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Table 5.4: Wavelet global fixed thresholding versus wavelet full matrix solution for 
the vertical component of the deflection of the vertical 

Hard thresholding Full 
matrix 

Global 
Eq. (3.41) 
or (3.42)

(a) (b) (c) (d) 

Thresholding value - 7.2×10-13 7.2×10-12 7.2×10-11 7.2×10-10 7.2×10-9 

Storage (MB) 186 46 40 21 12 8 

RMSE (arc-second) - 0.000 0.001 0.01 0.07 0.48 

No. of elements 26190775 6270318 4897127 2306605 1196875 686440 

Comp% 0% 76% 81.5% 91% 95.5% 97.5% 
 

 

 

5.2.4 Level/direction-wise thresholding solution 

The four cases, (a), (b), (c), and (d), which are shown in Table 5.4, are modified 

using a combination of different thresholding values in each direction and at each level. 

The main aim behind the level/direction-wise algorithm is to reach the maximum 

compression level with less than a 0.5 arc-second RMSE. For the first three cases (a), (b), 

and (c), combinations of different thresholding values are applied, as shown in Table 5.5, 

Table 5.6, and Table 5.7. The compression level of global thresholding case (a) is 

improved from 81.5% to 92.2% with an insignificant (0.005 arc-second RMSE) loss in 

accuracy (Table 5.5). The global thresholding case (b) compression level is improved 

from 91% to 95.5% with an RMSE equal to 0.03 arc-second (Table 5.6). 

 In the case of the global thresholding case (d), level/direction-wise thresholding 

is used to improve the accuracy while maintaining the same high compression level. A 

small improvement in the accuracy is achieved: the RMSE is decreased from 0.49 to 0.38 

arc-second (Table 5.8). The compression level is also slightly decreased from 97.5% to 

97.1%. Consequently, there is a 23% gain in the accuracy with a 0.4% loss in the 

compression level.  
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Table 5.5: Level/direction-wise for case (a) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 7.2×10-11 7.2×10-11 7.2×10-11 
Level 2 7.2×10-11 7.2×10-11 7.2×10-11 
Level 3 7.2×10-12 7.2×10-11 7.2×10-12 
Level 4 7.2×10-12 7.2×10-11 7.2×10-12 

RMSE (arc-second) 0.006 
Comp. % 92.2% 

Storage (MB) 9.4 
 

Table 5.6: Level/direction-wise for case (b) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 7.2×10-10 7.2×10-10 7.2×10-10 
Level 2 7.2×10-10 7.2×10-10 7.2×10-10 
Level 3 7.2×10-11 7.2×10-10 7.2×10-11 
Level 4 7.2×10-11 7.2×10-10 7.2×10-11 

RMSE (arc-second) 0.03 
Comp. % 95.5% 

Storage (MB) 9.4 
 

Table 5.7: Level/direction-wise for case (c) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 7.2×10-10 7.2×10-9 7.2×10-10 
Level 2 7.2×10-10 7.2×10-10 7.2×10-10 
Level 3 7.2×10-10 7.2×10-10 7.2×10-10 
Level 4 7.2×10-10 7.2×10-10 7.2×10-10 

RMSE (arc-second) 0.07 
Comp. % 96.4% 

Storage (MB) 9.4 
 

Table 5.8: Level/direction-wise for case (d) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 7.2×10-9 7.2×10-8 7.2×10-9 
Level 2 7.2×10-10 7.2×10-8 7.2×10-10 
Level 3 7.2×10-10 7.2×10-9 7.2×10-10 
Level 4 7.2×10-10 7.2×10-9 7.2×10-10 

RMSE (arc-second) 0.38 
Comp. % 97.1% 

Storage (MB) 9.4 
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Figure 5.20: Global fixed thresholding versus level/direction-wise thresholding for 

the Vening Meinesz integral (vertical component) 

 

The comparison between the global thresholding cases and level direction-wise 

thresholding are summarized in Figure 5.20. Again, it can be seen that the intersection 

between the two curves is close to the optimum compression level and accuracy. 

As a concluding remark, the high thresholding values can be applied to the first 

and second levels of decomposition at the diagonal direction. These values are five orders 

of magnitude higher than the value obtained from Equation (3.41) or (3.42). In the other 

directions and levels, the thresholding values are chosen with values equal to two or three 

higher orders of magnitude than the one obtained from the empirical equations.  

 

5.3 Evaluation of the terrain correction integral 

The terrain correction integral was also evaluated using wavelet techniques; 

Equations (2.22) to (2.25) are used in this study. The methodology of investigation 

introduced in Section 3.6 is followed to evaluate the integral by the wavelet full matrix 

solution, wavelet global thresholding, and level/direction-wise thresholding. 
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5.3.1 Data and wavelet used 

The data used is a set of point heights (Figure 5.21), on a 56×36 grid with 1 km × 

1 km spacing. The area is of very rough terrain; the statistics of the data heights are 

shown in Table 5.9. Again, the Daubechies wavelet with four vanishing moments is used.  
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Figure 5.21: Point heights (m) 
 

Table 5.9: Height statistics 

Max. (m) Min. (m) Mean (m) σ (m) 

3395 1204 2115.08 2143.91 

 

 

5.3.2 Wavelet full matrix solution 

The design matrix A is formed from the wavelet coefficients of the terrain 

correction kernels at different computational points. The wavelet solution is shown in 

Figure 5.22. The wavelet full matrix solution is compared with the numerical integration 

solution (Figure 5.23). These two solutions are practically identical with an RMSE equal 

to 0.000 mGal. 
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Figure 5.22: Wavelet full matrix solution of the terrain correction integral 
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5.3.3 Wavelet global fixed thresholding solution 

For the terrain correction integral with 1 km by 1 km spacing kernel, the threshold 

value estimated from Equations (3.41) or (3.42) is 6.7×10-7. The solution at 70% 

compression level is numerically identical to the numerical integration approach; see 

Figure 5.24. This value is used as reference for other larger thresholding values. Six other 

different thresholding values are globally tested to reach the maximum compression level 

with an acceptable RMSE in comparison to numerical integration: the target accuracy is 

0.1 mGal. 

In Table 5.10 and Figure 5.25, the design matrix A became sparser with the 

increase of the thresholding value by one order of magnitude (6.7×10-6, 6.7×10-5,    

6.7×10-4, 6.7×10-3, 6.7×10-2 and 6.7×10-1) until the maximum compression level was 

achieved. From Table 5.10 and Figure 5.26, the maximum compression level achieved by 

the global thresholding method within the range of the target accuracy is 93% with 

RMSE of 0.13 mGal (case (d)). For the thresholding values in cases (e) and (f), higher 

compression levels are achieved but with a huge degradation in the accuracy (1.42 and 

9.56 mGal). 

 

5.3.4 Level/direction-wise thresholding solution 

In this subsection, an improvement is made to the six global thresholding cases, 

which were introduced in Subsection 5.3.3. The improvement is for both the compression 

levels and the accuracy. Three examples illustrate the efficiency of this algorithm. Case 

(c) is an example of improving the compression level without a significant loss of 

accuracy. Cases (e) and (f) are examples of improving the accuracy with a small decrease 

in the compression level. 

For global thresholding case (c), the combination in Table 5.11 leads to a 3.4% 

gain in compression level with no significant loss in accuracy (0.09 mGal). The accuracy 

is still in the range of the target accuracy, which is 0.1 mGal RMS. For global 

thresholding cases (e) and (f), the target is to improve the accuracy by the level/direction-

wise thresholding technique. In case (e), the RMS accuracy improved from 1.42 mGal to 
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0.21 mGal (85% improvement) with a 1.5% loss in the compression level; see Table 5.12. 

Another example can be seen in Table 5.13; although the accuracy does not meet the 

target accuracy, the example illustrates the effectiveness of the level/direction-wise 

algorithm. For case (f), a combination of three values improved the accuracy from 9.56 

mGal to 1.35 mGal (85% improvement), with a 1.6% loss in the compression level 

(97.7% to 96.1%).  

 

Table 5.10: Wavelet global thresholding solutions versus wavelet full matrix solution 
for the terrain correction integral 

Hard 
thresholding 

Full 
matrix 

Global 
Eq. (3.41) 
or (3.42)

(a) (b) (c) (d) (e) (f) 

Thresholding 
value - 6.7×10-7 6.7×10-6 6.7×10-5 6.7×10-4 6.7×10-3 6.7×10-2 6.7×10-1

Storage (MB) 52 23.5 20.1 12.3 8.4 5.5 3.2 1.8 

RMSE (mGal) - 0.000 0.001 0.01 0.03 0.13 1.42 9.56 
No. of 

elements 6662425 2006028 1713534 1047865 714946 470781 269414 157303

Comp% 0% 70% 75% 84.3% 89.3% 93% 96% 97.7% 
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Figure 5.24: Difference between wavelet global thresholding and numerical 

integration solution for the terrain correction 
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Figure 5.25: A matrix at six thresholding values (6.7×10-6,  6.7×10-5,  6.7×10-4, 
6.7×10-3,  6.7×10-2 and 6.7×10-1); each blue spot represents a nonzero value in the 

terrain correction kernel. 
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Figure 5.27 shows a comparison among the six cases of the global thresholding 

and their modifications using level/direction-wise thresholding. The optimal case is 

almost at the intersection of the two approaches, with a 93% compression level and a 

0.13 mGal RMSE, which is very close to the target accuracy.  

 

Table 5.11: Level/direction-wise for case (c) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 6.7×10-3 6.7×10-3 6.7×10-3 
Level 2 6.7×10-3 6.7×10-3 6.7×10-3 
Level 3 6.7×10-4 6.7×10-3 6.7×10-4 
Level 4 6.7×10-4 6.7×10-3 6.7×10-4 

RMSE (mGal) 0.09 
Comp. % 92.7% 

Storage (MB) 7.2 
 

Table 5.12: Level/direction-wise for case (e) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 6.7×10-2 6.7×10-2 6.7×10-2 
Level 2 6.7×10-3 6.7×10-3 6.7×10-3 
Level 3 6.7×10-3 6.7×10-3 6.7×10-3 
Level 4 6.7×10-3 6.7×10-3 6.7×10-3 

RMSE (mGal) 0.21 
Comp. % 94.5% 

Storage (MB) 4.8 
 

Table 5.13: Level/direction-wise for case (f) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 6.7×10-1 6.7×10-1 6.7×10-1 
Level 2 6.7×10-2 6.7×10-1 6.7×10-2 
Level 3 6.7×10-3 6.7×10-2 6.7×10-3 
Level 4 6.7×10-3 6.7×10-3 6.7×10-3 

RMSE (mGal) 1.35 
Comp. % 96.1% 

Storage (MB) 3.8 
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Figure 5.26: Wavelet global thresholding fixed solution in comparison to numerical 

integration solution for the terrain correction integral 
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Figure 5.27: Global fixed thresholding versus level/direction-wise thresholding for 

the terrain correction integral 
 

5.4 Evaluation of the upward continuation integral 

The main aim of this section is the evaluation of the Poisson integral using the 

new developed wavelet algorithm (Section 3.5). The upward continuation integral is 

evaluated using the wavelet full matrix solution, FFT, and numerical integration. The 

methodology of investigation introduced in Section 3.6 is followed. 

 

5.4.1 Data and wavelet used 

The data are gravity disturbances created from upward continued data for the 

Kananaskis region [Glennie and Schwarz, 1997]. The data is created at two altitudes: 

4370 m and 7288 m. The two sets of data are shown in Figure 5.28. They are on the same 

grid with 30" spacing in the North-South direction and 60” spacing in the East-West 

direction. The data at the 4370 m altitude is upward continued to the 7288 m altitude 

using the Poisson integral. The data at 7288 m is used as reference data for the evaluation 

of the upward continuation integral. The Daubechies wavelet with four vanishing 

moments is used. 
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5.4.2 Wavelet full matrix solution 

The design matrix built from the two-dimensional wavelet transform of the kernel 

is shown in Figure 5.29. The wavelet full matrix solution is obtained using Equation 

(3.61); see Figure 5.30. The difference between the full matrix solution and the reference 

data, shown in Figure 5.31, has an RMSE of 8.525 mGal. The upward continuation 

integral is also solved by both the numerical integration and the FFT approaches. The 

wavelet full matrix, FFT, and the numerical integration solutions are identical; the 

difference between the numerical integration and the wavelet full matrix solution is 

shown in Figure 5.31, with an RMSE equal to zero mGal. 
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Figure 5.28: Gravity disturbances at the Kananaskis region at 4370 m (up) and 7288 

m (down) altitudes. 
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Figure 5.29: Poisson kernels’ A design matrix (unitless) 
 

5.4.3 Wavelet global fixed thresholding solution 

First, the global thresholding value is computed from the Equation (3.41) or 

(3.42). A compression level equal to 76% is achieved (Figure 5.32), with no loss of 

accuracy in comparison to the numerical integration solution (Figure 5.33). Starting with 

the reference thresholding value (6.3×10-8), it is increased four times by an order of 

magnitude (6.3×10-7, 6.3×10-6, 6.3×10-5, and 6.3×10-4); see Table 5.14. The use of higher 

thresholding values (four global cases) leads to a dramatic decrease in the size of the 

matrix, as shown in Figure 5.34. 

The first three cases have RMSE less than the target accuracy (0.1 mGal); see 

Figure 5.35. For case (d), a higher compression level is achieved but with a large 

degradation in the accuracy (0.308 mGal). The degradation occurs because part of the 

main energy of the A matrix is removed. 
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Figure 5.30: Wavelet full matrix solution for upward continuation (Poisson integral) 

from 4370 m to 7288 m 
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Figure 5.31: Wavelet full matrix solution differences from reference data (up) and 

numerical integration solution (down) 
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Figure 5.32: Design matrix A of the global thresholding values (6.3×10-8); each blue 
spot represents a nonzero value for the upward continuation integral 
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Figure 5.33: Global hard thresholding solution (up) and difference from numerical 

integration solution (down) for the upward continuation integral 
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Table 5.14: Wavelet global fixed thresholding versus wavelet full matrix solution for 
the evaluation of the upward continuation integral 

Hard thresholding Full 
matrix 

Global eq. 
(3.41) or 

(3.42) 
(a) (b) (c) (d) 

Thresholding value - 6.3×10-8 6.3×10-7 6.3×10-6 6.3×10-5 6.3×10-4 

Storage (MB) 186 72.6 60.41 30.94 16.5 9.14 

RMSE (mGal) - 0.000 0.001 0.018 0.098 0.308 

No. of elements 26190775 6349099 5276895 2702207 1441172 797085 

Comp% 0% 76% 79.8% 89.7% 94.5% 97% 
 

 

  
Figure 5.34: A matrix at different thresholding values (6.3×10-7, 6.3×10-6, 6.3×10-5, 

and 6.3×10-4); each blue spot represents a nonzero value in the Poisson kernel. 
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Figure 5.35: Global thresholding solutions at four compression levels in comparison 

to the numerical integration solution for the upward continuation integral 

 

5.4.4 Level/direction-wise thresholding solution 

Different combinations of the thresholding values for the improvement of the four 

global thresholding cases, (a), (b), (c), and (d), are tested. Two examples are illustrated in 

detail. The first combination is shown in Table 5.15 for the global thresholding case (a). 

This combination increases the compression level from 79.8% to 90.8%, with almost no 

loss of accuracy (RMSE is equal to 0.01 mGal). The achieved accuracy is better than the 

targeted practical one (0.1 mGal).  Cases (b) and (c) are similar to case (a), where the 

level direction-wise thresholding approach is used to increase the compression level and 

maintain the RMS accuracy. 
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For case (d), the target is to improve the RMS accuracy without a significant loss 

in the compression percentage; see Table 5.16. The level/direction-wise thresholding 

decreased the compression level by 0.3% (97% to 96.7%) with an RMSE equal to 0.18 

mGal instead of 0.308 mGal, which is still an acceptable practical accuracy. The 

comparison between the global fixed thresholding approach and the level/direction-wise 

thresholding is summarized in Figure 5.36. The red curve is almost horizontal between 

cases (c) and (d), which indicates that the optimum compression level with an acceptable 

accuracy is at the intersection of the two curves, with almost 96.5% compression level. 

 

Table 5.15 Level/direction-wise for case (a) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 6.3×10-6 6.3×10-6 6.3×10-6 
Level 2 6.3×10-6 6.3×10-6 6.3×10-6 
Level 3 6.3×10-7 6.3×10-6 6.3×10-7 
Level 4 6.3×10-7 6.3×10-6 6.3×10-7 

RMSE (mGal) 0.01 
Comp. % 90.8% 

Storage (MB) 29 
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Figure 5.36: Global fixed thresholding versus level/direction-wise thresholding for 
the evaluation of the upward continuation integral 
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Table 5.16: Level/direction-wise for case (d) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 6.3×10-4 6.3×10-3 6.3×10-4 

Level 2 6.3×10-4 6.3×10-3 6.3×10-4 

Level 3 6.3×10-4 6.3×10-4 6.3×10-4 

Level 4 6.3×10-5 6.3×10-5 6.3×10-5 

RMSE (mGal) 0.18 
Comp. % 96.7% 

Storage (MB) 11 
 

5.5 Summary 

New two-dimensional wavelet transform evaluations of several geodetic integrals 

were introduced. Three wavelet transform implementations were introduced: wavelet full 

matrix approach, wavelet global fixed thresholding, and level/direction-direction wise 

thresholding. The wavelet full matrix approach achieved identical results to the FFT and 

the numerical integration approaches when evaluating the Stokes, Vening Meinesz, 

terrain correction, and upward continuation integrals. The automated thresholding 

approach reached compression levels between 70% and 78% for all four integrals, with 

no loss in accuracy in comparison to the numerical integration solution. High 

compression levels were achieved using the global fixed thresholding approach. A 

significant loss in the accuracy occurred when the main energy of the kernel was 

thresholded. 

The level/direction-wise thresholding reached very high compression levels with 

an acceptable accuracy in all cases. The Stokes integral reached a 95.2% compression 

level with 1.3 cm RMSE. In the case of the Vening Meinesz integral, 96.4% were 

achieved with 0.07 arc-second RMS accuracy. The terrain correction integral achieved 

92.7% with 0.1 mGal RMSE. Finally, the upward continuation integral reached a 96.7% 

with 0.18 mGal RMS accuracy. The success of the new wavelet transform algorithm in 

achieving high compression levels with an acceptable accuracy for all the four integrals, 

which have different data sets, different grid size, and spacing, verifies its effectiveness in 

the evaluation of geodetic integrals in planar approximation.  
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From the previously mentioned results, the main outcomes of this chapter can be 

summarized as follows: 

- The level/direction-wise thresholding can achieve a maximum 

compression level with an acceptable practical accuracy, which can be 

used effectively in pre-processing the data and decreasing the amount of 

computer memory and storage required for allocating and saving the 

data and the kernels, respectively. This can open the door for field 

checks during the measuring phase of different projects.  

- As an example of these applications is the upward continuation integral 

and the terrain correction integral that can be used in airborne gravimetry 

applications and the computation of geoid undulations for GPS and 

levelling networks. Due to the high compression levels achieved, which 

are at least 90% for all cases, the corresponding kernels for each 

application can be pre-computed and stored for a large number of 

computational points and then applied whenever needed.  
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Chapter Six: Wavelet evaluation of inverse geodetic problems  

 

Modern observation methods increase the amount of data available for solving 

inverse geodetic problems. Previously, not a lot of attention was drawn to this kind of 

problem, but with the invention of the spaceborne and airborne techniques, such as 

satellite altimetry and airborne gravimetry, inverse problems became more important. In 

this chapter, the evaluation of the different inverse problems will be studied. The inverse 

Vening Meinesz integral, the deflection-geoid formula, the inversion of the Stokes 

integral, and the inversion of the Poisson integral (downward continuation) will be 

evaluated.  

The inverse Vening Meinesz integral and the deflection-geoid formula will be 

solved using wavelet full matrix, wavelet global thresholding, and wavelet 

level/direction-wise thresholding solutions. All these solutions will be compared to the 

reference data and the numerical integration solution. A new method for inverting the 

geodetic integrals will be tested on both the Stokes integral and the Poisson integral. 

Wavelet de-noising will be introduced as a regularization method for solving the noise 

amplification problem. The solution found by inverting the Stokes and the Poisson 

integrals will be compared with the reference data. Global fixed thresholding will be used 

to decrease the size of the matrices required for inverting the geodetic integrals. 

 

6.1 Evaluation of the inverse geodetic integrals 

In this section, the wavelet evaluation of inverse geodetic problems with modeled 

direction convolution formulae will be solved. Two integrals will be evaluated: the 

inverse Vening Meinesz integral and the deflection-geoid integral, using the methodology 

introduced in Section 3.6. The Daubechies wavelet with four vanishing moments will be 

used in both cases. 

 

6.1.1 Evaluation of the inverse Vening Meinesz integral 

The same data introduced in Sections 5.1.1 and 5.2.1 are used in the evaluation. 
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6.1.1.1 Wavelet full matrix solution  

The procedure mentioned in Section 3.5 is used for the evaluation of the inverse 

Vening Meinesz integral (Equation (2.33)).  First, the two-dimensional wavelet transform 

is applied to the vertical and horizontal components of the deflection of the vertical, after 

removing the long wavelength using the EGM96 geopotential model (degree 360). Each 

signal is decomposed into four levels of decomposition. Then, each of the two 

components’ wavelet coefficients is transformed to a column vector ( jaη  and jaξ ) and the 

coefficients are arranged as shown Figure 3.11. Second, the two-dimensional wavelet 

transform with four levels of decomposition is applied to both kernels of the two 

components of the deflection of the vertical corresponding to all the computational 

points.  The two design matrices ijAη  and ijAξ  are built using the wavelet coefficients of 

the geodetic integral kernels; each line corresponds to one kernel (Figure 3.10). The 

solution is achieved by applying Equation (3.61) twice and summing up, as follows: 

i ij j ij jg A a A aη η ξ ξΔ = +          (6.1) 
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Figure 6.1: Inverse Vening Meinesz kernels’ A design matrix (vertical component) 
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The comparison between Figure 6.1 and Figure 5.14 shows that there is an almost 

identical distribution of the values of the two-dimensional wavelet coefficients of the 

kernels. The main difference is the magnitude of these coefficients. As expected, the ratio 

between the values of the two color bars is of the order of 2γ . 

The wavelet full matrix solution is done by Equation (6.1) and the solution is 

shown in Figure 6.2. The difference of the wavelet full matrix solution from the reference 

data has an RMSE 36.78 mGal. As mentioned in Section 5.2.2, part of this difference is 

caused by the inconsistency of the gravity anomalies and the vertical component of the 

deflection of the vertical.  

 

Longitude[deg]

La
tit

ud
e[

de
g]

 

 

18.5 19 19.5 20 20.5

39.5

40

40.5

41

41.5

m
G

al

-150

-100

-50

0

50

100

150

200

 
Figure 6.2: Wavelet full matrix solution of the inverse Vening Meinesz integral 

 

The inverse Vening Meinesz problem is also evaluated using both the FFT and 

the numerical integration algorithms; both solutions are numerically identical. Figure 6.3 

shows that the wavelet full matrix solution and the numerical integration approach are 

identical numerically with an RMSE equal to 0.00 mGal. This shows that the wavelet 

solution is accurate and at the same level of accuracy as the FFT and the numerical 

integration.  Again, the only drawback of the wavelet approach is the size of the design 

matrices ijAη  and ijAξ , which are equal to 372 MB.  
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RMSE = 36.78 mGal
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Figure 6.3: Wavelet full matrix solution differences from and the reference data 
(left) and the numerical integration solution (right) for the inverse Vening Meinesz 

integral 

 

 

6.1.1.2 Wavelet global fixed thresholding solution 

The global fixed thresholding approach, which is discussed in Section 4.3.1, is 

implemented in the wavelet evaluation of the inverse Vening Meinesz integral. As 

mentioned in Subsection 6.1.1.1, the difference between the design matrices A of the 

direct and the inverse Vening Meinesz integrals is mainly the magnitude of the two-

dimensional wavelet coefficients. These values are larger in the case of the inverse 

Vening Meinesz integral by a factor of 2γ . The thresholding value estimated from 

Equations (3.41) or (3.42) will increase by the same factor. The value is increased from 

7.2×10-13 to 3.2×10-1, which is roughly proportional to 2γ  in mGal. The solution 

corresponding to the estimated value is shown in Figure 6.4. 
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Figure 6.4: The wavelet global fixed thresholding solution with 76% compression 
(left) and the difference from the numerical integration solution (right) for the 

inverse Vening Meinesz integral 

 

The same procedure is followed by increasing the thresholding values estimated 

from Equations (3.41) or (3.42) each time by one order of magnitude higher from the 

previous one. The memory size required for allocating the design matrices decreases 

dramatically with the increase of the thresholding values (Table 6.1). The target accuracy 

is 0.1 mGal RMS; this accuracy is satisfied until the global thresholding case (c) with an 

RMSE equal to 0.14 mGal and 94.4% compression level, as shown in Table 6.1 and 

Figure 6.4. For case (d), there is a dramatic degradation in the accuracy (RMSE of 1.23 

mGal) at a compression level of 96.8%. 

Although the two kernels of the inverse Vening Meinesz and the direct Vening 

Meinesz integrals are identical except for the constants outside the integral, the 

compression percentages in Table 6.1 and Table 5.4 are not identical. The difference is in 

the range of 1% and 3 as a result of the rounding error after multiplying with 2γ  (mGal).  
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Table 6.1: Wavelet global fixed thresholding versus wavelet full matrix solution for 
the inverse Vening Meinesz integral 

Hard thresholding Full 
matrix 

Global Eq. 
(3.41) or 

(3.42) 
(a) (b) (c) (d) 

Thresholding value - 0.32 3.2 32 320 3200 

Storage (MB) 372 102 96 52 29 19 

RMSE (mGal) - 0.000 0.00 0.01 0.14 1.23 

No. of elements 52381550 12516592 11763474 5941194 2931310 1656424 

Comp% 0% 76.1% 77.5% 88.7% 94.4% 96.8% 
 

6.1.1.3 Level/direction-wise thresholding solution 

The level/direction-wise thresholding effectiveness in improving the accuracy of 

the global fixed thresholding approach is tested. The level/direction-wise thresholding 

application to case (a) leads to a 13.4% increase in the compression level with no loss in 

the accuracy; see Table 6.2.  

 

Table 6.2: Level/direction-wise for case (a) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 32 32 32 
Level 2 32 32 32 
Level 3 3.2 32 3.2 
Level 4 3.2 32 3.2 

RMSE (mGal) 0.05 
Comp. % 90.9% 

Storage (MB) 43 
 

Another example is the application of the level/direction-wise thresholding to 

global thresholding case (d) by a combination of five different values (Table 6.3). 

Although the RMSE accuracy is higher than the target accuracy (0.1 mGal) and equal to 

0.22 mGal, the improvement from the global case (1.23mGal) is significant (82%). The 

equivalent loss in the compression level is small and equal to 2.1% (96.8% to 94.7%). 

The comparison between the global fixed case and level/direction-wise thresholding is 
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shown in Figure 6.6 for all four cases (a), (b), (c), and (d). Figure 6.6 shows that the 

maximum compression level is in the range of 94.5% for the target accuracy. 
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Figure 6.6: Global fixed thresholding versus level/direction-wise thresholding for the 

evaluation of the inverse Vening Meinesz integral 

 

Table 6.3: Level/direction-wise for case (d) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 320 32000 320 
Level 2 160 3200 160 
Level 3 32 320 32 
Level 4 32 160 32 

RMSE (mGal) 0.22 
Comp. % 94.7% 

Storage (MB) 28 
 

6.1.2 Evaluation of the deflection-geoid formula 

The deflection-geoid formula (Equation (2.36)) is evaluated by the wavelet 

algorithm. The same two components of the deflection of the vertical introduced in 

Figure 5.13 are used. 

 

6.1.2.1 Wavelet full matrix solution  

The deflection-geoid formula design matrix A is shown in Figure 6.7. The 

wavelet full matrix solution is shown in Figure 6.8. The wavelet full matrix solution and 
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the numerical integration are almost identical numerically (Figure 6.9), with an RMSE 

equal to 0.00 m.  
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Figure 6.7: Deflection-geoid kernels’ A design matrix  
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Figure 6.8: Wavelet full matrix solution of the deflection-geoid formula 
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RMSE = 3.38 m
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Figure 6.9: Difference between wavelet full matrix solution and the reference data 
(left), and numerical integration solution (right) for the deflection-geoid formula 

 

The difference from the reference data (Figure 5.1) has an RMS accuracy of 3.38 

m, which is not acceptable. This difference was expected because of the problem in the 

vertical component of the deflection of the vertical used in this solution. The main 

problem again is the size of the two design matrices, which is equal to 372 MB. 

 

6.1.2.2 Wavelet global fixed thresholding solution 

First, the wavelet thresholding value is estimated from Equation (3.41) or (3.42). 

A compression level equal to 76.6% (Figure 6.10) is obtained with no loss of accuracy 

(RMSE equal to zero m) in comparison to the numerical integration solution; see Figure 

6.11. 

Other higher thresholding values are tested; the compression levels achieved and 

the distribution of the values left after the thresholding are shown in Figure 6.12 and  

Table 6.4. It can be recognized that the method used in all the previous cases 

(Stokes, Vening Meinesz, etc.) for increasing the thresholding value works only for case 

(a). For the rest of the cases, case (b), (c), and (d), the degradation in the accuracy is huge 
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and is far away from the target accuracy, which is one centimetre (Figure 6.13). The main 

reason for the sudden degradation in the accuracy, which reaches almost half a metre in 

case (d), is the removal of the main energy of the A matrix. For example, in case (d), all 

the detail wavelet coefficients of all the decomposition levels are removed and only the 

approximation coefficients are left.  

 

Figure 6.10: Design matrix A of the global fixed thresholding (0.12); each blue spot 
represents a nonzero value in the vertical component kernel (deflection-geoid) 
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Figure 6.11: Difference between wavelet global fixed solution and numerical 

integration solution for the deflection-geoid formula 
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Figure 6.12: A matrix at four different thresholding values (1.23, 12.3, 123.3, and 
1233.5); each blue spot represents a nonzero value in the vertical component kernel 
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Figure 6.13: The difference between the wavelet global fixed thresholding and 
numerical integration solutions for the deflection-geoid formula 
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Table 6.4: Wavelet global fixed thresholding versus wavelet full matrix solution for 
the deflection-geoid formula 

Hard thresholding Full matrix
Global Eq. 
(3.41) or 

(3.42) 
(a) (b) (c) (d) 

Thresholding value - 0.12 1.23 12.3 123.3 1233.5 

Storage (MB) 372 48.5 26.4 10.4 6.21 5.62 

RMSE (m) - 0.00 0.00 0.12 0.22 0.45 

No. of elements 52381550 12213178 6253244 1990748 963196 845004 

Comp% 0% 76.6% 88% 96.2% 98.2% 98.4% 
 

6.1.2.3 Level/direction-wise thresholding solution 

Four global thresholding cases are introduced in the previous section; cases (b), 

(c), and (d) require improvement in the accuracy. Global thresholding case (a) requires 

improvement in the compression level while maintaining an acceptable accuracy (RMSE 

equal to 1 cm). Two examples are illustrated in this section in detail. For global case (a), 

the compression level improved by 1% with an acceptable accuracy. The thresholding 

values combined for this improvement are given in Table 6.5. It is worth mentioning that 

the values are different from the values introduced in global cases (b), (c), and (d) 

because it is clear from  

Table 6.4 that these values are over threshold and cut part of the main energy of 

the design matrices A. 

Four thresholding values are implemented for improving global case (d). As seen 

in Table 6.6, the accuracy improved dramatically from 45 cm to 1.5 cm (96% 

improvement) with an 8.4% loss in the compression level (from 98.4% to 90%). 

Consequently, the level/direction-wise approach effectively improved the accuracy with a 

high compression level. From Figure 6.14, it is seen that the maximum compression level 

that can be achieved with acceptable accuracy (1 cm) is between 89% and 90%.  
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Table 6.5: Level/direction-wise for case (a) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 2.4 12 2.4 
Level 2 1.2 1.2 1.2 
Level 3 1.2 1.2 1.2 
Level 4 1.2 1.2 1.2 

RMSE (m) 0.01 
Comp. % 89.1% 

Storage (MB) 23 
 

Table 6.6: Level/direction-wise for case (d) global thresholding 

Level/direction-wise Horizontal Diagonal Vertical 
Level 1 3 12 3 
Level 2 1.2 12 1.2 
Level 3 1.2 12 1.2 
Level 4 1.2 1.2 1.2 

RMSE (m) 0.015 
Comp. % 90% 

Storage (MB) 20 
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Figure 6.14: Global fixed thresholding versus level/direction-wise thresholding for 

the deflection-geoid formula 
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6.2 Inversion of geodetic integrals 

In the previous sections, inverse geodetic integrals were evaluated. In this section, 

another approach is introduced for solving inverse geodetic problems. The solution will 

be through inverting the direct integrals introduced in Chapter Five. The solution is 

obtained by means of a combination of the two-dimensional wavelet evaluation based on 

Mallat’s algorithm and an optimization procedure. The Stokes and the Poisson integrals 

are inverted numerically by the combined wavelet-optimization algorithm. This algorithm 

is combined with the global thresholding technique.  

 

6.2.1 Wavelet inversion of the Stokes integral 

The Stokes integral, Equation (2.7), is inverted in the wavelet domain to obtain 

gravity anomalies from geoid undulations. The same synthetic data shown in Figure 5.1 

is reused. The Daubechies wavelet family with four vanishing moments is implemented 

for the wavelet evaluation. The Stokes integral is inverted in the wavelet domain by the 

wavelet full matrix approach and global fixed thresholding. The methodology of 

investigation summarized in Figure 3.12 is used. Finally, the wavelet transform is used as 

a regularization tool for de-noising stationary and non-stationary noise during the 

inversion of the Stokes integral. 

 

6.2.1.1 Wavelet full matrix solution  

The design matrix A shown in Figure 5.4 is used in the inversion of the Stokes 

integral. The wavelet full matrix solution has an RMSE equal to 4.03 mGal in 

comparison to the gravity anomaly reference data (Figure 5.1); see Figure 6.15. The 

tolerance value used is equal to 1×10-6. The solution converged after 101 iterations with 

relative residual equal to 9.3×10-7 (Table 6.7), but the main problem is the size of the 

design matrix A (186 MB). The solution CPU time on a PC was approximately 0.21 

second.  
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Figure 6.15: Wavelet full matrix solution for the inversion of the Stokes integral 
(left) and the difference from the reference data (right) 

 

6.2.1.2 Wavelet global fixed thresholding solution 

Global hard thresholding is applied to the design matrix. The matrix introduced in 

Section 5.1.3 and Figure 5.8 is used for the inversion of the Stokes integral. There is no 

loss of accuracy at a compression level equal to 75% (RMSE of 4.03 mGal) in 

comparison with the reference data and in comparison to the full matrix solution (RMSE 

equal to zero mGal); see Figure 6.16. 

The same thresholding values introduced in Section 5.1.3 and the corresponding 

four matrices shown in Figure 5.10 are tested for inverting the Stokes integral with the 

wavelet–optimization algorithm. As shown in Figure 6.17, the first two solutions (cases 

(a) and (b)) converged after 102 and 105 number of iterations, respectively. The third 

solution, case (c), converged but with more iterations (134 iterations) and 8.6×10-7 

relative residual. The fourth solution diverged and did not reach a solution even after 188 

iterations. The four cases are illustrated in Table 6.7. From Table 6.7 and Figure 6.18, it 

can be seen that cases (c) and (d) do not have acceptable accuracy in comparison to the 

full matrix case, with 7.7 and 24.72 mGal RMSE, respectively. For case (b) with a 93.5% 
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compression level, an RMSE of 0.12 mGal is achieved in comparison to the full matrix 

solution.  
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Figure 6.16: Global fixed thresholding wavelet solution (left) and difference from 
reference data (right) for the inversion of the Stokes integral 
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Figure 6.17: Conjugate gradient iterations versus relative residuals (inversion of the 
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Figure 6.18: The difference between the wavelet global fixed thresholding and 
reference data for the inversion of the Stokes integral 
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Table 6.7: Global thresholding versus full matrix solution for the inversion of the 
Stokes integral 

Hard thresholding Full 
matrix 

Global 
Eq. (3.41) 
or (3.42)

(a) (b) (c) (d) 

Thresholding value - 1.5×10-7 1.5×10-6 1.5×10-5 1.5×10-4 1.5×10-3 

Storage (MB) 186 50 36 16 8 6 

RMS (mGal) 4.03 4.03 4.03 4.15 11.73 24.72 

No. of elements 26190775 6506135 4460519 1696296 629575 445852 

Comp% 0% 75% 83% 93.5% 97.6% 98.3% 

No. of iterations 101 101 102 105 134 188 

Relative residual 9.3×10-7 9.3×10-7 9.7×10-7 8.4×10-7 8.6×10-7 1×10-4 
 

 

6.2.1.3 Wavelet as a regularization tool 

The wavelet full matrix solution, Subsection (6.2.1.1), is repeated after adding 

stationary and non-stationary noise to the geoid undulations. The stationary random noise 

is simulated with a standard deviation equal to 50 cm as shown in Figure 4.16. The 

solution is obtained with the contaminated data and is shown in Figure 6.19. It can be 

recognized that there is a significant degradation in the accuracy of the solution from an 

RMSE of 4.03 mGal to an RMSE of 290 mGal. 

The soft thresholding technique is applied to the contaminated geoid undulations. 

The RMSE of the recovered geoid undulations is 17 cm in comparison to the clean data 

(Section 4.4.2). The solution is repeated with the de-noised geoid undulations and a 

significant improvement in the solution is obtained. The RMSE decreased from 290 

mGal to 25 mGal, a 90% improvement. This shows the effectiveness of the soft 

thresholding technique, Equations (3.43) and (3.44), in handling and de-noising 

stationary random noise. 
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Figure 6.19: Difference between the solution from the noisy geoid undulations 

(stationary) and the reference data for the inversion of the Stokes integral 
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Figure 6.20: Difference between the solution from the de-noised geoid undulations 

(stationary) and the reference data for the inversion of the Stokes integral 
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The non-stationary noise is simulated using four different noise levels (±5 cm, 

±15 cm, ±35 cm, and ±55 cm). Each noise level is used for a quarter of the clean 

undulations matrix. A bias of 10 cm is added to the first noise level and a bias of 5 cm is 

added to the second. The simulated non-stationary noise and the geoid undulation after 

the addition of the non-stationary noise are shown in Figure 4.9. With the non-stationary 

noisy data, a huge degradation occurs in the solution, with an RMSE equal to 221 mGal 

(Figure 6.21). 
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Figure 6.21: Inversion of the Stokes integral with non-stationary noise 
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Figure 6.22: Inversion of the Stokes integral after de-noising the non-stationary 

noise 
 

After applying the wavelet de-noising algorithm, Equations (3.43) and (3.44), the 

recovered undulations have an RMSE equal to 13 cm (Figure 4.20), and the solution 

improved to an RMSE equal to 20 mGal (Figure 6.22). The use of the wavelet soft 

thresholding filtering technique leads to a 90% improvement in the accuracy of the 

estimated gravity anomalies. This finding proves that the wavelet filtering technique is an 

efficient regularization method (de-noising) in solving inverse geodetic integrals.  

 

6.2.2 Wavelet inversion of the Poisson’s integral (downward continuation) 

The Poisson integral in Section 2.2 is used for downward continuation. Equation 

(2.31) is inverted by the combined optimization-wavelet algorithm introduced in Section 

3.5. The same data shown in Section 5.4.1 and Figure 5.28 is used. The data is downward 

continued from 7288 m to 4370 m altitude. 
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6.2.2.1 Wavelet full matrix solution  

The Poisson integral is inverted numerically with the full matrix without any 

thresholding. The iteration diverged with a tolerance value equal to 1×10-6. The 

difference between the diverged solution and the reference data (Figure 5.28) is shown in 

Figure 6.23.  
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Figure 6.23: The wavelet full matrix inversion of the Poisson integral (downward 

continuation) before regularization (up) and after regularization (down) 
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The condition number of the normal matrix was computed for the determination 

of the instability of the problem and was equal to 7.02×1028, which is huge. The singular 

value decomposition was done for the normal matrix. The L-curve between the residual 

and solution norms to determine the regularization parameter to be used in Tikhonov 

regularization is shown in Figure 6.24 [Hansen, 1998]. The regularization parameter from 

Figure 6.24 is added to the diagonal of the normal matrix, and the solution is repeated. 

The solution converged after the regularization with 28 steps. The difference between the 

regularized wavelet full matrix solution (Figure 6.25) and the reference data was shown 

in Figure 6.23, with an RMSE equal to 5.58 mGal. 
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Figure 6.24: L-curve of the normal matrix for the choice of the optimal 
regularization parameter 
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Figure 6.25: Wavelet full matrix regularized solution for the downward 

continuation operator 
 

 

6.2.2.2 Wavelet global fixed thresholding solution 

The design matrix shown in Figure 5.32 is used in the inversion of the Poisson 

integral. With a 76% compression level, there is almost no loss in accuracy in comparison 

to the full matrix regularized solution (same RMSE of 5.58 mGal); see Figure 6.26. 

The four global thresholding values with their corresponding matrices shown in 

Figure 5.34 are used for the inversion of the Poisson integral (downward continuation). 

The four cases converged after 28 iterations with a tolerance value equal to 1×10-6 

(Figure 6.27). The same regularization parameter was used in the four cases. The four 

solutions converged with RMSE 0.001, 0.01, 0.11, and 0.37 mGal for 79.9%, 89.7%, 

94.5%, and 97%, respectively; see Figure 6.28 and Table 6.8. The target accuracy is 0.1 

mGal and this is satisfied by cases (a), (b) and (c). For case (d), a sudden degradation in 

the accuracy occurred to 0.37 mGal. In contrast to the inversion of the Stokes integral 

case (d), Table 6.7, the downward continuation case (d) converged, which could be 

related to the regularization parameter used in this case.  
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Figure 6.26: Difference between regularized global fixed solution and reference data 

for the downward continuation operator 
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Figure 6.27: Conjugate gradient iterations versus relative residuals for the inversion 
of Poisson integral (downward continuation) 
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Figure 6.28 The difference between the regularized wavelet global fixed 

thresholding solutions and reference data for the downward continuation operator 
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Table 6.8: Wavelet global fixed thresholding versus wavelet full matrix solution for 
the evaluation of the downward continuation operator 

Hard thresholding Full 
matrix 

Global 
Eq. (3.41) 
or (3.42)

(a) (b) (c) (d) 

Thresholding value - 6.3×10-8 6.3×10-7 6.3×10-6 6.3×10-5 6.3×10-4 

Storage (MB) 186 72.6 60.41 30.94 16.5 9.14 

RMSE (mGal) - 0.000 0.001 0.01 0.11 0.37 

No. of elements 26190775 6349099 5276895 2702207 1441172 797085 

Comp% 0% 76% 79.8% 89.7% 94.5% 97% 

No. of iterations 27 27 28 28 28 28 

Relative residual 9.9×10-7 9.9×10-7 6.7×10-7 7.5×10-7 7.7×10-7 7.2×10-7

 

 

6.3 Summary 

In this chapter, the inverse geodetic problems were evaluated by the two-

dimensional wavelet transform algorithm. They were formulated in two different ways: 

first, as direct geodetic integrals, such as the inverse Vening Meinesz and the deflection-

geoid formula; and, second, as the numerical inversion of the Stokes integral and the 

Poisson integral (downward continuation).  

In the case of the inverse Vening Meinesz and the deflection-geoid formula, three 

wavelet transform implementations were introduced: the wavelet full matrix approach, 

wavelet global fixed thresholding, and level/direction-wise thresholding. The wavelet full 

matrix approach achieved identical results to the FFT and numerical integration. The 

automated thresholding approach reached a 76% compression level in both cases, with no 

loss in accuracy in comparison to the numerical integration solution. The level/direction-

wise thresholding achieved very high compression levels with an acceptable accuracy in 

both cases. The inverse Vening Meinesz reached a 94% compression level with 0.12 
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mGal RMSE. In the case of the deflection-geoid formula, 90% were achieved with   

0.015 m RMS accuracy. 

The new wavelet two-dimensional representation of the geodetic operators 

introduced in this thesis was combined with the conjugate gradient method for the 

inversion of the integrals. The Stokes and the Poisson integrals were numerically inverted 

by this combined wavelet-optimization algorithm. The main drawback of this approach is 

that it requires a large computer memory. 

The Stokes integral was inverted successfully with the wavelet full design matrix 

with an RMSE 4.03 mGal for the difference from the reference data. A compression level 

of 93.5% is achieved by the global fixed thresholding with RMSE equal to 0.13 mGal in 

comparison to the full matrix solution. Simulated noise was used to contaminate the 

geoid undulations. For this case study, the use of wavelet de-noising led to a 90% 

improvement in the accuracy of the estimated gravity anomalies. 

 The inversion of the Poisson integral failed: because the ill-condition of the 

normal matrix, the conjugate gradient solution diverged. A regularization parameter was 

determined from the L-curve of the normal matrix and was added to the diagonal of the 

normal matrix (Tikhonov regularization). The solution successfully converged with the 

regularized full matrix and reached a solution with RMSE equal to 5.5 mGal in 

comparison to the reference data. The global fixed thresholding algorithm achieved 0.11 

RMSE with a 94.5% compression level in comparison to the full matrix solution. 

The main findings of this chapter led to the following outcomes: 

- The success of the new wavelet transform algorithm to achieve high 

compression levels with an acceptable accuracy in the inversion of 

geodetic integrals that have different data sets, different grid sizes, and 

spacing verifies its effectiveness in the inversion of geodetic integrals in 

planar approximation. 

- The level/direction-wise thresholding method is very useful for geodetic 

operators with two integrals, such as the deflection-geoid formula and 

the inverse Vening Meinesz integral, because it decreases the computer 
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memory and storage required for allocating the design matrices 

significantly, which helps in the simple implementation of these types of 

operators on simple PC’s. 

- The power of wavelets to localize different features with different 

properties in the frequency domain and in the spatial domain, allows the 

effective determination of noisy data with different properties and noise 

levels. Consequently, this determination will help in more efficient 

handling and de-noising of these types of data with non-stationarity 

noise. These findings will open the door for using this wavelet technique 

in a number of applications with a very high non-stationarity 

environment, such as airborne gravimetry and satellite altimetry. 
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Chapter Seven: Conclusions and recommendations  

 

New developments in the application of the two-dimensional wavelet transform 

for the evaluation of geodetic operators have been presented. Eight geodetic operators 

have been evaluated by the wavelet algorithm. The algorithm accuracy is numerically 

identical to the well-established fast Fourier transform and the numerical integration. The 

main drawbacks of the algorithm, which are the size of the matrices and the memory 

required, are overcome by an automated adaptive thresholding algorithm. The 

localization and de-noising properties of the wavelet transform have been used efficiently 

as regularization tools for the inversion of geodetic integrals. 

 

7.1 Summary 

In this thesis, eight geodetic operators have been evaluated using the new wavelet 

algorithm implemented. The results obtained are summarized below: 

- The Stokes integral with the wavelet full matrix solution achieved 

identical results to the FFT and numerical integration. The target 

accuracy for this application was 1 cm. The modified fixed global 

thresholding achieved a 93.5% compression level with an acceptable 

accuracy of 6 mm, with a 1.5×10-5 thresholding value. The 

level/direction-wise thresholding technique improved the compression 

level to 95.2% with an RMSE equal to 1.3 cm. 

- The Vening Meinesz integral with the full matrix solution also achieved 

identical results as FFT and numerical integration. The global fixed 

thresholding yielded a 95.5% compression with a 0.07 arc-second 

RMSE. The level/direction-wise increased the compression level by an 

extra 1% with no loss in the accuracy. 

- The terrain correction integral wavelet solution was the same as the 

numerical integration and FFT. The target accuracy for this application 

was 0.1 mGal. A 93% compression level was reached by global fixed 
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thresholding with an RMSE of 0.13 mGal. The level/direction-wise 

approach optimized the compression level and the accuracy to 92.7% 

and 0.09 mGal, respectively. 

- The upward continuation integral evaluation gave similar results to the 

FFT and the numerical integration algorithm. The target accuracy for 

this application was 0.1 mGal. In the case of global fixed thresholding, 

94.5% compression was achieved with an RMSE of 0.09 mGal. The 

level/direction-wise thresholding increased the compression level by 

1.2% with an RMSE equal to 0.18 mGal.  

- The inverse geodetic operators were treated in two different ways. The 

inverse Vening Meinesz and deflection-geoid were treated as geodetic 

integrals. The inversions of the Stokes and Poisson integrals (downward 

continuation) were done numerically by combining the new wavelet 

algorithm implemented and the iterative conjugate gradient method.  

- The inverse Veining Meinesz evaluated with the full matrix solution 

achieved identical accuracies to the FFT and the numerical integration 

solution. The global fixed thresholding reached a 94.4% compression 

level with an RMSE of 0.14 mGal. The level/direction-wise 

modification improved the accuracy by 80% at high compression levels. 

- The deflection-geoid formula evaluation done by the wavelet full matrix 

had the same accuracy as FFT and numerical integration. An 88% 

compression was achieved with no loss of accuracy. The level/direction-

wise thresholding improved the compression level by an additional 2%, 

with an RMSE of 1.5 cm.  

- The Stokes’ integral was inverted successfully using the full wavelet 

matrix without regularization. The solution achieved an RMSE of 4.03 

mGal in comparison to the reference data. The solution with the 

conjugate gradient method converged after 101 iterations. The global 
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thresholding approach achieved a 93.5% compression level with 0.12 

mGal loss in accuracy in comparison to the full matrix solution.  

- The Poisson integral was inverted numerically. The solution diverged by 

using the wavelet full matrix approach. Tikhonov regularization was 

used, and the regularization parameter was chosen from the L-curve. 

The conjugate gradient method converged to the solution after 28 

iterations with an RMS accuracy equal to 5.5 mGal in comparison to the 

reference data. The global fixed thresholding led to a 94.5% 

compression level with 0.1 mGal loss in the accuracy in comparison to 

the full matrix solution. 

 

7.2 Conclusions 

A new implementation of two-dimensional wavelet transform for the evaluation 

of geodetic operators was developed. The five main accomplishments of this thesis can 

be summarized as follows: 

1. The direct and inverse geodetic integrals (Stokes, Vening Meinesz, 

upward continuation, terrain correction, inverse Vening Meinesz, and 

deflection-geoid formula) were efficiently evaluated by the new wavelet 

algorithm with an accuracy identical to the FFT and numerical integration 

solutions. The new wavelet algorithm requires a 30% less computational 

effort in comparison to the standard wavelet algorithm, because the step of 

inverse wavelet transform is done implicitly. 

2. A new combined wavelet-optimization technique is used for the inversion 

of geodetic integrals. Two integrals (Stokes and Poisson) were 

successfully inverted with an acceptable practical accuracy in comparison 

to reference data. 

3. Two new thresholding techniques, global fixed and level/direction-wise 

thresholding, were successfully applied and high compression levels of the 

matrices were achieved for the eight operators with no loss of accuracy.  
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4. Efficient filtering of stationary and non-stationary noise was implemented, 

with a 90% improvement in the inverse solutions accuracy. 

5. The thresholding value was estimated automatically from the set of 

equations introduced in this thesis for both compression and de-noising 

applications. 

As a general conclusion, the new wavelet algorithm developed in this thesis is an 

efficient algorithm for the evaluation of different geodetic operators with high accuracy, 

de-noising efficiency, and reduced computational effort. More detailed conclusions are 

summarized in the following paragraphs. 

The thresholding value for Stokes-type kernels (direct and inverse) and the 

deflection-geoid formula are 1×10-4; the direct and inverse Vening Meinesz integrals are 

1×10-6; for the terrain correction, upward and downward continuation are 1×10-8.  

The corresponding compression levels are in the range of 78% to 84% with no 

loss in accuracy depending on the operator. This finding shows that the hard thresholding 

technique is adaptive to the rate of decay of the kernel to zero.  

Two modifications were successfully implemented for the compression of the 

wavelet transform algorithm design matrices. In some cases, the first modification (global 

fixed thresholding) achieved a 90% compression with high accuracies.  The second 

modification (level/direction-wise) successfully reached compression levels in the range 

of 90% to 95% with no loss in accuracy depending on the operator. It can be concluded 

that these two modifications achieved maximum compression levels with an accepted 

accuracy. 

In the case study tested in this thesis, the soft thresholding de-nosing technique 

can be successfully applied to filtering of stationary and non-stationary noise. The de-

noising technique removed 60% of the data noise in both cases. This technique efficiently 

improved the solution of the inverted Stokes integral by 90%. 

As final conclusions, the wavelet transform algorithm will be efficient in handling 

geodetic problems with non-stationary environments. These types of problems will 

benefit from the analysis and de-noising effectiveness of the wavelet algorithm. 
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Examples of these applications are airborne gravimetry and satellite altimetry. Also, the 

new, efficiently developed wavelet representation algorithm of geodetic operators 

implemented and evaluated in this study will open the door for more applications and 

studies in the use of the wavelet transform in different geodetic problems. 

 

7.3 Recommendations and open problems 

The following is a list of some of the areas requiring future work and further 

investigation: 

- A small edge effect was detected in the wavelet solution of the geodetic 

integrals. This effect was amplified in the case of the inversion of these 

integrals. It was minimized by the application of zero padding, but 

further investigation is required to identify its cause and propose a way 

for treating it. 

- The Daubechies wavelet family was used in this study. The choice of 

this family relied on suggestions from the author’s experience, other 

studies, and the wavelet literature. It is recommended to test other 

orthogonal wavelets, especially since there are a large number of 

wavelet families available. 

- Although the thresholding value is automatically estimated in both the 

compression and de-noising cases, the decision on the number of levels 

of decomposition was made through trial and error. It will be very 

beneficial if further studies develop techniques to automate the 

estimation of the number of levels of decomposition. 

- Other thresholding techniques, such as penalized thresholding [Birge 

and Massart, 1997], should be tested for de-noising in order to improve 

the extraction of the signal from noise, more than the 60% achieved 

here. 

- The regularization method and the parameter estimation technique used 

for the stabilization of the inverse problems require more investigation 
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to ensure the choice of the most suitable method and optimal parameter, 

such as using the probabilistic method [Rauhut, 1992]. 

- The wavelet algorithm introduced in this thesis requires modifications 

for its application on irregular grids and testing non-stationary kernels 

and their effects; an example is the use of second generation wavelets 

[Soltanpour et al., 2006]. 

The introduced wavelet representations of different geodetic operators are in 

planar approximation. Further research is required for the implementation of the new 

wavelet algorithm on a sphere suitable for the representation of different geodetic 

operators. The main problem in this implementation is performing the convolution on a 

sphere. The following three methods are suggested for doing future research on this 

problem: 

- Gridding the data on an equidistant grid on the sphere in the local area 

of interest [Freeden et al., 1998].  

- Combining the wavelet algorithm with a least-squares procedure for the 

estimation of the wavelet coefficients point-wise [Schmidt et al., 2005]. 

- The combination of numerical integration in the meridian direction and 

wavelet transform in the parallel direction for the wavelet evaluation of 

the different geodetic operators on a sphere. 

Given the current state of technology of the new LEO missions dedicated to 

gravity field research, there is a new era in geodetic research offering many challenges 

and promising applications. The implementation of spherical wavelets and an efficient 

multi-resolution analysis with orthogonal properties and a fast computational scheme will 

produce computational tools for many applications, such as monitoring temporal 

variations of numerous global geophysical signals all over the globe. For example, the 

multi-resolution analysis of monthly gravitational field models derived from GRACE 

satellite observations provide temporal variations, such as from hydrological effects that 

can be observed clearly in certain wavelet scales [Fengler et al., 2006]. Therefore, 

temporal gravity field modeling, at scales from local to global, could benefit by the 
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analysis, de-noising, localization, and evaluation capabilities provided by wavelet-based 

methods both on the plane and sphere. 
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