPS and GLONASS. The CDMA 

signals will be implemented on the next-generation GLONASS-K satellites with the first 

launch in late 2010 (Inside GNSS, 2008b). 
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In this thesis, the combined GPS and GLONASS PPP models are developed. 

The performance of the combined GPS and GLONASS PPP is assessed in both static and 

kinematic modes in terms of the positioning accuracy and convergence time through a 

comparison with GPS-only PPP. A new version of the P3 software package is developed 

to enable the processing of the combined GPS/GLONASS observations. 

 

1.2 Research Objective 

The main objective of the thesis is to develop models and algorithms for the 

combined GPS and GLONASS PPP using dual-frequency un-differenced code and 

carrier phase observations and to assess the performance of the combined GPS and 

GLONASS PPP. To achieve this objective, the following tasks are accomplished: 

1. Conduct the comparisons between the GPS and GLONASS systems. 

2. Investigate the error sources and their mitigation strategies in PPP for both 

GPS and GLONASS systems. 

3. Develop the functional models and the corresponding stochastic models of 

the combined GPS and GLONASS PPP. Assess the performance of the 

combined GPS and GLONASS PPP in terms of the positioning accuracy 

and convergence time. 

4. Analyze the stability of GPS-GLONASS system time difference. 

5. Implement the combined GPS and GLONASS PPP algorithm in a new 

version of P3 software package. 
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1.3 Thesis Outline  

This thesis is organized as follows: 

Chapter 1 describes a background of the PPP, including the concept, development 

and current status. The research objectives are given in this chapter. 

Chapter 2 introduces GPS and GLONASS systems. The modernizations of GPS 

and GLONASS as well as their recent progress are described. A comprehensive 

comparison between GPS and GLONASS systems is given in this chapter. 

Chapter 3 describes the error sources involved in the combined GPS and 

GLONASS PPP. The errors are categorized into conventional errors and special errors to 

PPP. Their mitigating strategies are also discussed. 

Chapter 4 introduces the Kalman filter estimation method. Observation models of 

the GPS PPP, including the traditional model and the UofC model, are described. The 

combined GPS and GLONASS PPP models with functional and stochastic models are 

presented in this chapter. 

Chapter 5 introduces the development of a new version of P3 software package. 

The static and kinematic processing results of the combined GPS and GLONASS PPP 

and their analysis are provided. The performance of the combined GPS and GLONASS 

PPP is assessed in terms of the converged positioning accuracy and convergence time in 

this chapter. 

Chapter 6 investigates the stability of the GPS-GLONASS system time 

difference. This system time difference is estimated using data collected from various 

types of receivers and the estimation results are provided and analyzed in this chapter. 
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Chapter 7 summarizes the conclusions obtained from this research and 

recommendations for future work. 
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Chapter Two: GPS and GLONASS Systems 

 

This chapter starts with a brief introduction to GPS and GLONASS systems. 

Then the modernization plan and current status for both GPS and GLONASS are 

described. Finally, a comprehensive comparison between GPS and GLONASS systems is 

made with an emphasis on their time references and coordinate systems. This comparison 

contributes to building the combined GPS and GLONASS PPP models to be presented in 

a later chapter. 

 

2.1 GPS System 

Global Positioning System (GPS) is a global satellite-based navigation and 

positioning system, which is developed by the United States Department of Defense. GPS 

consists of three main segments: Space, Control and User. The Space Segment nominally 

consists of 24 satellites orbiting at an altitude of approximately 20,200 km above the 

Earth’s surface. These satellites transmit microwave signals to allow GPS users to 

determine their location, velocity and time in real time or post mission. The GPS 

satellites are distributed in six orbital planes with nominally four satellites in each plane 

(see Figure 2-1). The six orbital planes have approximately 55 degrees inclination with 

respect to the equatorial plane. For such a constellation design, four to ten GPS satellites 

are visible anywhere in the world. With more satellites in orbit, the visibility of the 

satellites will be improved. The current GPS constellation consists of 31 Block 

II/IIA/IIR/IIR-M satellites. 

 



 

 

8 

 

Figure 2-1 GPS Constellation with Six Orbital Planes 

(Space-based PNT, 2009) 
 

GPS satellites are initially designed to transmit carrier signals on two L-band 

frequencies: L1=1575.42 MHz and L2=1227.60 MHz. Three categories of pseudo-

random noise (PRN) ranging codes are designed, including the Coarse / Acquisition (C/A) 

code with a 1.023 MHz chip rate and a period of one millisecond, the precision (P) code 

with a 10.23 MHz chip rate and a period of seven days, and the Y-code used as a 

substitute for P-code when the anti-spoofing (A-S) mode is activated. The C/A code and 

P code on both L1 and L2 are available for Block IIR-M satellites, while the coarse 

acquisition code on L2 is not available for Block II/IIA/IIR satellites. The C/A code 

unrestricted to civil users is commonly used in the Standard Positioning Service (SPS) 

that provides a positioning accuracy of 13 m (95 percent) in the horizontal components 

and 22 m (95 percent) in the vertical component as well as time transfer with an accuracy 

within 40 ns (95 percent) (USNO,2008). Unlike the C/A code, the P code is only made 

available to U.S. military, selected allied militaries and governments for Precise 

Positioning Service (PPS) with a positioning accuracy of around 10 m (95 percent). In 
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addition to ranging signals, each satellite transmits navigation message data containing 

its orbital elements, clock corrections, system time, status messages, and other parameters.  

The GPS Control Segment consists of twelve Monitor Stations, four Ground 

Antennas, and one Master Control Station (MCS). The task of the Monitor Stations is to 

track all visible satellites and collect observation data. Then the MCS processes this data 

to determine satellites’ orbits and update the navigation message. The updated navigation 

message is transmitted to each satellite via the Ground Antennas. The User Segment 

consists of GPS receivers and antennas that are capable of providing position, velocity 

and time information. 

For a position determination, the time when the signal was transmitted from the 

satellite is compared with the time when the signal was received in the receiver. 

According to this time difference, the distance between a receiver and a satellite may be 

determined. Since the satellites’ position coordinates can be acquired using broadcast 

ephemerides in the navigation message, the users’ position may be calculated by 

trilateration. Nominally three satellites can determine the users’ position on the Earth’s 

surface but actually at least four satellites are required due to an additional estimation of 

the receiver clock offset. 

 
 
2.2 GLONASS System 

The Russian Global Navigation Satellite System (GLONASS) has a constellation 

of 24 satellites, which continuously transmit signals on two carrier frequencies. The 

satellite signals can be received by users anywhere on the Earth's surface to determine 

their position and velocity using code pseudorange and carrier phase measurements.  
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The first GLONASS satellites were launched into orbit in 1982. Afterwards a 

GLONASS experiment was carried out to test the whole GLONASS system. The 

performance of the GLONASS satellites was also improved gradually. Although the 

preliminary plans were scheduled to 1991 for a complete operational system, the 

deployment of the full constellation with 24 satellites was not completed until early 1996.  

The GLONASS Space Segment includes 24 satellites distributed on three orbital 

planes. Each satellite can be identified by its slot number. The three orbital planes are 

separated 120 degrees (see Figure 2-2). The satellites on the same orbit plane are 

separated by 45 degrees. The satellite orbits are closely circular with an inclination of 

about 64.8 degrees, a semi-axis of 25,440 km and a period of 11h 15m 44s.  

 

Figure 2-2 GLONASS Constellation with Three Orbital Planes 

(Zheng, 2009) 

The GLONASS Ground Control Segment is located in the former Soviet Union 

territory. Similarly to the GPS, the GLONASS has its own coordinate system and time 

reference. The GLONASS coordinate system is referred to as the PZ-90 and the time 

scale is based on UTC (SU). Differently from GPS, the GLONASS time scale is not 

continuous and must be adjusted for periodic leap seconds. 
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All satellites transmit signals on two frequency bands simultaneously for the 

user to correct the ionospheric delay error with dual-frequency measurements. As the 

GLONASS uses the FDMA (Frequency Division Multiple Access) technique, each 

satellite is allocated a particular frequency within each frequency band, which is 

determined by the frequency channel number. Thus users’ receivers can identify the 

satellite according to these different frequencies. However, not all satellites have different 

frequencies. Two satellites occupying antipodal locations in the same orbit plane transmit 

signals in exactly the same frequency, with a few exceptions.  

The GLONASS satellites modulate their navigation message to the carrier 

frequency. Two modulations are adopted for ranging: the Coarse Acquisition code with a 

chip length of 586.7 m and the Precision code with a chip length of 58.67 m. The 

satellites also transmit information such as their ephemerides, almanac and time 

correction parameters. The broadcast ephemerides are predicted in a period of twenty-

four hours and uploaded from the Ground Control Center. Each satellite transmits a new 

set of ephemerides every thirty minutes. The almanac is updated approximately once per 

day (Tripod, 2007). The precise ephemerides are also called post-processed ephemerides, 

which are available from IGS or other organizations. The final IGS GLONASS precise 

orbit has an accuracy of 15 cm with a latency of two weeks. 

 

2.3 GPS and GLONASS Modernizations 

2.3.1 Modernization of GPS 

GPS reached Full Operational Capability with its realization of the original design 

goals in 1995. In 1998 the U.S. initiated a GPS modernization plan because of some 
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weaknesses of the existing GPS system such as unavailable C/A code on L2 for civil 

users and P code susceptible to interference and jamming (Royal Observatory of 

Belgium, 2004). Modernizing the existing GPS system is also for the purpose of 

competing with the emerging Galileo satellite navigation system. The modernization 

program includes adding ground stations, adding a second civil signal (L2C), adding a 

third civil frequency (L5), adding new military signals (M-code) with increased signal 

power, improving the accuracy and availability of position solutions for all users, and 

adding a fourth civil signal (L1C). 

L2C is a new civil signal broadcast on the L2 frequency band and transmitted by 

all Block IIR-M satellites as well as later designed satellites. The L2C signal aims to 

improve the positioning accuracy and act as a redundant signal. The immediate effect of 

two civil signals on each satellite is to allow removing the ionospheric delay error, which 

is usually treated as the largest error source and mitigated by applying a global 

ionospheric correction model in single point positioning. M-code is a new military signal 

designed to provide better jamming resistance than the Y code signal. Unlike the P(Y) 

code, M-code signal can directly be locked without the need of locking first onto the C/A 

code. L5 is a third civil frequency (1176.45 MHz) to be carried on the GPS Block IIF 

satellites, which is designed to meet the demand for life safety with improved signal 

structure, higher transmission power, wider bandwidth, longer spreading codes and 

enhanced performance (Gakstatter, 2006). L1C is a modernized civil signal at L1 

frequency with increased robust navigation performance in a challenged tracking 

environment, which is designed to enable the greater interoperability with Galileo L1 for 
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civil use. It will be available with the first Block III launch. Figure 2-3 depicts the 

modernization process of the GPS signals.  

 

Figure 2-3 Modernized GPS Signal Spectra (Stansell, 2006) 

 

The first step of the GPS modernization was realized by removing the Selective 

Availability (SA) on May 2, 2000, which improves the stand-alone positioning accuracy 

to about 20 m. The first modernized GPS Block IIR satellite (IIR-M) with a second civil 

signal (L2C) was launched on September 26, 2005. Currently in a total of 31 GPS 

operational satellites, six satellites belong to the modernized Block IIR-M satellites. The 

last two Block IIR-M satellites will be launched in August 2009. The first launch of GPS 

Block IIF satellites with the full L5 capability is scheduled in November 2009. More 

Block IIF satellites will be launched in 2010 (UNAVCO, 2009). The next-generation 

modernization project, GPS Block III with L1C, is scheduled to launch in 2013. 
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2.3.2 Modernization of GLONASS 

GLONASS reached its Full Operational Capability (FOC) with 24 satellites in 

January 1996. Unfortunately, the GLONASS constellation dropped to seven satellites in 

November 2001 due to insufficient funds (Zinoviev, 2005). However, Russian 

government approved a Federal GLONASS Program for the period of 2002-2011 to 

rebuild and modernize GLONASS on August 20, 2001 (Gibbons, 2006). The Federal 

GLONASS Program is directly funded from the Federal Budget with annual corrections. 

According to this program, a full constellation of 24 satellites with FOC will become 

available. In addition, the GLONASS performance comparable with that of GPS will be 

reached by 2010. The modernization plan involves adding a second civil code to the 

GLONASS-M satellites, adding a third civil frequency to the next-generation 

GLONASS-K satellites, updating the ground control segment and improving orbit 

determination and time synchronization accuracy. The modernization plan also includes 

supporting the design and manufacture of GLONASS, GLONASS/GPS, and 

GLONASS/GPS/Galileo equipments for military and civil users (Gibbons, 2008). 

GLONASS-M satellite is a modernized version of the GLONASS spacecraft with 

some new features, such as increasing the design-lifetime to seven years, adding a second 

civil modulation on the L2 frequency band, improving navigation performance, updating 

navigation radio signals and increasing stability of navigation signals (Bartenev et al., 

2006). GLONASS-K satellites are the next-generation satellites with an addition of a 

third civil signal frequency and a service life up to 10-12 years. In addition, The Code 

Division Multiple Access (CDMA) signals will be implemented on GLONASS-K 

satellites (Gibbons, 2008). The GLONASS-K represents a radical change in GLONASS 
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spacecraft design, adopting a non pressured and modular spacecraft bus design (Kaplan 

and Hegarty, 2006). 

GLONASS has been on the way to its modernization. The first GLONASS-M 

satellite was launched in 2003. Currently the number of total satellites in the constellation 

reaches 20 and most of them are GLONASS-M satellites (IAC, 2009). The first 

GLONASS-K satellite will be expected to launch in late 2010. The number of the 

available GLONASS signals can be seen in Figure 2-4.  

 

 

Figure 2-4 Projected Number of Available GLONASS Signals  

(Averin, 2006) 

 

2.4 Comparisons between GPS and GLONASS  

2.4.1 Differences between GPS and GLONASS 

Although GPS and GLONASS are very similar satellite navigation systems, there 

are a number of differences between both systems. Firstly, GPS and GLONASS satellites 
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transmit signals on both L1 and L2 frequencies. The signal frequencies are the same 

for all GPS satellites whereas they are different for different GLONASS satellites.  

Table 2-1 Comparisons between GPS and GLONASS (Roßbach, 2000) 

 GLONASS GPS 

Number of satellites 24 24 

Number of orbital 
planes 

3 6 

Semi-major axis 25510km 26580km 

Orbital height 19130km 20200km 

Orbital period 11h 15.8 min 11h 58 min 

 

 

 

Constellation 

Inclination 64.8° 55° 

Distinguishing 
satellites 

FDMA CDMA 

Carrier frequencies 
1602+k*0.5625 MHz 

1246+k*0.4375 MHz 

1575.42 MHz 

1227.60 MHz 

Code 
frequency(MHz) 

C/A code : 0.511 

P code : 5.11 

C/A code:1.023 

P code:10.23 

 

 

Signal 
Characteristics 

Broadcast 
ephemerides 

Position, velocity, 
acceleration 

Keplerian 
elements 

Reference system PZ-90 WGS-84 Reference 

Standards 
System time GLONASS Time GPS Time 

 

Secondly, GPS satellite coordinates are computed in the World Geodetic System datum 

of WGS-84 while GLONASS has a coordinate system datum of PZ-90. Thirdly, GPS 

satellite time is based on a continuous GPS system time whereas GLONASS satellite 

time is based on a discontinuous GLONASS system time due to being periodically 

adjusted by leap seconds. In addition, the code rate of GLONASS C/A and P codes is half 
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of that of the corresponding GPS codes. GPS ephemerides parameters are Keplerian 

but GLONASS ephemerides parameters are given in Earth-Centered Earth-Fixed XYZ 

coordinates (Chamberlain, 1991). The greater orbital inclination of GLONASS will offer 

better satellite coverage in high latitude regions. Comparisons in detail between GPS and 

GLONASS are summarized in Table 2-1 in terms of orbital parameters, signal 

characteristics and reference standards. 

 

2.4.2 Time System  

Both GPS and GLONASS have their own independent time systems, which are 

connected to different realizations of UTC (Coordinated Universal Time). Therefore, the 

transformation from GLONASS time into GPS time can’t be performed easily. Despite 

this, the difference between the two time scales must be taken into account in the 

combined GPS/GLONASS data processing. 

 

2.4.2.1 GLONASS Time 

GLONASS and GLONASS-M satellite clocks have a daily stability better than 

5*10-13 and 1*10-13, respectively. The mutual synchronization accuracy of the satellite 

time scales is not worse than 20 nanoseconds (1σ) for GLONASS satellites and 8 

nanoseconds (1σ) for GLONASS-M satellites. The GLONASS system time is maintained 

by the GLONASS Central Synchronizer (CS) time by means of a set of hydrogen clocks 

whose daily stability is not worse than 1-5*10-14. The difference between the GLONASS 

time and the National Reference Time UTC (SU) is less than 1 millisecond and is 

contained in the navigation message according to the GLONASS ICD. 
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The GLONASS time scale is periodically corrected an integer number of 

seconds simultaneously with the UTC corrections. Therefore there is no integer-second 

difference between the GLONASS time and the UTC (SU) due to the leap second 

corrections but a constant difference of three hours exists (GLONASS ICD, 2002). 

 

2.4.2.2 GPS Time 

The GPS system time maintained by the GPS Master Control Station begins from 

January 6, 1980. It is different from the UTC as leap seconds are introduced into the latter 

time scale. Besides this, a further difference between the GPS system time and the UTC 

in the order of nanoseconds exists due to the fact that the GPS system time and the UTC 

are maintained by different master clocks (Roßbach, 2000). Usually the GPS system time 

has a difference of less than 100 ns with the UTC (USNO) maintained by the US Naval 

Observatory. GPS users are informed about this difference by means of a set of UTC 

parameters in the GPS navigation message (Roßbach, 2000). 

 

2.4.2.3 Time Transformation 

There is a difference of leap seconds between GLONASS and GPS times. The 

GLONASS time could be transformed into the GPS time using the following formula 

(Kang et al., 2002). 

gucGLONASStGPSt _____ τττ +++=                                       (2.4.1) 

 where 
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UTC is obtained using data from about 230 atomic clocks in 60 world-wide 

laboratories (BIPM, 1995). UTC (USNO) and UTC (SU) are two local UTCs. The UTC 

(USNO) is kept by an ensemble of cesium standards and hydrogen masers with a 

difference to the UTC in the order of some nanoseconds. The UTC (SU) is kept by an 

ensemble of hydrogen masers as one of the most stable atomic time scales in the world 

(Lewandowski et al., 1996). Its difference to the UTC is in the order of some 

microseconds. As a result, the difference between the UTC (USNO) and the UTC (SU) is 

also in the order of some microseconds. As the data collected from the local timing 

centers can’t be compared in real-time, the difference between the UTC (USNO) and the 

UTC (SU) and thus the difference between GPS and GLONASS time scales can’t be 

directly obtained in real-time. This is the major issue involved when combined 

GPS/GLONASS data is used for some real-time applications (Roßbach, 2000). 

 

2.4.3 Coordinate System 

2.4.3.1 GLONASS Coordinate System 

GLONASS broadcast ephemerides describe satellite positions in the PZ-90 Earth-

Centered Earth-Fixed reference frame defined as follows (GLONASS ICD, 2002): 

1.  Origin is located at the center of the Earth's body. 

2.  Z-axis is directed to the Conventional Terrestrial Pole as recommended by the 

International Earth Rotation Service (IERS). 
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3.  X-axis is directed to the point of intersection of the Earth's equatorial plane 

and the zero meridian established by BIH (Bureau International de l’Heure). 

4.   Y-axis completes a right-handed coordinate system. 

 

Table 2-2 Geodetic Constants and Parameters of PZ-90 Ellipsoid 

(GLONASS ICD, 2002) 

Earth rotation rate 7.292115×10-5 radian/s 

Gravitational constant 398 600.44×109 m3/s2 

Gravitational constant of atmosphere( fMa ) 0.35×109 m3/s2 

Speed of light 299 792 458 m/s 

Semi-major axis 6 378 136 m 

Flattening 1/298.257 839 303 

Equatorial acceleration of gravity 978 032.8 mgal 

Correction to acceleration of gravity at sea-
level due to atmosphere 

-0.9 mgal 

Second zonal harmonic of the 
geopotential(J2

0 ) 
1082625.7×10-9 

Fourth zonal harmonic of the 
geopotential(J4

0) 
- 2370.9×10-9 

Normal potential at surface of common 
terrestrial ellipsoid (U0 ) 

62 636 861.074 M2/s2 

 

Geodetic coordinates of a point (M) in the PZ-90 coordinate system refers to the 

ellipsoid whose parameters are given in Table 2-2. The geodetic latitude of the point is 

defined as an angle between the normal to the ellipsoid surface and the equatorial plane. 

The geodetic longitude of the point is defined as an angle between the initial (zero) 

meridian plane and the meridian plane passing through the point (M). The geodetic height 

of the point is defined as a distance from the ellipsoid surface to the point (M) along the 

normal.  
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2.4.3.2 GPS Coordinate System 

GPS originally adopted a coordinate frame known as World Geodetic System 

1972 (WGS72) and then the reference frame was changed to the World Geodetic System 

1984 (WGS84). The reference frame being used by GPS is defined as follows (GPS ICD, 

2000): 

1.   Origin is Earth’s center of mass. 

2.   Z-axis is the direction of the IERS (International Earth Rotation Service) 

Reference Pole (IRP). 

3.   X-axis is the intersection of the IERS Reference Meridian (IRM) and the 

plane passing through the origin and normal to the Z-axis. 

4.   Y-axis completes a right-handed Earth-Centered Earth-fixed orthogonal 

coordinate system. 

 

2.4.3.3 Transformation between PZ-90 and WGS-84 

For a combined use of GLONASS and GPS, transformation parameters between 

PZ-90 and WGS-84 must be first obtained if broadcast ephemerides are used. The PZ-90 

and WGS-84 have slightly different definitions as described above. But even with the 

same definition they still differ in the realization of the coordinate systems. Rossbach et 

al. (1996) obtained a set of transformation parameters using stations with known relative 

coordinates for both systems. Misra et al. (1996) used a set of GLONASS satellite 

coordinates in both PZ-90 and WGS-84 to obtain transformation parameters. Both 

methods received comparable results. Once a set of transformation parameters are 

determined, the transformation of station coordinates may be carried out using the Seven-
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Parameter Helmert transformation model. Alternatively, GPS and GLONASS satellite 

positions may be computed in the same reference frame and then the stations’ coordinates 

obtained will also be in that reference frame (Habrich, 1999). As the broadcast 

ephemerides with different reference frames are used in the combined GPS/GLONASS 

single point positioning, the coordinate transformation must be made. However, in the 

combined GPS and GLONASS PPP, the coordinate transformation is not needed due to 

the identical coordinate reference adopted in the precise GPS/GLONASS orbit products. 
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Chapter Three: Error Sources and Handling Strategies in PPP 

 

3.1 Introduction 

A key issue for precise point positioning to achieve high-accuracy positioning 

results is how to mitigate all potential errors involved in the space segment, signal 

propagation, ground environment and receiver segment. In the differential GPS 

positioning, the reason that millimetre-level accuracy can be achieved is because some 

errors can be fully or partially removed by differencing observations between two 

stations. However, this differential technique can’t be used in PPP due to the fact that 

only observations from a single receiver are available. Therefore, all errors must be 

handled in PPP in order to achieve centimetre-level accuracy.  

The potential error sources are classified into two groups in this chapter. One 

includes the conventional error sources that usually need to be handled in GPS 

positioning, such as the satellite orbit and clock errors, ionospheric delay error, 

tropospheric delay error, receiver clock offset, multipath, and measurement noise. The 

other includes the special error sources that need to be mitigated specifically to PPP, such 

as the satellite and receiver antenna phase center offsets, phase wind up, relativistic 

effect, Earth tide, ocean tide loading, atmosphere loading, and Sagnac effect. Most of 

these errors can be mitigated to some extent through modeling. The receiver clock offset 

and tropospheric delay error may be estimated as unknown parameters while the 

ionospheric delay error can be mitigated by constructing the ionosphere-free observation 

combinations. 
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3.2 Conventional Error Sources 

3.2.1 Satellite Orbit and Clock Errors 

A satellite orbit error may be defined as a discrepancy between the true satellite 

position and its computation value. This discrepancy is usually expressed in three orbit 

components: along-track, cross-track and radial. The satellite orbit error has a direct 

effect on single point positioning. First of all, the positioning accuracy in the height 

component is relatively poor mainly due to no satellites observed below the horizon. In 

addition, the positioning accuracy in the east (longitude) component is slightly weaker 

than that in the north (latitude) component due to the design of satellite orbits and the 

motion of satellites (Rizos, 1999). A satellite clock error may be described by the clock 

bias, drift and drift rate. 

The satellite orbit and clock offset information are contained in the satellite 

ephemerides, which may be classified into broadcast ephemerides and precise 

ephemerides. This GPS broadcast ephemerides (also called predicted ephemerides) which 

consist of a set of Keplerian elements are available to GPS users at the time of 

observation with an accuracy of about 1.6 m for satellites’ positions and 7 ns for clock 

corrections (IGS, 2008). The GLONASS broadcast ephemerides which are given in the 

form of coordinates, velocities and accelerations are also immediately available during 

the data collection. The accuracy of GLONASS broadcast ephemerides is given in Table 

3-1. The precise ephemerides are also called post-processed ephemerides, which are not 

available in real-time due to a delay caused by the process of the data collection, 

transmission, computation and distribution to users. The GPS precise ephemerides are 

estimated using the data collected at globally distributed reference stations whose 
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coordinates are precisely predetermined. These reference stations equipped with high-

performance dual-frequency GPS receivers collect observations uninterrupted. These 

observations are then transmitted to a data processing center where sophisticated 

algorithms are used to conduct the computation to generate the precise satellite orbit and 

clock products. Finally, these precise data products are distributed to users via Internet or 

geostationary communication satellites.  

Table 3-1 Accuracy of Coordinates and Velocity of GLONASS Satellites 

(GLONASS ICD, 2002) 

Coordinates(m) Velocity(cm/s) 
 

GLONASS GLONASS-M GLONASS GLONASS-M 

Along track 20 7 0.05 0.03 

Cross track 10 7 0.1 0.03 

Radial 5 1.5 0.3 0.2 

 

3.2.1.1 IGS Organization 

International GNSS Service (IGS) is a main source of precise satellite orbit and 

clock products. It is an international civilian GNSS organization that provides GPS and 

GLONASS observation data and high-precision GPS and GLONASS orbit and clock 

products to support Earth science research and multidisciplinary applications. IGS 

consists of four global data centers, six regional data centers, seventeen operational data 

centers, ten analysis centers and a number of regional associate analysis centers. Figure 

3-1 illustrates the IGS organization structure. The IGS has built a global GPS tracking 

network with more than 300 continuously operating GPS stations and nearly 100 

GPS/GLONASS stations, which can be seen from Figure 3-2. Through the tracking 

network, the IGS collects, archives, and distributes GPS or GLONASS observation data 

to all kinds of users for scientific and engineering applications and studies.  
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                 Figure 3-1 Organization of the International GNSS Service (IGS) 

                                                                    (IGS, 2009a) 
  

 

Figure 3-2 GPS/GLONASS Stations in the IGS Tracking Network 

(IGS, 2009b) 
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3.2.1.2 GPS Precise Products 

The products that IGS provides include precise satellite ephemerides, satellite and 

station clocks information, and geocentric coordinates of IGS tracking stations, Earth 

rotation parameters, and atmospheric parameters. Since 1994 the IGS has been providing 

precise GPS satellite orbit and clock correction products to the scientific community with 

increased accuracy and timeliness (Kouba and Héroux, 2001). Today, a series of IGS 

products with different accuracies and latencies are available to GNSS users, including 

ultra-rapid, rapid, and final precise products. There is a trade-off between accuracy and 

timeliness for these products. From the IGS ultra-rapid to IGS final products, the 

accuracy is increasing but the latency becomes longer.  

Table 3-2 GPS Precise Satellite Orbit and Clock Products 

(IGS, 2008; Chen, 2004) 

Orbit/clock Accuracy  Latency Updates 
Sample 
Interval 

orbit ~160cm 
Broadcast 

clock ~70ns 
real time -- daily 

orbit ~10cm Ultra-Rapid 
(predicted half) clock ~5ns 

real time 
four times 

daily 
15 min 

orbit <5cm Ultra-Rapid 
(observed half) clock ~0.2ns 

3 hours 
four times 

daily 
15 min 

orbit <5cm 15 min 
IGS Rapid 

clock 0.1ns 
17 hours daily 

5 min 

orbit <5cm 15 min 
IGS Final 

clock <0.1ns 
~13 days weekly 

5 min 

orbit ~22cm JPL Near Real-
Time (NRT) clock ~0.7ns 

2~3 min 15 min 5 min 

orbit ~18cm ~28 sec JPL Real-Time 
(IGDG) clock ~1ns 

~4 sec 1 sec 
1 sec 

orbit ~10cm ~20 sec NRCan Real-
Time(GPS·C) clock ~1ns 

~5 sec 2 sec 
2 sec 

 

In addition to the IGS, other organizations such as Jet Propulsion Laboratory 

(JPL) and Natural Resources Canada (NRCan) also provide GPS precise products to 
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users. JPL can provide the near real-time precise satellite orbit and clock products and 

the real-time Internet-based Global Differential GPS corrections (Heflin, 2000; 

Muellerschoen et al., 2000). NRCan has begun to provide GPS precise products by 

broadcasting GPS·C corrections through satellites and Internet since 2004 (Chen, 2004; 

CDGPS, 2009). Table 3-2 summarizes the precise GPS satellite orbit and clock products 

from IGS, JPL and NRCan.  

 

3.2.1.3 GLONASS Precise Products 

The International GLONASS Experiment (IGEX-98) is a global GLONASS 

observation and analysis campaign for geodetic and geodynamics applications, which 

was carried out between October 19, 1998 and April 19, 1999. Its main objectives are to 

collect GLONASS datasets using globally distributed dual-frequency GPS/GLONASS 

receivers and determine the precise GLONASS satellite orbits. The IGEX-98 has a global 

observation network consisting of 52 stations equipped with 19 dual-frequency and 13 

single-frequency receivers. After the IGEX-98 campaign, an infrastructure comparable to 

that of the IGS was established (Habrich, 1999). The IGEX-98 generated the precise 

orbits of all the operational GLONASS satellites (Weber et al., 2005).  

The International GLONASS Service Pilot Project (IGLOS) is a follow-on 

project of the IGEX-98 with the major purpose to integrate the GLONASS satellite 

system into the operation of IGS. The IGLOS Pilot Project has a global network 

consisting of about 50 tracking stations with dual-frequency GPS/GLONASS receivers. 

GLONASS data is collected continuously and archived in the RINEX format at the IGS 

Global Data Centers (Weber et al., 2005). The GPS and GLONASS observations are 
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processed simultaneously and thus the generated precise orbit products for both 

systems are in the same reference frame (Weber and Fragner, 2002).  

Currently four IGS analysis centers routinely can provide GLONASS precise 

orbit products, including CODE (University Berne, Switzerland), IAC (Information - 

Analytical Center), ESA/ESOC (European Space Operations Center, Germany) and BKG 

(Bundesamt für Kartographie und Geodäsie, Germany). 

CODE provides final, rapid and predicted rapid GLONASS orbit products 

(Weber et al., 2005; Schaer et al., 2004). The CODE orbits are expressed in the IGb00 

reference frame, which is a realization of the ITRF2000 (Bruyninx, 2007). IAC is a 

department of MCC (Russian Mission Control Center) that routinely monitors the 

GLONASS performance. IAC initiated a routine orbit and clock determination using IGS 

tracking network data in 2004. As one of 4 IGS analysis centers, it has routinely provided 

GLONASS post-mission orbit and clock products since 2005. These products include the 

final orbit and clock data with a delay of 5 days and the rapid orbit and clock data with a 

delay of 1 day (Oleynik et al., 2006).  

ESOC began to process and analyze GNSS data for a precise orbit determination 

in 1991. ESA/ESOC first uses its GPSOBS/BAHN software to compute the precise GPS 

orbit and clock parameters and then aligns its GLONASS solution to the ITRF2000 

reference frame using the precise GPS orbit data and tight constraints on the coordinates 

of seven observing stations (Romero et al., 2004). BKG has begun to process and analyze 

the combined GPS/GLONASS observations from global tracking stations since the 

IGEX-98 began. Similarly to ESA/ESOC, BKG first computes GPS orbits, clock 

estimation and Earth orientation parameters and then utilizes the Bernese software to 
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produce precise GLONASS orbit and station coordinates on a daily basis using double-

differenced phase observations (Habrich et al., 2004). It provides GLONASS precise 

orbit data, receiver-specific estimates of a system time difference between GPS and 

GLONASS, and the station coordinates.  

Similarly to the IGS final GPS orbits, the independent GLONASS orbits from the 

four organizations have been combined to generate the IGS final GLONASS orbits with 

an accuracy of 10-15cm (Weber et al., 2005). 

Table 3-3 GLONASS Precise Satellite Orbit and Clock Products 

(IGS,2008; Oleynik et al.,2006; Hesselbarth and Wanninger,2008) 

Orbit/clock Accuracy  Latency Updates 
Sample 
Interval 

IGS 
Final 

orbit 15 cm two weeks weekly 15 min 

orbit -- 15 min IAC 
Rapid clock -- 

1 day -- 
5 min 

orbit ~15 cm 15 min IAC 
Final clock ~1.5 ns 

5 days -- 
5 min 

orbit -- 15 min ESOC 
Final clock -- 

-- -- 
5 min 

 

Currently only two data analysis centers, namely IAC and ESA/ESOC, provide 

post-mission GLONASS clock data. But their direct comparison can hardly be made due 

to different reference time scales used and different inter-frequency biases applied to the 

GLONASS code measurements. The agreement between the IAC and ESOC post-

mission GLONASS clock values is at the level of 1.5ns (Oleynik et al., 2006). With only 

two contributing centers, IGS does not provide precise GLONASS satellite clock 

corrections. A summary of GLONASS precise orbit and clock products is given in Table 

3-3. 
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3.2.2 Ionospheric Delay 

The ionosphere is the region of the atmosphere layer at a height of about 50 to 

1000 km above the Earth’s surface. In this layer, the Sun’s ultraviolet light ionizes atoms 

and molecules. As a result, the electrons and ions are produced from the neutral 

atmospheric particles during the process of photoionization (Liao, 2000). The free 

electrons in the ionosphere layer exert severe influences on the propagation of microwave 

signals, including refraction, reflection and absorption. When GPS or GLONASS signals 

travel through the ionosphere, the signals’ transmitting speed changes, and therefore the 

measured range between a user and a satellite is corrupted by the ionospheric delay. The 

ionosphere delay error that can reaches tens of metres at zenith has become the dominant 

error source since the removal of GPS Selective Availability (SA). To achieve a higher 

accuracy in the satellite positioning and navigation, the ionospheric effect must be taken 

into account. 

The refractive index is one of the most important parameters to characterize the 

ionosphere. The ionosphere is a dispersive medium, and its refractive index is therefore a 

function of the frequency. As a result, the ionosphere layer will cause different delays for 

the GPS or GLONASS L1 and L2 frequencies. The first-order approximation of the 

phase refractive index may be written as (Seeber, 1993): 
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where eN   is the total electron density (el/m3); f  is the radio wave frequency (Hz). 

In the same way, the first-order group refractive index can be expressed by the 

following formula: 
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The propagation speed may be expressed as a function of the refractive index in 

the following: 

n

c
v =                                                                                                         (3.2.3) 

where c is the speed of light. 

The group delay of the ionosphere can be expressed in the unit of length as 

follows (Liao, 2000): 

∫ −=∆ dlng g )1(                                                                                        (3.2.4) 

From Equation (3.2.2), Equation (3.2.4) can be rewritten as: 

TEC
f

dlN
f

g e ⋅==∆ ∫ 22

3.403.40
                                                                     (3.2.5) 

where TEC (Total Electron Content) is the total number of electrons along the path 

between a station and a satellite. Similarly, the carrier phase advance may be written as: 

TEC
f

dlN
f

dln ep ⋅−=−=−=∆Φ ∫∫ 22

3.403.40
)1(                                            (3.2.6) 

As can be seen from the sign of group delay and phase advance, the phase 

pseudoranges are measured shorter than the true geometric range between the satellite 

and the receiver whereas the code pseudoranges are measured longer than the true 

geometric range. Therefore the carrier phase pseudoranges are considered “advanced” 

while the code pseudoranges are considered “delayed”. 
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 For single frequency GPS users, a Klobuchar ionosphere model, which uses a 

sinusoidal curve to fit the average diurnal variation of the ionosphere, is commonly used 

to correct the ionospheric error. The parameters of the Klobuchar model are broadcast 

through the navigation message. A drawback of the Klobuchar model is that it can only 

compensate 50-60% of the total ionosphere effect (Klobuchar, 1996). Chen and Gao 

(2005) compared the Klobuchar model with the global ionospheric model (GIM) 

provided by IGS and the ionospheric delay estimation model in which the zenith 

ionspheric delay is estimated using code and phase observations (Schaer et al., 1998; 

Beran et al., 2003). The results indicate that the ionospheric estimation model and GIM 

offer better performance than the Klobuchar model. 

For dual frequency GPS users, the ionosphere effect can be mitigated through 

linear combination of measurements on L1 and L2 according to the dispersive property of 

ionosphere. In precise point positioning, the ionosphere-free observation combinations 

are usually applied for mitigating the influence of the ionospheric error. The following 

two equations represent the traditional ionosphere-free observation combinations (Kouba 

and Héroux, 2001). 
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where IFP  and IFφ  are the ionosphere-free code and phase observations, respectively; 

1Lφ  and 2Lφ  are the carrier phase observations at L1 and L2 in the unit of length, 
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respectively; 1LP  and 2LP  are the code observations at L1 and L2, 

respectively; 1Lf and 2Lf  are the carrier frequencies at L1 and L2, respectively. 

 

3.2.3 Tropospheric Delay 

The troposphere is the atmosphere layer from the Earth’s surface up to about 40 

km (Hofmann, 2001). Unlike the ionosphere, it is a non-dispersive medium and therefore 

its effect can’t be eliminated by the observation combination from L1 and L2 data. The 

magnitude of the tropospheric delay depends on many factors such as the satellite 

elevation angle, the altitude of the station, atmospheric pressure, temperature, and water 

vapor pressure. It is usually divided into dry and wet components. The former is caused 

by the higher portion of the troposphere and accounts for about 90% of the total 

tropospheric delay whereas the latter is caused by the lower portion of the troposphere 

and accounts for about 10% of the total tropospheric delay. Besides, the dry tropospheric 

delay can be easily modeled, but the wet tropospheric delay is difficult to be modeled due 

to the irregular variation of the liquid water and water vapor over space and time in the 

troposphere (Misra and Enge, 2001). Although the wet tropospheric component 

represents approximately 10% of the total tropospheric effect, it causes the main 

difficulty in eliminating the tropospheric effect through modeling. 

The average total tropospheric delay at zenith is about 2.5 m (Abdel-salam, 2005). 

The dry and wet tropospheric delays are usually modeled at zenith and then scaled by a 

mapping function to the satellite elevation, as shown in the following equation: 

wetwetdrydrytrop MdMdd ⋅∆+⋅∆=∆                                                 (3.2.9) 
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where dryd∆  is the zenith dry component; wetd∆ is the zenith wet component; dryM is the 

dry mapping function; wetM  is the wet mapping function. 

There exist many tropospheric models. Among them the Saastamoinen and 

Hopfield models are most commonly used (Mekik, 1997). The Hopfield model is built by 

a large number of meteorological radiosonde balloon profiles and is made at different 

locations over quite a number of years. In the Hopfield model, the troposphere delay is 

modeled with a constant lapse rate of temperature and a height integral which is a linear 

function of the pressure measured on the Earth surface. The dry and wet tropospheric 

delay at zenith can be given as (Mekik, 1997): 
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Wet zenith delay: 
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kmhh sw 11=−                                                                                        (3.2.13) 

where dh and wh are the heights of the dry and wet troposphere above the geoid, 

respectively (m); se  is the surface partial water vapor pressure (mbar); sT  is the surface 
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temperature (K); sP is the surface pressure (mbar); sh is the surface height above the 

geoid (m); 1k , 2k and 3k are the constants. 

 There are many mapping functions in use. The Niell mapping function is one of 

them and commonly used to compute the tropospheric delay from the zenith to an 

arbitrary elevation angle. It is an empirical function that is dependent on the latitude of 

the station and time with different forms for wet and dry tropospheric delays. The Niell 

mapping function can be written as (Shrestha, 2003):  
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where, ε is the satellite elevation angle; H is the station height above sea level; drya , dryb , 

dryc , hta , htb , htc , weta , wetb , wetc are the coefficients dependent on the station latitude. 

Other mapping functions are given in Appendix B.  
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In precise point positioning, the dry tropospheric delay error is corrected 

through a tropospheric model while the wet component is estimated as an unknown 

parameter along with the three-dimension coordinates, receiver clock offset, and 

ambiguities. 

 

3.2.4 Receiver Clock Offset 

The receiver clock is usually equipped with quartz crystal oscillators because of 

the advantages of small size, little power consumption, and low price. Due to the 

relatively poor stability of the quartz clock, the receiver clock drifts in a short period of 

time, which will cause a rapid change of the receiver clock offset over time. Therefore, 

the receiver clock offset is usually estimated as an unknown parameter along with three 

coordinate components in precise point positioning. Alternatively, the receiver clock 

offset may be removed if observations between satellites are differenced. 

 

3.2.5 Multipath and Measurement noise 

A multipath error is caused by the signals reflected from objects in the vicinity of 

a station. It corrupts the direct line-of-sight signals from the GPS or GLONASS satellites 

and thus degrades the accuracy of code and carrier phase measurements (Weill, 2003). 

Despite the rapid development of the receiver technology, the multipath still remains a 

main error source in the positioning and navigation. Theoretically the maximum 

multipath error is approximately half the code chip length: 150 m for C/A code and 15 m 

for P(Y) code. The multipath effect on the phase observation does not exceed one-quarter 

of its wavelength, about 5-6 cm for L1 and L2 (Shen, 2002). 
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Several receiver-based methods of multipath mitigation have been developed in 

the past few years. The existing approaches can be classified into three categories (Yang 

et al., 2004). The first category is based on the radio frequency signals, which includes 

using a choke-ring antenna and using multiple GPS antennas. The second category is 

based on the available baseband signals, which includes the narrow correlator technology, 

double delta correlator, early/late slope technique (ELS), and early1/ early2(E1/E2) 

tracking. The third category is based on final code and carrier phase measurements after 

receiver baseband processing, which includes processing the previous day’s 

measurements as corrections for the next day’s measurements, analyzing the Signal to 

Noise Ratio (SNR) of the measurements, and estimating the multipath error with a proper 

model.  

Several measures can be taken to mitigate the multipath effect. First of all, an 

effective measure is to simply set up an antenna in an area free of nearby reflectors. 

When the receiver has to be placed in a reflective environment, a good quality antenna 

that is multipath resistant can be used. Secondly, an antenna with a ground plane or 

choke-ring assembly and a receiver that can filter out multipath signal disturbance can be 

taken to reduce the effect of multipath error. Thirdly, a mask elevation angle can be set to 

avoid observing low elevation satellites whose signals are susceptible to multipath.  

The measurement noise caused by the antenna, receiver oscillator and other 

components is generally small in magnitude. It has some characteristics such as low 

correlation between observations and Gaussian distribution. The measurement noise is 

usually at a decimetre level for code observations and a few millimetres for carrier phase 

observations. Its effect can be mitigated using high-quality hardware equipments. 
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3.3 Special Error Sources  

3.3.1 Satellite and Receiver Antenna Phase Center Offsets  

The satellite antenna phase center offset caused by the separation between the 

satellite’s mass center and the phase center of the satellite antenna must be taken into 

account in PPP. The reason is that the precise satellite orbit and clock products refer to 

the satellite’s mass center due to the fact that the force models of modeling satellite orbit 

are made to the mass center while the code and carrier phase observations used in PPP 

refer to the antenna phase center. The phase center offsets for most satellites are in the 

body z coordinate direction towards the Earth and in the body x coordinate direction 

which is on the plane containing the Sun (Kouba and Héroux, 2001).Figure 3-3 shows the 

satellite antenna phase center offset.  

 

                                    Figure 3-3 Satellite Antenna Phase Center Offset 

(Kouba and Héroux, 2001) 
 

Not all types of satellites need to consider the satellite antenna phase center 

offset. GPS Block IIR satellites and the later designed satellites do not need to apply the 

phase center offset correction due to the consistency of two centers. This offset for Block 

II/IIA satellites is a constant value which is given in Table 3-4. The correction may be 

made through the following equation (Leick, 2004): 
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T
offsetoffsetoffsetzyxmassphase zyxeeeXX ][][ 1−+=                   (3.3.1) 

where xe  is the satellite-Sun unit vector in Earth Centered Earth Fixed (ECEF); ze  is the 

satellite unit vector toward the Earth in ECEF; ye is the third vector to complete the right 

hand system; offsetx , offsety , offsetz  are the offsets in the satellite fixed coordinates 

system; phaseX , massX  are the satellite coordinates referring to the antenna phase center and 

satellite mass center, respectively. 

Table 3-4 GPS Satellite Antenna Phase Center Offsets in                                            

the Satellite Fixed Reference Frame (m) 

(Kouba and Héroux, 2001) 

 Xoffset  Yoffset  Zoffset 

Block II/IIA 0.279 0 1.023 

Block IIR 0 0 0 

 

Similarly to GPS, the GLONASS satellite antenna phase center offset must also 

be considered in PPP due to the separation between the satellite mass center and the 

antenna phase center. Given in Table 3-5 is the GLONASS satellite antenna phase center 

offsets in the satellite fixed reference frame. 

Since the electrical phase center of a receiver antenna that the measurements refer 

to is different from the center of the physical mark, the receiver antenna phase center 

offset needs to be taken into account in PPP. For any given GNSS receiver antenna, its 

phase center varies with the changing direction of the received satellite signal. The 

magnitude of the variation usually depends on the satellite elevation angle. The inherent 

azimuth has a very small effect on the phase center variation, which is usually caused by 

the local environment around the antenna site. Antenna calibrations may be divided into 
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two parts (Czopek and Mader, 2002). One is the calibration for an average phase center 

offset with respect to a physical feature of the antenna. The other is the calibration for the 

phase center variation (PCV) with the elevation angel or possibly azimuth. Both parts 

must be conducted in the antenna calibrations. 

Table 3-5 GLONASS Satellite Antenna Phase Center Offsets in the                 

Satellite Fixed Reference Frame as of Feb.15, 2009 (m) 

(IGS, 2009) 

PRN # GC X Y Z 

01 796 0 0 1.9444 

02 794 -0.545 0 2.3000 

03 727 -0.545 0 2.3000 

04 795 0 0 2.0061 

05 711 0 0 1.9141 

06 701 -0.545 0 2.1947 

07 712 -0.545 0 2.3232 

08 729 -0.545 0 2.3000 

09 722 -0.545 0 2.3000 

10 717 -0.545 0 2.3000 

11 723 -0.545 0 2.3000 

13 721 -0.545 0 2.3000 

14 715 -0.545 0 2.3000 

15 716 -0.545 0 2.3000 

17 718 -0.545 0 2.3000 

18 724 -0.545 0 2.3000 

19 720 -0.545 0 2.3000 

20 719 -0.545 0 2.3000 

21 725 -0.545 0 2.3000 

22 798 -0.545 0 2.3000 

23 714 -0.545 0 2.2772 

24 713 -0.545 0 2.3253 

 

3.3.2 Phase Wind Up 

As the navigation signals transmitted on L1 and L2 by each GPS or GLONASS 

satellite are right-hand circularly polarized, the carrier phase observations from a receiver 

are dependent on the mutual orientation of the satellite and receiver antennas. A relative 
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rotation of satellite and receiver antennas may change the observed carrier phase up to 

one cycle. This effect is called “phase wind up”(Wu et al.,1993). A receiver antenna is 

usually oriented towards a fixed direction in a static mode while the satellite antenna 

usually rotates slowly due to the continuous reorientation of its solar panels towards the 

Sun. The satellite antenna can rotate up to one revolution within less than half an hour 

during the period of eclipsing due to the fact that the satellite antenna is undergoing a 

rapid rotation in order to reorient its solar panels towards the Sun (Kouba and Héroux, 

2001). 

 The effect of the phase wind up is negligible for the differential positioning 

spanning up to several hundred kilometres while it is quite significant for the precise 

point positioning since this effect can reach up to one half of the wavelength (Kouba and 

Héroux, 2001).The correction of the phase wind up may be made through the following 

equations (Wu at al., 1993): 

ykxkkxD ×+⋅−= )(                                                                            (3.3.2) 

ykxkkxD ×−⋅−=′ )(                                                                      (3.3.3) 

)/(cos))(( 1
DDDDDDksign ′⋅′×′⋅=∆ −φ                                         (3.3.4) 

where  

k             is the satellite to receiver unit vector; 

zyx ,,     are the local receiver unit vectors; 

zyx ,,     are the satellite body coordinate unit vectors; 

φ∆           is the phase wind up correction; 

D , D′       are the effective dipole vectors of the satellite and receiver. 
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3.3.3 Relativistic Effect  

The principle of the satellite positioning is established on the basis of measuring 

the signal’s travelling time from a satellite to a receiver. The relativity is caused by the 

gravitational potential and the moving velocity difference of a satellite clock and a 

receiver clock. It affects the measured time and therefore the relativity correction must be 

applied in PPP. The satellite clocks are subject to two relativistic effects: special relativity 

and general relativity. According to the theory of the special relativity, the satellite clock 

traveling at a constant speed appears slower than the clock on the ground due to the time 

dilation effect of their relative motion (Tao, 2008). This relativistic effect correction can 

be applied as follows (GPS ICD, 2000): 

2
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−=∆                                                                                          (3.3.5) 

where rt∆ is the relativity correction; 
→

R is the instantaneous position vector of the 

satellite; 
→

V is the instantaneous velocity vector of the satellite; c  is the speed of light. 

According to the general relativity, a satellite clock appears to run faster than the 

one on the ground due to their difference in gravitational potential. This correction for 

this effect is given by the following equation (Rothacher and Beutler, 2002): 
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where, 

pt∆      is a gravity delay error; 

G        is a gravitational constant;         
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M       is the mass of the Earth; 

s
r        is a distance between the satellite and the Earth center; 

rr        is a distance between the receiver and the Earth center; 

s
rr       is a distance from the receiver to the satellite. 

 

3.3.4 Earth Tide  

Since the Earth is not a rigid body, it responds as an elastic body to external 

forces exerted by celestial bodies. Earth tides are caused by the gravitational force 

imposed by the Sun and Moon. It will cause periodic deformation on the Earth and lead 

to vertical and horizontal site displacement, which can be represented by spherical 

harmonics of degree and order characterized by the Love number and the Shida number. 

The effect of the Earth tides that is dependent on station latitude, tide frequency, and 

sidereal time can reach about 30 cm in the height component and 5 cm in the horizontal 

plane (Kouba and Héroux, 2001). The displacement caused by the solid Earth tide may be 

divided into a permanent part and a periodic part. The periodic part can be largely 

averaged out in the static positioning of an entire day while the permanent part that can 

reach 12 cm in the middle latitude region remains (Kouba and Héroux, 2001). Even with 

a long observing time, neglecting the Earth tide correction will result in a positioning 

error of up to 12.5 cm in the height component and 5 cm in the horizontal plane in point 

positioning. The equation including both the permanent and periodical displacement 

corrections is given in the following (IERS, 1989): 
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     (3.3.7) 

where 

r
�

∆     is a site displacement vector in Cartesian coordinate system; 

GM    is gravitational parameters of the Earth; 

jGM   is gravitational parameters of the Moon )2( =j and the Sun )3( =j ; 

r       is geocentric state vectors of the station; 

jR       is geocentric state vectors of the Moon )2( =j and the Sun )3( =j ; 

r
⌢

       is geocentric unit state vectors of the station; 

jR
⌢

     is geocentric unit state vectors of the Moon )2( =j and the Sun )3( =j ; 

2l        is the nominal second degree Love number(0.609); 

2h        is the nominal Shida dimensionless number(0.085); 

φ         is the site latitude; 

λ         is the site longitude; 

gθ        is the Greenwich Mean Sidereal Time. 

 

3.3.5 Ocean Tide Loading  

Similarly to the solid Earth tides, the redistribution of seawater under the 

gravitational force imposes a load on the sea floor and adjacent land, which causes the 

deformation of the sea floor and a surface displacement of an adjacent land. The pure 

ocean tide may be measured using tide gauges as well as altimeters and observed at the 
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beach for its rising and falling with respect to a benchmark (Witchayangkoon, 2000). 

The ocean loading consists of the diurnal and semi diurnal period components with an 

order of magnitude smaller than solid Earth tides. Its effect must be taken into account in 

centimetre-level precise kinematic point positioning or precise static point positioning 

near the sea over the time interval shorter than 24 h, while its effect is negligible when 

the station is far away from ocean coast lines  (Kouba and Héroux, 2001). The model of 

ocean loading is given as follows (IERS, 1996): 

)cos( cjjjjcjj j utwAfc φχ −++=∆ ∑                                            (3.3.8) 

where 

c∆ is a displacement caused by ocean loading; 

j    represents 11 tidal waves( 2M , 2S , 2N , 2K , 1K , 1O , 1P , 1Q , fM , mM , saS ); 

jf  depends on the longitude of lunar node(at 1-3 mm precision jf =1); 

ju  depends on the longitude of lunar node(at 1-3 mm precision ju =0); 

jω  is an angular velocity at time ht 0= ; 

jχ  is an astronomical argument at time ht 0= ; 

cjA  is a station specific amplitude; 

cjφ  is a station specific phase. 

 

3.3.6 Atmosphere Loading  

The atmosphere loading is caused by the spatial and temporal variations of 

atmospheric mass. It has an indirect impact on the ocean and Earth tides, which causes 
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the deformation of the Earth’s surface (Witchayangkoon, 2000). As a result, the 

displacement caused by the atmosphere loading can reach up to 20 mm in the vertical 

component and 3 mm in the horizontal component (Petrov and Boy, 2004). This 

displacement is a function of geographic location with a larger value in middle latitude 

regions in comparison with high latitude regions (IERS, 1996). A number of models of 

the atmosphere loading displacement varying from simple to complex are available. 

Among them, a simple model is given as follows (Rabbel and Schuh, 1986): 

ppr ′−−=∆ 55.035.0                                                                                   (3.3.9) 

where r∆  is the atmosphere loading displacement in the unit of millimetre; p is the site 

pressure difference from the standard value(101.3 KPA); p′ is the pressure anomaly 

within 2000 km from the station. 

 

3.3.7 Sagnac Effect  

A Sagnac effect is caused by the Earth’s rotation during the transit of the satellite 

signal from a satellite to a receiver. Because of the rotation of the Earth, the receiver on 

the Earth surface moves with a velocity of up to 500 m/s (at the equator), which results in 

the Sagnac effect. This effect is very small and complicated to calculate. According to 

Parkinson and Ashby (1996), the Sagnac effect is proportional to the area swept out by 

the radius vector from the Earth’s center to the light ray during the signal propagation 

from a satellite to a receiver, and can be written as: 
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where, eΩ  is the Earth angular rotation rate(WGS-84); eA is the total area swept out by 

the radius vector from the center of the Earth to the light ray while the signal travels from 

a satellite to a receiver. 
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Chapter Four: Combined GPS and GLONASS PPP Models 

 

4.1 Introduction 

Current PPP models are implemented using only GPS observations. For such a 

GPS-based positioning system, the accuracy, availability and reliability of the positioning 

results are very dependent on the number of visible GPS satellites, which is often 

insufficient in the environments such as urban canyons and open-pit mines. Further, even 

in the open area where sufficient GPS satellites are available, the PPP accuracy and 

reliability could still be affected by poor satellite geometry. One possible strategy to 

increase the availability of satellites and improve the reliability and accuracy of 

positioning results is to integrate GPS and GLONASS. 

In order to achieve high-accuracy positioning results in PPP, both GPS and 

GLONASS carrier phase observations are used in the combined data processing. Since 

the current GPS-based PPP models can’t be used to process the combined 

GPS/GLONASS measurements, combined GPS/GLONASS PPP functional models and 

corresponding stochastic models are developed in this chapter. The functional models 

describe the mathematical relationship between the measurements and the unknown 

parameters, while the stochastic models describe the statistics of the measurements. 

Firstly, a brief summary of the Kalman Filter method is provided. Secondly, the 

detailed GPS-based PPP mathematic models are described. Thirdly, the combined GPS 

and GLONASS PPP models including the combined GPS/GLONASS traditional and 

UofC models are presented. Finally, the corresponding stochastic models including 

observations’ stochastic model and parameters’ stochastic model are presented. 
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4.2 Kalman Filter Estimation 

The Kalman filter is an optimal recursive data processing algorithm that combines 

all available measurement data and uses a priori knowledge about the system and 

measurements to produce an estimate of the desired variables with a statistically 

minimized error. The Kalman filter processes all available measurements regardless of 

their precision using any available information such as the initial conditions of the state 

variables and the statistical description of the system noises and measurement errors. The 

Kalman filter is recursive because it does not require all previous data to be saved and 

reprocessed when a new measurement is taken (Maybeck, 1979). The Kalman filter is 

optimal as it is designed to be a consistent and unbiased estimator with a minimum mean 

square error as given in the following equations (Mikhail and Ackermann, 1976): 

1)ˆ(lim =<−
∞→

εxxP
n

                                                                                    (4.2.1) 

xxE =)ˆ(                                                                                                      (4.2.2) 

{ } min)ˆ(ˆ()ˆ(ˆ( =−− xExxExE
T                                                                       (4.2.3) 

where n  is the sample size; x is the state vector; x̂  is the estimate of the state vector;ε  is 

a very small value; ()P is the statistical probability; ()E  is the statistical expectation. 

In a discrete Kalman filter, the state equation and measurement equation may be 

written as: 

111 −−− +Φ= kkkk wxx                                                                                 (4.2.4) 

kkkk vxHz +=                                                                                         (4.2.5) 

where kx , 1−kx  are the state vector at epoch k and 1−k ,respectively; 1−Φ k is the transition 

matrix relating the state at the previous time step 1−k  to the state at the current step 
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k ; kz is the measurement vector; kH is the design matrix; kw and kv are random 

variables that represent the process and measurement noise, respectively. They are 

assumed to be independent and follow a normal probability distribution as given in the 

following equations (Welch and Bishop, 2001): 

),0(~ 11 −− kk QNw                                                                                         (4.2.6) 

),0(~ kk RNv                                                                                               (4.2.7) 

where Q and R are the process noise covariance and  measurement noise covariance 

matrix, respectively.  

The discrete Kalman filter algorithm consists of two major steps: time update and 

measurement update. The time update equations are responsible for obtaining a priori 

estimate of the current state and error covariance for the next time step, while the 

measurement update equations are responsible for incorporating a new measurement into 

the priori estimate to obtain an improved estimate. The time update equations are also 

denoted as prediction equations, and the measurement update equations are often referred 

to as correction equations (Welch and Bishop, 2001). The specific equations for the time 

and measurement updates are given below: 

Prediction: 

11
ˆˆ

−−
− Φ= kkk xx                                                                                              (4.2.8) 

1111 −−−−
− +ΦΦ= k

T
kkkk QPP                                                                            (4.2.9) 

Correction: 

1)( −−− += k
T
kkk

T
kkk RHPHHPK                                                                   (4.2.10) 

 )ˆ(ˆˆ −− −+= kkkkkk xHzKxx                                                                        (4.2.11) 
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−−= kkkk PHKIP )(                                                                                    (4.2.12) 

where −
kx̂  and kx̂ are predicted and updated state vectors, respectively; −

kP and kP are 

predicted and updated state covariance matrix, respectively; kK is a gain matrix. The 

Kalman filter operation process is illustrated in Figure 4-1.  

 

 

Figure 4-1 Kalman Filter Operation Illustration 

 

4.3 GPS PPP Observation Model 

The observation model, also called the functional model, describes a 

mathematical relationship between the GPS measurements and the unknown parameters. 

The existing PPP observation models, which are based on the ionosphere-free 

Initial Conditions 

0x  0P  0Q  0R  

Prediction 

11
ˆˆ

−−
− Φ= kkk xx  

1111 −−−−
− +ΦΦ= k

T
kkkk QPP  

                      Correction 
1)( −−− += k

T
kkk

T
kkk RHPHHPK  

)ˆ(ˆˆ −− −+= kkkkkk xHzKxx  
−−= kkkk PHKIP )(  
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observation combination, can be categorized into the traditional model and the UofC 

model. 

 

4.3.1 Traditional Model 

The traditional PPP model uses the ionosphere-free combinations between code 

observations from L1 and L2 data as well as between carrier phase observations on L1 

and L2. This ionosphere-free code-code and phase-phase observation combinations are 

the most popular form used in PPP to alleviate the effect of the ionosphere error. The 

code pseudorange and carrier phase observations on L1 and L2 between a receiver and a 

satellite are described by the following equations: 

iii PPmultPiontroporbi ddddcdTcdtP ερ +++++−+= //                   (4.3.1) 

iii multiiiontroporbi dNdddcdTcdt ΦΦΦ +++−++−+=Φ ελρ //   (4.3.2) 

where, 

iP      is the measured pseudorange on iL  (m); 

iΦ       is the measured carrier phase on iL  (m); 

ρ   is the true geometric range (m); 

c         is the speed of light (m/s); 

dt        is the receiver clock error (s); 

dT      is the satellite clock error (s); 

orbd     is the satellite orbit error (m); 

tropd     is the tropospheric delay (m); 
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iLiond /   is the ionospheric delay on iL  (m); 

iλ         is the wavelength on iL  (m/cycle); 

iN        is the integer phase ambiguity on iL  (cycle); 

iPmultd / is the multipath effect in the measured pseudorange on iL (m); 

imultd Φ/ is the multipath effect in the measured carrier  phase on iL (m); 

ε         is the measurement noise (m); 

The traditional PPP model has the form of the ionosphere-free code and phase 

observation combinations as expressed below in the unit of length (Shen, 2002): 

IFIF PPmulttroporb

IF

ddddTdtc

ff

PfPf
P

ερ ++++−+=

−

⋅−⋅
=

/

2
2

2
1

2
2

21
2

1

)(       
                              (4.3.3) 

IFIFmulttroporb
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Φ⋅−Φ⋅
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2
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2
2

21
2

1

)(       

   (4.3.4) 

Before GPS observations are used for a position determination, the GPS precise 

orbit and clock data are first applied to alleviate satellite orbit and clock errors. The 

ionospheric refraction bias is eliminated by constructing combined ionosphere-free code 

pseudorange and phase observations from L1 and L2 data. After applying precise satellite 

orbit and clock corrections, the ionosphere-free code and phase observation combinations 

can be written as follows: 

IFPtropIF ddtcP ερ ′++⋅+=′                                                                    (4.3.5) 
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IFIFtropIF Nddtc Φ
′+′++⋅+=Φ′ ερ                                                    (4.3.6) 

where IFP′  is the corrected ionosphere-free code pseudorange observation in metres; 

IFΦ′ is the corrected ionosphere-free phase observation in metres; IFN ′ is the combined 

ambiguity term in the unit of length; IFε ′  is the noise term including residual errors, 

multipath and noise. 

The unknown parameters in the traditional model include three position 

coordinate components, one receiver clock offset, one zenith wet tropospheric delay 

component, and the combined ambiguity parameters associated with each observed 

satellites. The traditional observation model has some characteristics in terms of its 

mathematic expression (Shen, 2002). At first, its ionosphere-free combinations can’t 

remove the high-order ionospheric effect which accounts for less than 0.1% of the total 

ionospheric effect. In addition, the combined ambiguity term can only be estimated as a 

single float value as its integer characteristic has disappeared after the ionosphere-free 

combination. Finally, the noise after the ionosphere-free combinations is three times 

larger than the original code and phase measurement noise. 

 

4.3.2 UofC Model 

Based on the fact that the code and phase measurements are subject to the same 

amount of ionospheric effect but with an opposite sign, the UofC observation model uses 

the ionosphere-free code-phase combination instead of the ionosphere-free code-code 

combination on L1 and L2 as used in the traditional model. The ionosphere-free phase-
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phase combination has the same form for the traditional model and UofC model. The 

mathematic expression of the UofC model is given below (Shen, 2002): 

1,1,
5.05.0 5.0)(      

)(5.0

/11

111,

LIFLIF PPmulttroporb

LIF

dNdddTdtc

PP

ελρ +++++−+=

Φ+=
  (4.3.7)   

2,2,
5.05.0 5.0)(      

)(5.0
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222,
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After applying precise satellite orbit and clock corrections, the ionosphere-free 

code-phase and phase-phase observation combinations can be written as follows: 

1,
5.05.0 111, LIFPtropLIF NddtcP ελρ ′+++⋅+=′                                     (4.3.10) 

2,
5.05.0 222, LIFPtropLIF NddtcP ελρ ′+++⋅+=′                                   (4.3.11) 

IF
N

ff

cf
N

ff

cf
ddtc tropIF Φ′+⋅

−
+⋅

−
++⋅+=Φ′ ερ 22

2
2

1

2
12

2
2

1

1
                 (4.3.12) 

where 1,LIFP′ and 2,LIFP′  are the corrected ionosphere-free code pseudorange observations 

in metres on L1 and L2, respectively; IFΦ′ is the corrected ionosphere-free phase 

observation in metres; IFε ′  is the noise term including residual errors, multipath and noise.  

The unknown parameters in the UofC model include three position coordinate 

components, one receiver clock offset, one zenith wet tropospheric delay component, and 

the ambiguity parameters associated with each observed satellites on L1 and L2. In 

comparison with the traditional observation model, the UofC model has the lower 
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observation noise level after the ionosphere-free combination between code and phase 

observations. In addition, the integer characteristic of L1 and L2 ambiguities remains 

since they may be estimated separately, which provides a potential to develop an 

algorithm of fixed-ambiguity solutions.  

 

4.4 Combined GPS and GLONASS PPP Models 

Since the current GPS-based PPP models can’t be applied to process the 

combined GPS/GLONASS measurement data, the combined GPS and GLONASS PPP 

models have been developed in this section, including the combined GPS/GLONASS 

traditional model and the combined GPS/GLONASS UofC model. 

 

4.4.1 Combined GPS/GLONASS Traditional Model 

For a GLONASS satellite r , the P code pseudorange and carrier phase 

observations on L1 and L2 between a receiver and a satellite can be expressed as: 

r
P

r
Pi

r
Pmult

r
Lion

r
trop

r
orb

rr
r

r
i iii

bddddcdTcdtP ερ ++++++−+= ///           (4.4.1) 

rr
i

r
mult

r
i

r
i

r
Lion

r
trop

r
orb

rr
r

r
i iii

bdNdddcdTcdt ΦΦΦ ++++−++−+=Φ ελρ ///  (4.4.2) 

where 

 iP        is the measured pseudorange on iL  (m); 

iΦ      is the measured carrier phase on iL  (m); 

  ρ       is the true geometric range (m); 

   c       is the speed of light (m/s); 

  dt       is the receiver clock error (s); 
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  dT      is the satellite clock error (s); 

  orbd     is the satellite orbit error (m); 

  tropd     is the tropospheric delay (m); 

  
iLiond /  is the ionospheric delay on iL  (m); 

  iλ         is the wavelength on iL  (m/cycle); 

iN         is the integer phase ambiguity on iL  (cycle); 

  
iPmultd /  is the multipath effect in the measured pseudorange on iL  (m); 

  
imultd Φ/ is the multipath effect in the measured carrier phase on iL  (m); 

   ib         is the hardware delay bias on iL  (m); 

   ε         is the measurement noise (m); 

The hardware delay bias term in the above equations may be split into an average 

term and a satellite dependent bias term as given below: 

r
i

r
avgi

r
i bbb δ+= ,                                                                                  (4.4.3) 

Put Equation (4.4.3) into Equations (4.4.1) and (4.4.2) and consider that this 

average delay term r
avgib ,  is not separable from the receiver clock offset term r

cdt , and the 

satellite dependent bias r
ibδ may be neglected in the code observation equation because its 

magnitude is in the order or below the noise level of the code measurements but could not 

be neglected  in the phase observation equation since it is greater than the noise level of 

the carrier phase measurements (Roßbach, 2000), Equations (4.4.1) and (4.4.2) can 

therefore be rewritten as:  
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ddddcdTbcdtP ερ +++++−++= //,   )(       (4.4.4) 
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In the same way, for a GPS satellite g , the P code pseudorange and carrier phase 

observations on L1 and L2 between a receiver and a satellite may be expressed as:  
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The satellite orbit and clock errors are neglected after using the GPS and 

GLONASS precise satellite orbit and clock products. The ionospheric delay bias is 

removed by constructing the ionosphere-free code and phase observations from L1 and 

L2 data. After applying the precise satellite orbit and clock corrections, the ionosphere-

free code-code and phase-phase observation combinations may be written as: 
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where 
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IFP′       is the corrected ionosphere-free code observation combination (m); 

IFΦ′      is the corrected ionosphere-free phase observation combination (m); 

if         is the frequency of iL  (Hz); 

IFN      is the combined ambiguity term (m); 

avgIFb ,  is the combined average hardware delay bias term (m); 

IFbδ   is the combined satellite-dependent hardware delay bias term (m); 

IFε      contains measurement noise, multipath as well as other residual errors. 

As can be seen from the above equations, the bias Φ/IF
bδ  is not separable from 

the combined ambiguity IFN  and therefore they will be estimated as a single sum 

parameter. In addition, this average delay bias avgIFb ,  will be absorbed into the receiver 

clock offset term in the practical processing. Equations (4.4.8) to (4.4.11) may be simply 

rewritten as: 

g

P

g
trop

g
g

g
IF

IF
dtcdP ερ ++′+=′                                                                (4.4.12) 

gg
IF

g
trop

g
g

g
IF

IF
Ndtcd Φ+′++′+=Φ′ ερ                                                    (4.4.13) 

r
P

r
trop

r
r

r
IF IF

dtcdP ερ ++′+=′                                                                  (4.4.14)   

rr
IF

r
trop

r
r

r
IF IF

Ndtcd Φ+′++′+=Φ′ ερ                                                   (4.4.15) 

where g
tcd ′ is the sum of the receiver clock offset and the combined average hardware 

delay bias in metres; IFN ′ is the sum of the combined ambiguity and the combined 

satellite-dependent hardware delay bias. 
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Instead of estimating a GLONASS receiver clock offset parameter, a system 

time difference unknown parameter is often introduced in the mixed GPS/GLONASS 

processing (Habrich, 1999). A receiver clock error can be described as: 

systtdt −=                                                                                           (4.4.16)  

where syst  in Equation (4.4.16) denotes the GPS system time GPSt  for GPS observations 

but for GLONASS observations it represents the GLONASS system time GLONASSt . Since 

the receiver clock error is related to a system time, two receiver clock offset unknown 

parameters are involved in the combined GPS/GLONASS processing, one for the 

receiver clock offset with respect to the GPS time and one for the receiver clock offset 

with respect to the GLONASS time. We can also describe the GLONASS receiver clock 

offset as follows: 

sys
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                                                           (4.4.17) 

as can be seen from Equation (4.4.17), the GLONASS receiver clock offset may be 

expressed as the sum of the GPS receiver clock offset and the system time difference 

between GPS and GLONASS. Applying Equation (4.4.17), the following equation can be 

obtained: 
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where systcd ′  is a single sum of the real GPS-GLONASS system time difference and a 

bias term ( g
avgIF

r
avgIF bb ,, − ). Applying Equation (4.4.18) into Equations (4.4.14) and 

(4.4.15) and rewriting Equations (4.4.12) and (4.4.13) results in the following code 

pseudorange and carrier phase observation equations: 
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Ndtcdtcd Φ+′++′+′+=Φ′ ερ                                       (4.4.22) 

The traditional GPS/GLONASS observation model consists of Equations (4.4.19) 

to (4.4.22). For the sake of convenience, g
tcd ′  is simply regarded as the receiver clock 

offset and sysdc ′  is simply regarded as the GPS-GLONASS system time difference. 

The unknown parameters in the above observation model include three-dimension 

station coordinates, one receiver clock offset and one system time difference parameter, 

one zenith wet tropospheric delay, and ambiguity parameters equal to the number of 

observed GPS and GLONASS satellites. The dry tropospheric delay error is first 

corrected using Hopfield tropospheric model and the zenith wet tropospheric delay 

(ZWD) is then considered as an unknown. The Niell Mapping Functions are used as 

hydrostatic and wet mapping functions.  
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4.4.2 Combined GPS/GLONASS UofC Model 

The P code pseudorange and carrier phase observations on L1 and L2 between a 

receiver and a satellite for GPS and GLONASS as expressed in Equations (4.4.4) to 

(4.4.7) are rewritten in the following:  
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The ionospheric delay bias is removed by constructing the ionosphere-free code-

phase and phase-phase observation combinations from the L1 and L2 data. After 

applying the precise satellite orbit and clock corrections, the satellite orbit and clock 

errors are neglected and the ionosphere-free observation combinations for GPS and 

GLONASS may be expressed as: 
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 Similarly to the combined GPS/GLONASS traditional model, the 

bias 1Lbδ , 2Lbδ are not separable from the ambiguity 1N  and 2N  since the ambiguity 

parameters will be estimated as float values. In addition, this average delay bias avgb  will 

be absorbed into the receiver clock offset term in the practical processing. A GLONASS 

receiver clock offset can be expressed as a function of the GPS receiver clock offset and 

the GPS-GLONASS system time difference, as shown in Equation (4.4.18).Equations 

(4.4.27) to (4.4.32) may simply be rewritten as: 
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where 

 g
tcd ′  is the sum of the receiver clock offset g

cdt  and the average hardware delay bias 

g
avgb  in metres;  

g
N1

′    is the sum of the GPS ambiguity term gg
N11λ  and the satellite-dependent hardware 

delay bias g
Lb 1δ  in metres on L1; 

g
N 2

′    is the sum of the GPS ambiguity term gg
N 22λ  and the satellite-dependent hardware 

delay bias g

Lb 2δ  in metres on L2; 

r
N1

′   is the sum of the GLONASS ambiguity term rr
N11λ  and the satellite-dependent 

hardware delay bias r
Lb 1δ  in metres on L1; 

r
N 2

′   is the sum of the GLONASS ambiguity term rr
N 22λ  and the satellite-dependent 

hardware delay bias r
Lb 2δ  in metres on L2; 

systcd ′  is a single sum of the real GPS-GLONASS system time difference in the unit of 

length and a bias term )( g
avg

r
avg bb − . 

The GPS/GLONASS UofC observation model consists of Equations (4.4.33) to 

(4.4.38). The unknown parameters in the above observation model include three station 

coordinate components, one receiver clock offset, one system time difference, one zenith 

wet tropospheric delay, and ambiguity parameters equal to twice the number of visible 

satellites. The dry tropospheric delay error is first corrected using Hopfield tropospheric 
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model and the zenith wet tropospheric delay (ZWD) is then considered as an unknown. 

The Niell Mapping Functions are used as hydrostatic and wet mapping functions.  

 

4.5 Stochastic Modeling 

The stochastic model describes the statistical properties of the measurements, 

which are mainly defined by an appropriate covariance matrix (Satirapod, 2004). To 

employ the Kalman filter method, the stochastic models of both measurements and 

parameters need to be defined. Many researchers have emphasized the importance of 

proper stochastic models, especially for high-accuracy applications (Barnes et al., 1998; 

Han, 1997; Wang, 1999).The stochastic models in the combined GPS and GLONASS 

PPP have been developed and presented in this section. The stochastic model of 

measurements mainly describes the observations’ covariance, while the stochastic model 

of parameters describes the kinematic behavior and the variation of the parameters with 

time. 

 

4.5.1 Stochastic Model of Measurements 

4.5.1.1 Traditional Model 

The observations used in the traditional model consist of ionosphere-free code 

and phase observations. Their linear combination forms are given in the following: 
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2
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where 1P  and 2P  are the measured code pseudorange observations in metres on L1 and 

L2, respectively; 1Φ and 2Φ  are the measured carrier phase observations in metres on L1 

and L2, respectively; 1f  and 2f are the frequency on L1 and L2. 

Assume there is no correlation between the measurements on L1 and L2, the 

variance of the combined ionosphere-free observations can be obtained according to the 

rule of error propagation as follows: 
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GLONASS observations: 
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where 2

1Pσ , 2

2Pσ are the variance of P code observations on L1 and L2, respectively; 

2

1Φσ , 2

2Φσ are the variance of carrier phase observations on L1 and L2, respectively. The 

covariance matrix in traditional model is diagonal. 
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4.5.1.2 UofC Model 

The observations used in the UofC model consist of the combined ionosphere-

free code-phase observation for each frequency channel, and phase-phase observations 

from L1 and L2 data. Their observation combinations are given in the following:  

)(5.0 111, Φ+= PP LIF                                                                                  (4.5.7) 

)(5.0 222, Φ+= PP LIF                                                                                 (4.5.8) 
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The variance of the combined ionosphere-free observations can be obtained 

according to the rule of error propagation as follows: 

GPS observations: 
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GLONASS observations: 
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where 2

1Pσ , 2

2Pσ are the variance of P code observations on L1 and L2, respectively; 

2

1Φσ , 2

2Φσ are the variance of carrier phase observations on L1 and L2, respectively. The 

covariance matrix for each satellite’s observations in the UofC model can be expressed as: 
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4.5.2 Stochastic Model of Parameters 

The combined GPS and GLONASS PPP can be implemented using the Kalman 

filter parameter estimation method. The unknown parameters in the combined 

GPS/GLONASS traditional model and UofC model include three position coordinates, 

one receiver clock offset, one GPS-GLONASS system time difference, one zenith wet 

tropospheric delay, and ambiguity parameters. The coordinate components, receiver 

clock offset, system time difference and zenith wet tropospheric delay may be simply 

modeled as Random Walk, while the ambiguity parameters are treated as constants. The 

transition and noise matrices are given in this section. 

Using the Kalman filter estimation method, the differential equation of the system 

dynamic for Random Walk is given as follows (Gao, 2005): 

)(),()( tqtwtx =ɺ                                                                                    (4.5.25) 

dtttqtQ
T

t

)()()(

0

ΦΦ= ∫
∆

                                                                                (4.5.26) 

where  

)(tx   is the state vector; 

)(tw   is the white noise; 

)(tq   is the spectral density; 

Q      is the process noise matrix; 

)(tΦ  is the transition matrix. 

The state vectors for the traditional and UofC models when with combined 

GPS/GLONASS data are provided in the following: 
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where hδδλδφ ,,  are positions in latitude, longitude and height components; dtδ  is the 

receiver clock offset; sysdtδ  is the system time difference; tropdδ  is the zenith wet 

tropospheric delay component; Nδ  represents the ambiguity; n  and m  are the number of 

GPS and GLONASS satellites, respectively. Comparing Equation (4.5.27) and (4.5.28), it 

is noted that more ambiguities need to be estimated in the combined GPS/GLONASS 

UofC model than the combined GPS/GLONASS traditional model. 

The position parameters may be modeled as a Random Walk process. The 

transition matrix for position coordinates is an identity matrix. The process noise matrix 

is given as follows (Abdel-salam, 2005): 
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where 

hqqq ,, λφ     are spectral density of positions in latitude, longitude and height components; 

nm RR ,         are the Earth radius in meridian and prime meridian directions; 

h                 is the station height above the ellipsoid; 

t∆               is the time increment; 

φ                 is the latitude of a station. 
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Similarly, the receiver clock offset, zenith wet tropospheric delay and system 

time difference parameters may be modeled as a Random Walk process. The transition 

matrix of these parameters is still an identity matrix and the process noise matrices for 

these parameters are given as follows, respectively: 

][ tqQ dtclock ∆=                                                                                           (4.5.30) 

][ tqQ troptrop ∆=
                                                                                         (4.5.31) 

][ tqQ TsysTsys ∆=
                                                                                        (4.5.32) 

where dtq  is the spectral density of the receiver clock; tropq  is the spectral density of the 

zenith wet tropospheric delay; Tsysq is the spectral density of the system time difference. 
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Chapter Five: Results and Analysis 

 

To assess the performance of the combined GPS and GLONASS PPP models in 

both static and kinematic processing modes, numerical computations were conducted and 

their results are presented in this chapter. This chapter starts with an introduction to the 

development of the combined GPS and GLONASS PPP software package. Then the 

static and kinematic processing results are presented using the combined GPS/GLONASS 

traditional PPP model. 

 

5.1 Software Development 

3
P  is a software package that implements the PPP technology, providing users 

centimetre to decimetre accuracies with a single GPS receiver. It was developed in the 

Department of Geomatics Engineering at the University of Calgary. Since the current 

version of the 3
P  software package does not include a function of the combined GPS and 

GLONASS PPP, a new version of the 3
P software package has been developed to enable 

the processing of the combined GPS/GLONASS data. The software package starts with a 

single main screen where some information is displayed during the data processing, such 

as the parameter estimation results, observation residuals, satellite elevation and azimuth 

angle, converging process of the static or kinematic solutions, and acceptance or rejection 

status of the satellite observations. The main screen of the 3
P software package is shown 

in Figure 5-1. 
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Figure 5-1 Main Screen of P
3
 Software Package 

 

Various processing result graphs can be activated after the processing is 

completed, including: (a) position errors with respect to initial coordinates in a static 

mode; (b) trajectory in a kinematic mode; (c) number of GPS or GLONASS satellites 

used in data processing; (d) various dilutions of precision; (e) receiver clock offset; (f) 

GPS-GLONASS system time difference estimates; (g) zenith tropospheric delay. Figure 

5-2 displays some results of the parameter estimation in the combined GPS and 

GLONASS PPP. 

This new version of 3
P  is also compatible with the processing of only GPS 

observations. Further development will make the 3
P  software package be able to process 

GLONASS-only observations when sufficient GLONASS observations become available. 
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Figure 5-2 Processing Result Graphs 

 

The basic procedure of the combined GPS and GLONASS PPP processing is 

illustrated in Figure 5-3. First of all, the combined GPS/GLONASS measurement data 

and precise satellite orbit and clock corrections are needed before the data processing. 

The entire processing starts with the data pre-processing, such as the cycle slip detection 

of carrier phase observations, initial station coordinate computation, and initial ambiguity 

determination. Afterwards, various error corrections are made including corrections to 

some conventional errors and some others specific to PPP. The Kalman filter method is 

used to estimate the unknown parameters. The functional and stochastic models of the 

combined GPS and GLONASS PPP have been implemented in this module with outputs 
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including the station coordinates, receiver clock offset, zenith tropospheric delay, and 

GPS-GLONASS system time difference estimates. 

 

Figure 5-3 Basic Procedure of Combined GPS/GLONASS PPP Processing 

 

GPS/GLONASS Observation 

Data in the Format of RINEX 

GPS/GLONASS Precise 

Satellite Orbit and Clock Data 

Data Pre-Processing (removing blunder, detecting cycle slips, 
smoothing code observation with phase, computing initial 

station coordinates, determining initial ambiguities) 

GPS/GLONASS Error Corrections(tropospheric delay, satellite antenna 
phase center offset, phase wind up, relativistic effect, Sagnac effect, 

Earth tide, ocean tide loading, atmosphere loading) 

Kalman Filter 
Parameter 
Estimation 

Station 

Coordinates 

Receiver 

Clock Offset 

Tropospheric 

Delay 

GPS-GLONASS System 

Time Difference 

Output 

State Vector 

Definition 

Initial Value 

Determination 

Functional Model 

Stochastic Model 



 

 

77 

5.2 Data Description 

GPS/GLONASS observation datasets collected on March 6, 2009 from seven IGS 

permanent stations, including IRKJ, CONZ, RCMN, UNBJ, ANKR, LHAZ and NTUS 

were used for the numerical computation. These stations are equipped with dual-

frequency GPS/GLONASS receivers and are distributed globally as seen in Figure 5-4. 

Table 5-1 shows a list of these stations as well as the receiver and antenna types. 

 

 

Figure 5-4 GPS/GLONASS Stations in the IGS Tracking Network 

 

Table 5-1 GPS/GLONASS Stations 

Station Receiver type Antenna type 

IRKJ JPS LEGACY JPSREGANT_SD_E  NONE 

CONZ TPS E_GGD TPSCR3_GGD      CONE 

RCMN LEICA GRX1200GGPRO LEIAT504GG 

UNBJ TPS LEGACY JPSREGANT_DD_E 

ANKR TPS E_GGD TPSCR3_GGD      CONE 

LHAZ TPS E_GGD ASH701941.B     SNOW 

NTUS LEICA GRX1200GGPRO LEIAT504GG      NONE 
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The mixed GPS/GLONASS precise satellite orbit data at an interval of 15 

minutes and 5-minute clock data generated by IAC (Information-analytical center) were 

downloaded from the IAC website and used to remove the orbit and clock errors. The 

data sampling rate was 30s and the elevation mask was set to 15 degrees. In the Kalman 

filter estimation, the coordinate components, zenith wet tropospheric delay, receiver 

clock offset, and GPS-GLONASS system time difference parameters are modeled as 

Random Walk processes while a constant process is used for all the ambiguities. In the 

static processing, the spectral density of 0 m2 /sec was used for the horizontal and vertical 

coordinate components. The spectral density of the zenith wet tropospheric delay is set to 

10-9 m2 /sec while the spectral density values of 105 m2 /sec and 10-7 m2 /sec are used for 

the receiver clock and system time difference parameters, respectively (PMIS, 2005). 

 

5.3 Parameter Estimation Results and Analysis 

To analyze the results of the combined GPS and GLONASS PPP, a two-hour 

dataset collected at IRKJ on March 6, 2009 is chosen randomly to estimate the station 

position. The detailed information such as the satellite number, PDOP, observation 

residuals and parameter estimation results during the data processing is provided to 

demonstrate how this combined GPS and GLONASS PPP model works in this section. 

The GPS only and mixed GPS/GLONASS observations were processed, respectively. 

The site coordinates from CODE Analysis Centers were used as true coordinates to 

assess the accuracy of PPP. The three-dimension station coordinate estimates have been 

converted to position discrepancies in north, east, and up components with respect to the 

true coordinates. 
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Figure 5-5 shows the precise point positioning errors at IRKJ station using the 

GPS observations and combined GPS/GLONASS observations. It can be clearly 

observed that the position errors for the GPS only and mixed GPS/GLONASS processing 

are at a quite similar level in the east, north, and up directions. After half an hour, the 

positioning errors in both east and north directions converge to a centimetre level while 

longer time is needed for the vertical component. The convergence time of the east and 

north coordinate components in the combined GPS/GLONASS processing is shorter than 

that of the GPS-only processing. However, no improvement of the convergence time is 

found in the vertical coordinate component. Table 5-2 shows the mean, RMS, and 

standard deviation (one-sigma) of the converged position errors based on the statistical 

results from 1:30 to 2:00. The RMS differences in all three coordinate components are 

less than 1 cm for the GPS and combined GPS/GLONASS processing. In order to help 

analyze the results, more processing details are provided in the following. 
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Figure 5-5 GPS Only vs. GPS/GLONASS Positioning Errors 
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Table 5-2 Statistics of Position Results (m) 

 GPS Only GPS/GLONASS 

East -0.011   -0.003  

North -0.023   -0.016 Mean 

Up -0.005  -0.051 

East 0.005   0.006   

North 0.015  0.008   STD 

Up 0.046         0.022 

East 0.012 0.006 

North 0.027  0.018  RMS 

Up 0.046       0.055 

 

Shown in Figure 5-6 is the number of satellites used in the data processing and 

the corresponding HDOP and VDOP values. The number of satellites at each epoch and 

the satellite geometry as illustrated by the DOP can provide valuable information for the 

analysis, especially when problems occur. The computation of the DOP in the combined 

GPS/GLONASS processing is based on the design matrix with respect to three position 

components, one receiver clock offset and one system time difference, which has one 

more column when compared with the design matrix for the DOP computation in the 

GPS-only processing. During the entire test period, the number of satellites used ranges 

between six and nine in the GPS-only processing and changes between nine and fifteen in 

the combined GPS/GLONASS processing. The observations from approximately seven 

GPS satellites and five GLONASS satellites on average are processed.  

As can be seen from Figures 5-5 and 5-6, the improvement of the HDOP and 

VDOP during the first fourteen minutes after adding GLONASS satellites is not 

considerable. As a result, the improvement of the positioning results during this period of 

time is not significant. However, the large drop of the HDOP brings a significant 

improvement on positioning errors in the both east and north directions from 0:14 to 
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0:30. However, the decrease of the VDOP does not bring an improvement of the 

positioning errors in the up direction. This is because the residual GLONASS ranging 

errors have a greater effect in the vertical component after GLONASS observations are 

introduced. Longer time needed to reach a convergence value for the vertical component 

even after adding GLONASS observations is due to relatively poorer satellite geometry 

in the up direction as seen in Figure 5-6. 

 

Figure 5-6 Satellite Number Used and DOP 

 

Figure 5-7 displays the residuals of the ionosphere-free code and carrier phase 

observations at a certain epoch. The elevation angles of the satellites observed in Figure 

5-7 can be found in Figure 5-8. The residuals of the code observations are in the unit of 

metres, while the residuals of the carrier phase observations are expressed in the unit of 

decimetres. The GPS satellites are numbered from 1 to 32, while GLONASS satellites 
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have the number from 38 to 61. At this epoch, observations from seven GPS satellites 

and five GLONASS satellites are processed. It is clear that the maximum code 

observation residual comes from the GPS satellite of PRN 32. This is because of the 

lower elevation of this satellite, as can be seen from Figure 5-8. Normally, the 

observations from low elevation satellites have comparatively larger residuals due to 

greater effect of remaining observation errors like the atmospheric delay, multipath, and 

measurement noise. It is observed that GLONASS phase observations have larger 

residuals than the GPS phase observations at this epoch, which is due to the relatively 

lower accuracy of the GLONASS precise orbit and clock products. 

 

 

Figure 5-7 Observation Residuals at a Certain Epoch 
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Figure 5-8 Satellite Sky Plot at a Certain Epoch 

 

Figures 5-9 and 5-10 show the residuals of ionosphere-free code and phase 

observations for all satellites in the combined GPS/GLONASS processing during the 

entire test period, respectively. As mentioned above, the satellites with the lower 

elevations usually have the larger residuals and therefore an elevation dependent weight 

strategy has been utilized in the implementation of the Kalman filter. Consequently the 

larger residuals caused by observations with lower elevation angles will not cause a big 

impact on the positioning results. However this is not always true that observations with 

larger residuals come from the low elevation satellites since the large residuals may be 

caused by other error sources such as the residual satellite orbit and clock errors. 

Therefore analyzing the residuals to assess the quality of ranging measurements should 

be conducted after some error corrections have been applied. 
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Figure 5-9 Code Observation Residuals in GPS/GLONASS Processing 

 

In Figures 5-9 and 5-10, the observations from an average of seven GPS satellites 

and five GLONASS satellites are used in the combined GPS/GLONASS processing. The 

GPS code observation residuals range from -6 to 6 m while the GLONASS code 

observation residuals have a variation range from -5 to 4 m. Similarly to the code 

observation residuals, the GLONASS phase observation residuals have a smaller varying 

range than the GPS phase observation residuals. Despite this, we could not conclude that 

GLONASS observations have smaller residual errors since the residuals are dependent on 

the satellite elevation angles. To further analyze the observation residuals, we examine 

the relationship of the observation residuals and the satellite elevation. The code 
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observation residuals in Figure 5-9 and the phase observation residuals in Figure 5-10 

are re-plotted against the satellite elevation in Figure 5-11 and 5-12, respectively. The 

elevation angles of GPS and GLONASS satellites involved in the processing are shown 

in Figure 5-13. 
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Figure 5-10 Phase Observation Residuals in GPS/GLONASS Processing 

 

As expected, GPS residuals decrease with increasing elevation angles but the 

elevation dependence of the GLONASS residuals is not significant, which confirms that 

the residual elevation-independent errors such as satellite orbit and clock errors are 

dominant in all GLONASS residual errors.  
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Figure 5-11 Elevation Dependence of Code Observation Residuals  

 

The code residual plot (see Figure 5-11) indicates that the GLONASS code 

observations have larger residuals than the GPS code observations. This is caused by the 

lower accuracy of the GLONASS code measurements as well as the satellite orbit and 

clock corrections. To reduce their effect on the positioning results, the GLONASS code 

observations are assigned a smaller weight in the data processing. The phase residual plot 

(see Figure 5-12) also indicates that GLONASS phase observations have slightly larger 

residuals than GPS phase observations, which is especially obvious when the elevation 

angles are located between 50 and 60 degrees. RMS values of code and phase 

observation residuals in each elevation bin are calculated and the results are presented in 
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Table 5-3. It is noticed that GLONASS code observation residuals are approximately 

1.8 times larger than GPS code observations residuals when satellite elevations are over 

30 degrees in terms of an average of RMS value. The slightly larger GLONASS phase 

observation residuals can also be found in this table. This demonstrates that the accuracy 

of the GLONASS precise satellite orbit and clock corrections really has a large influence 

on the GLONASS observation residuals. In comparison with the influence on the code 

observations, the influence of the residual satellite orbit and clock errors on the phase 

observations is smaller, because the systematic part of these errors is completely 

absorbed by the carrier-phase ambiguity parameters. 
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Figure 5-12 Elevation Dependence of Phase Observation Residuals  
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Table 5-3 RMS Statistics of Observation Residuals in Each Elevation Bin (m) 

 
 

10º-20º 20º-30º 30º-40º 40º-50º 50º-60º 60º-70º 70º-80º 80º-90º 

GPS 
Code 

2.178 1.404 0.746 0.463 0.355 0.283 0.266 0.170 

GLO 
Code 

1.280 1.109 1.002 0.837 0.908 0.720 0.344 --- 

GPS 
Phase 

0.036 0.037 0.026 0.034 0.027 0.018 0.016 0.018 

GLO 
Phase 

0.029 0.036 0.035 0.031 0.032 0.018 0.023 --- 
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Figure 5-13 Satellite Elevation Angles in GPS/GLONASS Processing 

 

The larger remaining errors in the GLONASS code and phase observations will 

cause a side effect for the combined use of GPS and GLONASS in the precise point 

positioning if the stochastic information of observations could not be given properly. On 
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the other hand, adding the GLONASS observations can improve the satellite geometry 

(see Figure 5-6), which will contribute to enhancing the positioning accuracy as well as 

reducing the convergence time in PPP.  

Shown in Figure 5-14 is the ambiguity estimates for both GPS and GLONASS 

satellites during the entire combined GPS/GLONASS processing. Different colors and 

symbols represent the ambiguity estimates from different satellites. Since the ambiguities 

have lost their natural integer characteristics after constructing ionosphere-free 

observation combinations, they are estimated as float values. Comparing Figure 5-5 and 

5-14, it is clearly observed that the ambiguities take a slightly shorter time to reach stable 

values than the position parameters. 
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Figure 5-14 Ambiguity Estimates in GPS/GLONASS Processing 
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In addition to the position determination, PPP can also output receiver clock 

offset solutions which have the potential to support precise timing applications. The 

estimated receiver clock offsets in the combined GPS/GLONASS processing are 

presented in Figure 5-15. The receiver clock offset estimates are very stable with small 

variations during the two-hour processing, depending on the stability of the receiver 

clock. 
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Figure 5-15 Receiver Clock Offset Estimates 

 

0:00 0:30 1:00 1:30 2:00
-0.2

0

0.2

0.4

0.6

Z
e

n
it

h
 W

e
t 

T
ro

p
. 

D
e

la
y

 (
m

)

GPS Time (HH:MM)  

Figure 5-16 Zenith Wet Tropospheric Delay Estimates 
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Presented in Figure 5-16 is the estimated zenith wet tropospheric delay (ZWD). 

As the wet tropospheric delay changes with time and space, it is estimated as an unknown 

parameter in the PPP model. The ZWD varies from 10 cm to 4 cm during the period of 

two hours. This PPP method that is capable of estimating the ZWD may be applied to the 

numerical weather prediction. 

The estimated system time difference between GPS and GLONASS is presented 

in Figure 5-17. The system time difference varies in a range of about 1.5 ns over the two 

hours, which partially reflects the accuracy of the GLONASS system time scale. The 

larger variation in the beginning is due to the position convergence process. The obtained 

system time difference from the PPP model includes not only the real time difference 

between GPS and GLONASS system times but also the receiver inter-system hardware 

delay. Since they can’t be separated from each other, the obtained estimate is therefore a 

sum of the real system time difference and the receiver inter-system hardware delay. 

Therefore, the estimated system time difference, which is quite dependent on the receiver 

used, is only an approximation value to the real system time difference. The further 

investigation to the system time difference is carried out in the next chapter. 
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Figure 5-17 Estimated GPS-GLONASS System Time Difference 
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5.4 Performance Comparison between GPS-only and GPS/GLONASS PPP 

The PPP performance is usually assessed through the converged positioning 

accuracy and the corresponding convergence time. The positioning accuracy may be 

measured by the mean, standard deviation (STD) and root-mean-square (RMS) of the 

position errors, which reflect how different the position estimate is from its true 

coordinate. The convergence time shows how long it takes a position filter to reach a 

stable condition. 

To compare the performance between the GPS-only PPP and the combined 

GPS/GLONASS PPP, a total of 36 two-hour datasets from six stations were processed. 

For each station, a total 12-hour dataset is processed separately in six sessions. To 

analyze the positioning accuracy, the positioning errors are obtained by comparing the 

positioning results of PPP and the true station coordinate components in east, north and 

up directions. Afterwards the RMS value, which is a statistic result of the positioning 

errors, is then calculated in each session using the samples of the last one hour. To define 

the convergence time, different users may adopt a different criterion, which depends on 

what accuracy is required. In this section, the convergence time is defined when the 

coordinate error is smaller than 10 cm, and is described in the unit of epochs with an 

epoch interval of 30 seconds. 
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Figure 5-18 Processing Results at CONZ 
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Figure 5-19 Processing Results at RCMN 
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Figure 5-20 Processing Results at UNBJ 
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Figures 5-18 to 5-20 show the processing results of three stations in six 

sessions, including the positioning errors in east, north and up directions with respect to 

the true station coordinates obtained from the CODE analysis center. The processing 

results of the other three stations are given in Appendix A. The red curves represent the 

results of the GPS-only processing, while the blue curves represent the GPS/GLONASS 

processing results. As can be seen from these plots, half an hour or longer time is needed 

for the position filter to reach a stable value. This is especially true for the GPS-only 

processing. After adding GLONASS observations, a significant improvement on the 

convergence time can be clearly observed in some plots, such as the third subplot at 

CONZ, the first subplot at RCMN, and the third subplot at UNBJ. A further analysis on 

the positioning results is carried out in the following. 

Figures 5-21 to 5-23 display the RMS of the positioning errors in east, north and 

up directions of all the 36 samples. The absolute positioning errors in the last one hour of 

each session are used to calculate the RMS. As can be seen from the three figures, the 

combined GPS and GLONASS PPP can achieve a better converged positioning accuracy 

in east, north and up directions than the GPS-only PPP in most cases. The improvement 

of positioning accuracy in the horizontal coordinate components is more significant than 

that in the vertical component. An average RMS of 36 samples is calculated and the 

results are given in Table 5-4. The improvement ratios of the converged positioning 

accuracy are 40%, 28%, and 24% for the east, north, and up coordinate components, 

respectively.  

A few exceptions such as the east RMS in the 27th and 31st samples, the north 

RMS in the 10th and 28th samples, and the up RMS in the 15th and 23rd samples are the 
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positioning results with a degraded accuracy caused by the introduction of GLONASS 

data. This degradation of the positioning accuracy reaches up to 4.7 cm in the east 

component and 7.0 cm in the up component. The residuals inspection of these stations 

shows that the degradation of the RMS is caused by the relatively larger GLONASS 

phase observation residuals. The main reason causing the larger GLONASS observation 

residuals is because of the lower short-term stability of some older GLONASS-M cesium 

clocks. With more operational new GLONASS satellites, the old GLONASS satellites 

will be decommissioned gradually.  The combined use of GPS and GLONASS will be 

able to achieve better performance. 

0.000

0.050

0.100

0.150

0.200

0.250

0.300

0.350

1 6 11 16 21 26 31 36

Dataset

R
M

S
 (

m
)

GPS Only

GPS/GLONASS

 

Figure 5-21 RMS Statistics of East Position Errors of 36 Samples 
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Figure 5-22 RMS Statistics of North Position Errors of 36 Samples 
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Figure 5-23 RMS Statistics of Height Errors of 36 Samples 

 

Table 5-4 Average RMS of 36 Samples (m) 

 GPS Only GPS/GLONASS Improvement Ratio 

East 0.082 0.049 40 % 

North 0.029 0.021 28 % 

Up 0.102 0.078 24 % 

 
Figures 5-24 to 5-26 show the convergence time for all the 36 samples in east, 

north, and up directions. The convergence time is expressed in the unit of epochs and 

defined when the position filter reaches a stable condition with a 10 cm position error. 
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The improvement of the convergence time is significant in most cases in east, north, 

and up directions for GPS/GLONASS PPP. An average convergence time of 36 samples 

is calculated and the results are provided in Table 5-5. The improvement ratios on the 

convergence time are 21%, 24%, and 19% for the east, north, and up coordinate 

components, respectively. Similarly to the position accuracy, a few exceptions with 

slightly longer convergence time can be found after adding GLONASS data. However, 

the decrease of the convergence time is obvious in most samples, although the 

GLONASS constellation is still incomplete. A further reduction of the convergence time 

may be expected when more GLONASS satellites are operational. 
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Figure 5-24 Convergence Time in East Component of 36 Samples 
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Figure 5-25 Convergence Time in North Component of 36 Samples 
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Figure 5-26 Convergence Time in Height Component of 36 Samples 

 

Table 5-5 Average Convergence Time of 36 Samples (Epochs) 

 GPS Only GPS/GLONASS Improvement Ratio 

East 114 90 21 % 

North 62 47 24 % 

Up 155 125 19 % 

 

5.5 Kinematic Positioning Results and Analysis 

To assess the performance of the precise point positioning in the kinematic mode, 

a kinematic experiment was carried out and the kinematic positioning results and their 

analysis are presented in this section. 

 

5.5.1 Data Description 

A land vehicle equipped with the NovAtel’s ProPak-V3 dual-frequency 

GPS/GLONASS receiver was operated as a roving station for about 42 minutes in an 

open sky area near the University of Calgary on May 6, 2009. The installation of the 

experimental equipment can be seen in Figure 5-27.  
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                Figure 5-27 Equipments in the Kinematic GPS/GLONASS Experiment   

 

The experimental data has a sampling rate of 1 second and cut off angle of 5 

degrees. An initial 30 minutes static observation was made in the entire kinematic test. A 

base station with known coordinates was installed on the roof of the Engineering 

Building of The University of Calgary and the software package GrafNavTM capable of 

computing the differential position coordinates was used to obtain the reference 

coordinates of the roving station.  
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Figure 5-28 Trajectory Plotted with P
3
 Software Package 

 

 

Figure 5-29 Trajectory Produced by GrafNav
TM

 Software Package 
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In the PPP processing, the Random Walk (RW) process was used to model 

the dynamics of the vehicle and the spectral density of 102 m2 /sec was used for the 

horizontal and vertical coordinate parameters of the rover station. The spectral density of 

the zenith wet tropospheric delay is set to 10-9 m2 /sec while the spectral density values of 

105 m2 /sec and 10-7 m2 /sec are used for the receiver clock and system time difference 

parameters, respectively (PMIS, 2005). The mask elevation angle was set to 15 degrees in 

the processing. Figures 5-28 and 5-29 produced from the P3 software package and 

GrafNavTM software package, respectively, show the trajectory of the kinematic test.  

 

5.5.2 Positioning Results and Discussion 

The final IAC precise GPS/GLONASS satellite orbit data was used in this test 

with sampling intervals of 15 minutes. Since the 30-second precise GPS/GLONASS 

clock product is unavailable, the final IAC precise clock product with 5-minute intervals 

was used to estimate the position of the rover station. As some float solutions occurred in 

the differential processing with the GrafNavTM software package, the differential 

positioning results with fixed integer Double Difference (DD) ambiguities and the 

positioning precision better than 10 cm were chosen as the benchmark of the PPP 

solutions.  
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Figure 5-30 PPP Positioning Errors with Respect to Differential Solutions 

 

Figure 5-31 Satellite Number Used and PDOP in the Kinematic Test 
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Figure 5-30 shows the difference between the PPP solutions and DD solutions 

in the east, north and up directions, including the static initialization process of the first 

1800 epochs. Figure 5-31 indicates the number of the satellites used in the entire PPP 

processing and PDOP values. Observations from an average of 4.3 GLONASS satellites 

and 6.8 GPS satellites are used in the combined GPS/GLONASS processing. Compared 

with the GPS PPP solutions, the positioning results of the combined GPS/GLONASS 

PPP are closer to the DD solutions in the east direction. For the vertical component, a 

fluctuation of the positioning errors is observed for both GPS and GPS/GLONASS cases. 

Longer time is needed for the position filter in the up direction to reach a stable value. 

In order to look at the positioning errors in more detail under the kinematic mode, 

the kinematic processing results shown in Figure 5-30 are given in Figures 5-32 with a 

larger scale. It can be clearly observed that the combined GPS/GLONASS positioning 

errors remain more stable and closer to the central line in the horizontal components. This 

reflects a faster convergence as well as higher positioning accuracy achieved by the 

GPS/GLONASS kinematic precise point positioning.  

Given in Table 5-6 are the RMS statistical results of the PPP positioning errors 

from 1800 to 2500 epochs, which represents the kinematic positioning accuracy of PPP. 

The position results of the combined GPS and GLONASS PPP have RMS values of 

0.161, 0.056, and 0.357 m in the east, north, and up directions, respectively. The 

improvement of the positioning accuracy reaches approximate 60% in the horizontal 

components and 36% in the vertical component after adding GLONASS observations in 

terms of the RMS statistics.  

 



 

 

106 

-1

0

1

E
a
s
t 

(m
)

 

 

GPS

GPS/GLONASS

-1

0

1

N
o
rt

h
 (

m
)

1800 1900 2000 2100 2200 2300 2400 2500
-1

0

1

U
p
 (

m
)

Epochs
 

Figure 5-32 Kinematic PPP Positioning Errors 

 

Table 5-6 RMS Statistics of Kinematic PPP Positioning Errors (m) 

 GPS Only GPS / GLONASS Improvement Ratio 

East -0.010 0.038 -- 

North -0.076 -0.046 39% MEAN 

Up 0.261 0.219 16% 

East 0.395 0.156 61% 

North 0.118 0.033 72% STD 

Up 0.492 0.281 43% 

East 0.396 0.161 59% 

North 0.140 0.056 60% RMS 

Up 0.557 0.357 36% 

 

Although the positioning accuracy is improved after adding GLONASS 

observations, the position filters have not reached stable values during the period of about 

42 minutes, especially for the vertical component. This is because the 5-minute satellite 

clock data is used in the computation because the combined GPS/GLONASS clock 



 

 

107 

products with shorter sampling interval are currently not available. It is well known 

that the quality of the precise satellite orbit and clock products has a large impact on the 

position results. To examine the influence of the satellite orbit and clock products, 

different GPS precise orbit and clock products with different sampling intervals are 

chosen to estimate the position of the rover station. 

The precise GPS satellite orbit and 5-minute clock products from IAC and IGS 

are used to compare the positioning results. The processing results are presented in Figure 

5-33 where the positioning errors are obtained through comparing the PPP solutions with 

DD solutions. No significant difference is found using the satellite orbit and clock data 

from IAC and IGS. To investigate the effect of the precise satellite clock data with 

different sampling intervals, 30-second clock corrections from IGS and 5-second clock 

corrections from CODE are used to compare the positioning results with 5-minute clock 

data. The comparison results are given in Figure 5-34 and the RMS statistics of the 

positioning errors in the last 100 epochs are shown in Table 5-7. 

The positioning results using 30-second clock data and 5-second clock data are 

very close, while they are quite different from the processing results using the clock 

corrections with the sampling intervals of 5 minutes in terms of the changing trend of the 

position errors.  According to the RMS statistical results given in Table 5-7, the position 

filters can converge to a centimetre level and remain a stable value if 30-second or 5-

second satellite clock products are used, which reflects that the positioning accuracy that 

PPP can achieve is quite dependent on the satellite clock products. This is because a 

mathematical interpolation algorithm is used to obtain the clock corrections at the 

observation time. As the interpolation algorithm could not account for the random 
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behaviour of the satellite clocks, the longer interval clock products will result in 

larger observation residuals and positioning errors. According to the investigating results, 

we may expect that higher accuracy positioning results can by achieved by the combined 

GPS and GLONASS PPP when higher-rate GPS/GLONASS satellite clock products 

become available. 
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Figure 5-33 GPS Positioning Errors with Different Orbit and Clock Products 
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Figure 5-34 GPS Positioning Errors with Different Sampling Clock Products 

 

Table 5-7 RMS Statistics of Positioning Errors with Different Clock Products (m) 

 IGS clock 5min IGS clock 30s CODE clock 5s 

East 0.363 -0.043 -0.034 

North 0.070    -0.053 -0.053 MEAN 

Up 0.432 0.108 0.087 

East 0.012 0.007 0.004 

North 0.022   0.010 0.009    STD 

Up 0.038 0.011 0.013 

East 0.364 0.044 0.035    

North 0.074     0.054 0.054 RMS 

Up 0.434 0.108 0.088 
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Chapter Six: Stability Analysis of GPS-GLONASS System Time Difference 

 

6.1 Introduction 

The combination of GPS and GLONASS is able to effectively increase the 

number of visible satellites and therefore improve the availability of positioning solutions 

as well as the positioning accuracy. But for combined GPS/GLONASS processing, two 

receiver clock offsets must be estimated, one with respect to GPS time and the other with 

respect to GLONASS time. This is because an offset exists between GPS and GLONASS 

system times and thus causes a bias between GPS and GLONASS measurements 

(Moudrak, 2005). This system time difference may be obtained by comparing GLONASS 

and GPS receiver clock offsets. Alternatively, the system time difference could be 

estimated directly along with position coordinates. 

System time difference is an important parameter in stand-alone positioning with 

a GPS/GLONASS receiver. Its estimation based on single point positioning (SPP) has 

been reported but only with an accuracy of several tens of nanoseconds (Habrich, 1999; 

Zinoviev, 2005). To obtain a better understanding of this system time difference, the PPP 

method capable of offering a centimetre-level positioning accuracy is applied to estimate 

this system time difference using data from different types of receivers. 

 

6.2 Estimation of System Time Difference 

GLONASS time is generated on a base of GLONASS Central Synchronizer (CS) 

time by means of a set of hydrogen clocks and synchronized to the Russian National 

Etalon time scale UTC (SU) (GLONASS ICD, 2002). In addition to a fractional part less 
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than one millisecond, a constant offset of three hours exists between the UTC (SU) 

and GLONASS time. GPS time is established by the GPS Master Control Station and 

referenced to a UTC (USNO) being maintained by the U.S. Naval Observatory. The GPS 

time differs from the UTC (USNO) because the former is a continuous time scale while 

the latter is corrected periodically with an integer number of leap seconds (GPS ICD, 

2000). Therefore, there is a difference of leap seconds between the GPS and GLONASS 

times. The GLONASS time could be transformed into the GPS time by the following 

equation (Kang et al., 2002):  

gucGLONASStGPSt _____ τττ +++=                            (6.2.1)                              

 where, c_τ  is the time difference between the GLONASS time and the 

UTC(SU); u_τ is the time difference between the UTC(SU) and the UTC; g_τ  is the 

time difference between the UTC and the GPS time. The system time difference is the 

sum of c_τ , u_τ and g_τ  after the number of leap seconds is taken into 

consideration. 

The GPS-GLONASS system time difference may be interpreted as the offset 

between the GPS receiver clock and the GLONASS receiver clock and estimated as an 

unknown parameter along with three coordinate components (Habrich, 1999). 

Alternatively, two receiver clock offsets with respect to the GPS and GLONASS system 

times could be estimated independently whereas the system time difference becomes the 

difference between the two clock offsets. Since the system time difference may be 

expressed as the difference between the GPS and GLONASS receiver clock offsets, its 
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estimate therefore is a function of the estimated GPS and GLONASS receiver clock 

offsets as follows (Cai and Gao, 2008): 
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                                (6.2.2) 

where, gr, represent GLONASS and GPS, respectively; c is the speed of light; dt  is the 

receiver clock offset; sysdt is the system time difference; avgIFb ,  is the average hardware 

delay bias after an ionosphere-free combination. The last term )( ,,
g

avgIF
r

avgIF bb −  in Equation 

(6.2.2) is called the inter-system hardware delay. Since it can’t be separated from the real 

system time difference, the estimated system time difference is only an approximation 

value to the real system time difference. 

 

6.3  Stability of GPS-GLONASS System Time Difference 

An important consideration in the handling of system time difference is its 

stability over time. To obtain a better understanding of its temporal variation, the short-

term stability of the system time difference has been investigated by processing the 

combined GPS/GLONASS data from 30 stations, globally distributed and randomly 

chosen from the IGS tracking network. All stations are equipped with dual-frequency 

GPS/GLONASS receivers. The results included in this section have been presented in 

Cai and Gao (2008). 
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Table 6-1 GPS/GLONASS Stations 

Station Receiver type Antenna type 

ntus LEIAT504GG NONE 

lama LEIAT504GG LEIS 

wtzr AOAD/M_T  NONE 

penc LEIAT504GG LEIS 

wroc LEIAT504GG LEIS 

orid AOAD/M_T  NONE 

rcmn 

LEICA 
GRX1200GGPRO 

LEIAT504GG LEIS 

khaj JPSREGANT_SD_E  NONE 

sofi AOAD/M_T NONE 

ankr TPSCR3_GGD CONE 

reyk TPSCR.G3 TPSH 

ohi3 ASH701941.B SNOW 

lhaz ASH701941.B SNOW 

conz TPSCR3_GGD CONE 

hofn 

TPS E_GGD 

TPSCR3_GGD CONE 

irkj JPSREGANT_SD_E NONE 

hueg TPSCR3_GGD CONE 

dlft JPSREGANT_DD_E 

kour ASH701945C_M 

ffmj TPSCR3_GGD CONE 

leij TRM29659.00 NONE 

sass TPSCR3_GGD CONE 

titz TPSCR3_GGD CONE 

zimj 

JPS LEGACY 

JPSREGANT_SD_E NONE 

onsa AOAD/M_B OSOD 

mar6 AOAD/M_T 

park ASH701945C_M NONE 

ohi2 

JPS E_GGD 

AOAD/M_T DOME 

unbj TPS LEGACY JPSREGANT_DD_E NONE 

glsv NOV OEMV3 NOV702GG NONE 

 

The observation data, collected on June 11, 2008 from the 30 GPS/GLONASS 

stations, are used in the data analysis. The data sampling rate was 30s and the elevation 

mask was set to 10 degrees. The mixed GPS/GLONASS precise satellite orbit and 5-

minute clock data generated by IAC were downloaded from the IAC website. Table 6-1 
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shows the list of stations as well as the receiver and antenna types. There are six 

receiver types among the 30 stations but our analysis mainly focuses on four of them. 

Figure 6-1 shows the estimates of the system time difference for 30 

GPS/GLONASS stations. Different colors represent different types of receivers. As can 

be seen, the estimates from identical receiver types are very close. However, 

discrepancies of up to 170 ns occur between different receiver types. In addition, all 

system time difference estimates remain stable within one day. 

In order to look at the system time difference estimates of different types of 

receivers in more detail, the estimates obtained using different receiver types are given 

separately in Figures 6-2 to 6-5. The temporal variations of the system time difference 

estimates from all LEICA GRX1200GGPRO receivers can be seen in Figure 6-2. The 

estimates for different receiver stations agree with each other within 10 ns except for the 

station ORID. A jump at stations WROC and LAMA occurred due to the change of 

GLONASS satellite number. The system time difference estimates from TPS E_GGD 

receivers are given in Figure 6-3. The estimates vary from receiver to receiver in the 

range of 5 ns to 30 ns. Shown in Figure 6-4 is the estimated system time difference using 

JPS LEGACY receivers. The estimated system time difference has values between 896 to 

944 ns with variations between receivers in the range of 2 to 40 ns. Some small spikes are 

due to the fact that some residual errors still remain during the processing. It is interesting 

to observe that there is a clear grouping associated with each two of four receivers in 

Figure 6-5. The largest discrepancy reaches 40 ns between receivers, which confirms the 

existence of an inter-system hardware delay. 
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Figure 6-1 Estimated System Time Difference for 30 IGS Stations 
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Figure 6-2 Estimated System Time Difference of LEICA GRX1200GGPRO 
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Figure 6-3 Estimated System Time Difference of TPS E_GGD Receivers 
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Figure 6-4 Estimated System Time Difference of JPS LEGACY Receivers 
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Figure 6-5 Estimated System Time Difference of JPS E_GGD Receivers 

 

Table 6-2 demonstrates the statistic value of the system time difference estimates 

for each station. As can be noticed in this table, the maximum mean difference between 

the same types of receivers is around 43 ns, while the maximum mean difference reaches 

174 ns between different types of receivers. This reflects that the inter-system bias 

difference between different types of receivers is larger than that between the same types 

of receivers. The system time difference remains stable in terms of its standard deviation 

and the difference between the maximum and minimum values at each station. A slight 

linear drift however may be seen for almost all stations. 

The estimation results in this section show that the system time difference is very 

stable within one day with a standard deviation of less than 2.5 ns. The system time 

difference estimates are quite dependent on a specific receiver due to the existence of an 

inter-system bias which is caused by hardware delay. This bias makes the maximum 



 

 

118 

estimate discrepancy reach 40 ns between the same types of receivers and 170 ns 

between different types of receivers. 

Table 6-2 Statistics of Estimated System Time Difference (ns) 

Station Mean STD Max Min 

ntus 793.30 1.00 796.18 790.84 

lama 786.78 1.79 789.06 784.13 

wtzr 789.17 1.48 790.93 785.11 

penc 784.46 1.51 786.85 782.15 

wroc 785.24 1.90 787.66 782.35 

orid 813.86 0.77 815.81 812.62 

rcmn 793.84 0.52 795.00 792.04 

khaj 929.44 0.84 931.15 927.59 

sofi 933.08 0.66 934.78 931.40 

ankr 903.90 1.38 906.48 901.92 

reyk 923.46 0.64 924.83 921.10 

ohi3 918.78 0.83 920.26 916.69 

lhaz 924.82 1.59 927.79 922.11 

conz 915.53 1.07 917.14 912.67 

hofn 920.21 0.63 921.76 918.91 

irkj 907.80 0.74 908.99 905.42 

hueg 924.59 0.93 926.50 921.45 

dlft 941.10 2.31 944.10 935.44 

kour 898.22 1.44 901.40 896.00 

ffmj 932.63 1.05 934.96 929.81 

leij 929.40 1.85 931.89 926.65 

sass 919.19 0.74 920.89 916.93 

titz 923.62 0.90 925.48 920.13 

zimj 913.91 0.79 916.06 912.45 

onsa 917.87 1.42 919.78 913.75 

mar6 921.63 1.48 923.60 917.80 

park 952.79 1.52 955.52 950.00 

ohi2 958.69 1.25 960.94 956.36 

unbj 908.71 0.93 913.25 903.02 

glsv 789.09 1.24 791.43 786.90 
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Chapter Seven: Conclusions and Recommendations 

 

The main goal of this research was to investigate the precise point positioning 

(PPP) using both GPS and GLONASS un-differenced code and carrier phase 

observations in addition to their precise satellite orbit and clock data. To meet this goal, 

two combined GPS and GLONASS PPP models, namely combined GPS/GLONASS 

traditional model and combined GPS/GLONASS UofC model, were developed and their 

algorithms were implemented. The combined GPS and GLONASS PPP models include 

not only the functional models but also the stochastic models. The performance of the 

combined GPS and GLONASS PPP has been assessed through a comparison with that of 

the GPS-only PPP in terms of the positioning accuracy and convergence time using static 

data collected from a few IGS stations and kinematic data collected from an experiment. 

Several conclusions from this investigation and recommendations for future research 

have been made and are provided in the following. 

 

7.1 Conclusions 

1) GLONASS is a counterpart to the GPS in terms of its constellation characteristics 

and positioning principle. However, GLONASS adopts a different time system 

and a different coordinate reference. In addition, each satellite transmits signals 

on a different frequency using originally a 25-channel frequency division 

multiple access (FDMA) technique. These will bring difficulties to a combined 

use of GPS and GLONASS. As the same coordinate frame is used in the 

combined GPS/GLONASS precise satellite orbit products, the difference 
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between GPS and GLONASS coordinate systems does not need to be 

considered in PPP but the difference of the time reference and signal frequency 

must be taken into account.  

 

2) GLONASS is on the way to revitalization and modernization. So far there have 

been 20 GLONASS satellites in orbit and a full constellation of 24 satellites will 

be reached by 2010. In addition, the precise GLONASS satellite orbit and clock 

products have been available from IAC. The availability of sufficient visible 

GLONASS satellites and precise orbit and clock data provides a basis for 

developing the combined GPS and GLONASS PPP technique. 

 

3) In PPP, the error mitigation methods play a vital role to provide decimetre to 

centimetre position accuracies. Although GLONASS may adopt the same error 

correction models and mitigating methods as GPS for almost all error sources, 

some errors need to be specially treated for GLONASS such as the satellite 

antenna phase center offset and frequency dependent error sources. 

 

4) Since the existing GPS precise point positioning models can’t be directly used to 

process the combined GPS/GLONASS observation data, the combined GPS and 

GLONASS PPP models have been developed in this research. Similarly to the 

GPS PPP models, the combined GPS and GLONASS PPP models include the 

combined GPS/GLONASS traditional and UofC models, which are established 

on the ionosphere-free observation combinations. Due to a different system time 
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adopted by GLONASS, an additional unknown parameter referred to as the 

system time difference has to be introduced in the combined GPS and 

GLONASS PPP models.  

 

5) In addition to the functional models, the corresponding stochastic models have 

also been developed for the combined GPS and GLONASS PPP, which include 

the stochastic models of measurements and parameters. The stochastic model of 

measurements can be obtained through applying the rule of error propagation. 

For unknown parameters, the position coordinates, zenith wet tropospheric delay, 

receiver clock and system time difference are modeled as Random Walk 

processes, while the ambiguity parameters are treated as constants. 

 

6) Numerical computation was carried out with the combined GPS/GLONASS 

traditional model using data collected at IGS stations. The specific processing 

detail was provided to help analyze the positioning results. The investigation 

results show that the GLONASS ionosphere-free code observation residuals are 

about 1.8 times larger than GPS ionosphere-free code observation residuals when 

satellite elevation angles are over 30 degrees, while the GLONASS phase 

observations have slightly larger residuals than the GPS phase observations. This 

is mainly caused by the lower accuracy of GLONASS precise orbit and clock 

corrections. 
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7) To assess the performance of the combined GPS and GLONASS PPP model, 

the static data collected at six globally distributed IGS stations was used to carry 

out the numerical computation. Numerical results indicate that the combined 

GPS and GLONASS PPP system has a significant improvement on the position 

accuracy as well as convergence time when compared with GPS-only PPP 

according to the statistic results from 36 samples. The improvement ratios of the 

positioning accuracy are 40%, 28%, and 24% and the improvement ratios of the 

corresponding convergence time are 21%, 24%, and 19% for the east, north, and 

up coordinate components, respectively. 

 

8) A kinematic experiment was carried out to assess the performance of the 

combined GPS and GLONASS PPP in a kinematic mode. The differential 

positioning technique was used to produce reference coordinates. The experiment 

results show that the positioning accuracy has more than 50% improvement for 

the horizontal components and over 30% improvement for the vertical 

component after adding GLONASS data, although the GLONASS constellation 

is incomplete. 

 

9) With more visible GLONASS satellites and the improved GLONASS precise 

satellite orbit and clock products in the future, the combined GPS and 

GLONASS PPP will be expected to achieve better performance in terms of the 

converged positioning accuracy and convergence time of position filters. 
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10) System time difference is an important parameter for stand-alone positioning 

with a GPS/GLONASS receiver. It has to been taken into account in the 

combined GPS and GLONASS PPP due to the difference between GPS and 

GLONASS system times. To obtain a better understanding of this system time 

offset, the GPS-GLONASS system time difference was investigated using the 

data from various types of receivers. The investigation results show that the 

system time difference remains very stable within one day and its estimates are 

quite dependent on a specific receiver due to the existence of an inter-system bias 

caused by hardware delay. 

 

7.2 Recommendations for Future Work 

For further research in the future, the following recommendations can be made. 

1) With the emergence of GPS real-time precise orbit and clock products from 

several organizations, real-time PPP using GPS-only observations has been 

developed. Similarly to GPS, the GLONASS real-time orbit and clock data will 

be expected to be available in the future. The combined GPS and GLONASS 

PPP should be further developed to support real-time applications. 

 

2) Currently four organizations can provide GLONASS precise satellite orbit 

products and two data analysis centers can provide GLONASS precise satellite 

clock data. The accuracy of these products should be assessed and their impact 

on the combined GPS and GLONASS PPP should be analyzed. 
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3) With more and more available GLONASS satellites, the precise point 

positioning using only GLONASS observations may be implemented in the near 

future. Its performance should be assessed and analyzed with a comparison to 

the GPS-only PPP and the combined GPS/GLONASS PPP. 

 

4) With the availability of Galileo signals in the future, the integration between 

GPS and Galileo, and the integration among GPS, GLONASS and Galileo will 

be possible to be applied for precise point positioning. The model and algorithm 

of the combined satellite systems for PPP applications may be studied in 

advance using the simulated data.  

 

5) The performance of the combined GPS and GLONASS PPP needs to be further 

assessed when more visible GLONASS satellites can be observed and the 

quality of GLONASS precise satellite orbit and clock products is improved in 

the future. 
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Appendix A Processing Results of PPP at IGS Stations 

 

 

 

Figure A-1 Processing Results at ANKR 
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Figure A-2 Processing Results at LHAZ 
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Figure A-3 Processing Results at NTUS 
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Appendix B Tropospheric Mapping Functions 

 

The mapping functions can be used to transform or map the zenith tropospheric 

delay to the delay at an arbitrary elevation angle. Many mapping functions have been 

developed in the past forty years. Table B-1 is a list of some tropospheric mapping 

functions, which have been tested by Mendes and Langley to determine their effects at 

low elevation angles. The functions BL, BE, HM, ST, and YI are based on the Hopfield 

model and the functions CH, DA, HE, IF, MM, and NI are based on the Marini continued 

fraction form (Bisnath et al., 1997). 

Table B-1 Tropospheric Mapping Functions 

(Mendes and Langley, 1994) 

Mapping Function Year developed ID 

Baby et al. 1988 BB 

Black 1978 BL 

Black and Eisner 1984 BE 

Chao 1972 CH 

Davis et al. 1985 DA 

Goad and Goodman 1974 GG 

Herring 1992 HE 

Moffett 1973 HM 

Ifadis 1986 IF 

Lanyi 1984 LA 

Marini and Murray 1973 MM 

Niell 1993, 1994 NI 

Saastamoinen 1973 SA 

Santerre 1987 ST 

Yionoulis 1970 YI 

 

Marini & Murray Mapping Function 

The Marini & Murray mapping function maps total tropospheric delay, which is 

based on the Saastamoinen model (Marini and Murray, 1973): 
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ϕ  and 0h  are station latitude and orthometric height (km); 0P  is the pressure at the 

observed station in millibars; T  is temperature at the tracking station; 0e  is the water 

vapor pressure. The Marini & Murray mapping function is considered to be valid when 

an elevation angle is greater than 10°. 

 

Herring Mapping Function 

The Herring Mapping Function was first applied in 1992. Its equation is given in 

the following (Herring, 1992): 
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where ,,ba and c may be estimated through the least-squares of )(Em  to ray traces of 

idealized temperature and humidity profiles. Their values are linearly dependent on the 

surface temperature, the cosine of the station latitude and the station height. 

 

Chao Mapping Function 

Chao (1974) proposed a tropospheric mapping function which was applied for 

radio tracking corrections of the Mariner Mars spacecraft. Wet and dry component 

mapping functions are obtained by empirical fitting to an average refractivity profile 

acquired from two-year radiosonde data. The mapping functions of the dry and wet 

components are given below: 
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where 00143.0=ha , 0445.0=hb , 00035.0=wa ,and 0170.0=wb . Chao’s dry mapping 

function has an accuracy of 1% down to 1° with respect to the ray trace of the annual 

average refractivity profiles while the wet mapping function was accurate enough for 

space geodetic measurements (Niell, 1996). 

 

Davis Mapping Function 
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Davis et al (1985) modified the Chao’s mapping function by adding a fraction 

of the sine term in order to improve the accuracy at low elevation angles. The Davis 

mapping function is written as: 
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In the above equations, tH  is the height of the tropopause (km); α is the tropospheric 

temperature lapse rate value; 0P  is the pressure at the observed station in millibars; 0T  is 

temperature at the tracking station; 0e  is the water vapor pressure. 
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