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Abstract 

With the modernization of GPS and deployment of Galileo, observations on multiple 

carrier frequencies will be available to global users from both systems. For GPS, three 

carrier frequencies, L1, L2 and L5 will be available; for Galileo, the three frequencies for 

civil users are E1, E5a and E5b. The availability of multi-frequency GNSS observations 

provides various combinations for the frequency selection of a future GNSS receiver for 

high precision applications and also brings up the problem of increased computational 

burden, huge ambiguity search volume due to a large number of ambiguities to be fixed 

to obtain a fixed position solution.  

 

A carrier phase processor is developed with the single-difference (SD) GNSS carrier 

phase and pseudorange observations. Performance evaluations of GPS/Galileo kinematic 

positioning using observations on different subsets of frequencies are carried out and the 

strategy of partially fixing a subset of float ambiguities is investigated as well. A 

covariance simulation analysis based on the geometry of observed GPS/Galileo satellites 

is conducted first and it is followed by processing simulated data from a software GNSS 

simulator. Included in this thesis are the numerical results and analyses of simulations in 

different scenarios. It is shown that the performance of combined dual-frequency 

GPS/Galileo is better than that of a triple-frequency GPS in terms of time to fix 

ambiguities (TTTF). The ambiguity partial fixing reduces the TTTF at the expense of 

decreased position accuracies. Recommendations for future work on GPS/Galileo 

kinematic positioning are also addressed. 
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Chapter One: Introduction 

 

1.1 Background 

 

With more than three decades since the launch of the first satellite in 1978, the Global 

Positioning System (GPS) has been applied in a wide range of application areas on land, 

sea, air and space. It has evolved from an enabling technology to a ubiquitous technology 

(Kaplan 2005) and its applications are only limited by imagination.  

 

The GPS Standard Positioning Service (SPS) provides positioning accuracies of 

approximately 3 m in horizontal and 5 m in vertical at a 95% probability level to civil 

users world-wide (Department of Defence 2008). To meet applications with higher 

accuracy requirements, differential GPS (DGPS) which involves positioning between two 

or more receivers has been developed. The differencing operation can effectively reduce 

or eliminate most of the errors in GPS measurements thus significantly improving the 

positioning accuracy. According to the type of measurements used, DGPS methods can 

be divided into two groups: code-based DGPS and phase-based DGPS. Code-based 

DGPS is straightforward and can deliver a sub-metre positioning accuracy, whereas 

phase-based DGPS can achieve centimetre or even millimetre accuracies in most cases 

when the unknown number of integer cycles in the phase measurements are correctly 

determined. The process to determine these unknown cycles is called ambiguity 

resolution (AR), which remains a significant area of research in the GNSS community 

(Teunissen and Verhagen 2007a). 
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Motivated by further improving the integrity, availability, reliability and accuracy of GPS 

positioning and navigation, a GPS modernization program began in the late 1990s to 

improve GPS performance for both civilian and military applications (Kaplan et al. 

2005). For military users, new signals, called M-codes have been added on the L1 and L2 

frequencies of the Block IIR-M satellites and will replace the P-code for military 

services. For civil users, the modernization includes the following steps: the first one was 

to discontinue the Selective Availability (SA) on the L1 C/A signal, which occurred on 

May 1, 2000 and will not be implemented in future GPS (U.S. PNT National Executive 

Committee 2007). The subsequent steps consist of adding a second civil signal on the L2 

frequency (L2C) from Block IIR-M satellites, and broadcasting new civil signals on a 

third frequency (L5) from Block IIF satellites. In addition, a new civil signal (L1C) will 

also be transmitted on the L1 frequency from Block IIIA satellites. Thus civil users will 

be authorized to receive signals on three frequency bands in the future instead of only one 

civil signal from current GPS, which will significantly improve the system integrity and 

reliability. At present, the GPS modernization program is moving forward: the first Block 

IIR-M satellite was launched on September 25, 2005 and six are now in space. The first 

Block IIF satellite will be launched in early 2009 and the launch of the first Block III 

satellite was scheduled around 2014 (Madden 2008). 

 

In parallel with GPS modernization, other Global Navigation Satellite Systems (GNSS), 

e.g., GLONASS, Galileo and Compass, are also under development by other countries 

and organizations around the globe. Galileo is being jointly developed by the European 
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Commission (EC) and the European Space Agency (ESA). The system will consist of 30 

satellites, which will be distributed in three circular Medium Earth Orbit planes at a 

nominal average semi-major orbit axis of 29601 km, and at an inclination angle of 56 

degrees with respect to the equatorial plane, and will transmit signals on four frequency 

bands, namely E1, E6, E5a and E5b (ESA/European GSA 2008). 

 

1.2 Related Research 

 

The implications of GPS modernization and the deployment of Galileo are substantial for 

users employing GNSS positioning and navigation technologies. A number of studies 

have been carried out to analyse the performance of modernized GPS, Galileo and 

combined GPS/Galileo in terms of availability, accuracy, reliability and integrity 

(Ochieng et al. 2001, Sheridan et al. 2001, O’Keefe 2001, O’Donnell 2002, Ochieng et al. 

2002, Verhagen 2002, Ji 2007). When the nominal constellations of 24 and 30 satellites 

were assumed for GPS and Galileo, studies have demonstrated that Galileo has a slightly 

improved availability than GPS, especially at high latitudes; better positioning accuracy 

and integrity can also be obtained with Galileo compared to those of GPS. However, the 

combination of two systems offers tremendous improvements in terms of the above 

figures of merit. 

 

Besides the improvement brought by GPS modernization and Galileo to standalone 

positioning users, they can also benefit precise positioning applications, e.g., surveying, 

geodynamics and other scientific applications with high precision requirements, where 
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carrier phase observations are generally used. Ambiguity resolution using three or more 

carriers for modernized GPS or Galileo has been an active research topic in the GNSS 

community for more than a decade.  

 

GPS ambiguity resolution involving three frequencies can be dated back to Hatch (1996), 

which introduced the wide-laning technique in the case of modernized GPS, and analysed 

the benefits of triple-frequency on GPS carrier phase ambiguity resolution. This topic 

was furthered thorough investigation by Jung (1999) and Jung et al. (2000), in which a 

geometry-free cascading integer resolution (CIR) method was proposed. With respect to 

Galileo ambiguity resolution, early studies were conducted in the stage of system 

conceptual design, results can be found in Forssell et al. (1997), Vollath et al. (1998) and 

Bonillo-Martínez et al. (1999), in which similar cascading ambiguity resolution methods 

to CIR for GPS, named Three Carrier Ambiguity Resolution (TCAR) was proposed and 

evaluated for Galileo. Besides the effort on cascading integer resolution, most of the 

recent research has focused on optimization of three or four frequency combinations for 

GPS or Galileo. A distance-independent ambiguity resolution method can be found in 

Han and Rizos (1999). Feng (2004, 2005 and 2006) and Feng and Rizos (2008) also 

proposed a geometry-free, distance-independent three carrier ambiguity resolution 

method. A systematic search of optimal carrier-phase combinations of triple-frequency 

GPS (also applicable to three or four frequencies Galileo) was conducted by Cocard et al. 

(2008), which aimed to find the best combinations in every cascading step of CIR. Efforts 

on applying the Least-square Ambiguity Decorrelation Adjustment (LAMBDA) 

(Teunissen 1993 & 1994) to three carrier ambiguity resolution have also been carried out 
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by researchers (Tiberius et al. 2002a & 2002b). Ambiguity resolution performance with 

applying LAMBDA and the cascading scheme (CIR and TCAR) was tested and 

compared, and it was shown that LAMBDA has better performance than CIR and TCAR 

in terms of ambiguity resolution (Teunissen et al. 2002, Ji et al. 2007, O’Keefe et al. 

2008). With the co-existence of two systems, it is important to investigate the ambiguity 

resolution of combined GPS and Galileo. Alves (2001) studied ambiguity resolution 

involving two common frequencies of GPS and Galileo. Real-time kinematic (RTK) 

positioning performance of combined GPS/Galileo was investigated by Eissfeller et al. 

(2001) and Tiberius et al. (2002a & 2002b). In Julien et al. (2003), a so-called tightly 

coupled GPS/Galileo combination ambiguity resolution was proposed and tested based 

on simulated observations. To tightly couple the two systems, extra measurements on two 

common frequencies (L1 vs E1 and L5 vs E5a) were used between the two base satellites 

of two systems. In studies of Zhang et al. (2003) and Zhang (2005), a geometry-based 

cascading approach was proposed and tested to overcome the limitations of geometry-

free cascading method. The network RTK positioning using combined GPS/Galileo was 

investigated by Schüler (2007) and Schüler et al. (2007), and it showed that a dual-

frequency combined GPS/Galileo has better performance than independent triple-

frequency GPS or Galileo in terms of ambiguity resolution and positioning accuracy. 

With the existence of multiple systems, the number of ambiguities and other nuisance 

parameters to be estimated in the filter will be significantly increased compared to those 

of the current dual-frequency GPS. To efficiently use observations from all systems and 

reduce the high computational burden due to the large number of estimated parameters, a 

Factorized Multi-Carrier Ambiguity Resolution (FAMCAR) (Vollath 2005 & 2008, 
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Sauer et al. 2004) method was proposed for future GNSS. This method has already been 

used for the current GPS and GLONASS integrated carrier phase positioning and has 

shown superior performance (Vollath & Doucet 2007). 

 

The concept of partial ambiguity fixing was first proposed in Teunissen et al. (1999), 

where partial fixing was evaluated for three-frequency GPS single-epoch AR based on 

least-squares covariance simulation. This was further carried out to evaluate different 

subsets of frequencies from combined GPS/Galileo based on Kalman filter covariance 

propagation in Cao et al. (2007). In Dai et al. (2007 & 2008), a partial search strategy for 

current dual-frequency GPS was developed to improve long range RTK reliability and 

availability. In Vollath and Doucet (2008), a so-called scoreboard partial fixing (SPF) 

method was proposed for GPS/GLONASS carrier phase AR and it could also be used for 

future GNSS including Galileo. The partial fixing of a subset of ambiguities in scenarios 

of GPS, GPS/QZSS (Quasi-Zenith Satellites System, the Japanese Satellite Navigation 

System) and GPS/Galileo was investigated; however, the partial fixing was only 

implemented in the original float ambiguity domain based on the signal to noise ratio 

(SNR) and satellite elevation angle of observation satellites and it was essentially 

equivalent to just use a subset of GNSS observations for ambiguity resolution. In 

Lawrence (2009), a new method of partial ambiguity resolution was developed, which 

makes a position error cost function minimized subject to a minimum probability of 

correct fix (PCF). 
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1.3 Statement of Problem 

 

Several limitations have been identified in the research described above. Firstly, the 

proposed CIR and TCAR use observation combinations with predefined transformations, 

which are not optimal in the sense of LAMBDA decorrelation (Teunissen et al. 2002). 

Secondly, these combinations are specifically defined for observations on particular 

frequencies and not generally applicable to observations on other frequencies. For 

example, extra wide lane (EWL) and wide lane (WL) measurements can be formed when 

three-frequency GPS observations are available, however this is not the case when only 

observations on two of the three frequencies are available or for another three-frequency 

GNSS, e.g., Galileo. Therefore, these combinations are not sufficiently flexible. 

 

For all previous studies, it was only shown that better results, like reduced time to fix 

ambiguities and capability to extend separations between the rover and reference 

receivers, would be obtained if GNSS observations on more frequencies or from another 

system are available. However, investigations have not been conducted with respect to 

comparisons of kinematic positioning performance, e.g., AR and positioning accuracy 

using different sets of GNSS signals, such as a triple-frequency single system GPS 

receiver comparing to a dual-frequency GPS/Galileo receiver. The answers to these 

questions are important for future GNSS RTK receiver design. Using observations on 

more frequencies of existing GNSS or from another GNSS means more carrier phase 

ambiguities to be fixed during the ambiguity resolution process, which significantly 

increases the computational burden of the filtering and ambiguity search space volume. 
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However, it should be easier to just fix a subset of the ambiguities instead of fixing them 

all. An ambiguity partial fixing strategy in the decorrelated ambiguity domain is proposed 

and investigated in this thesis. 

 

1.4 Objectives 

 

The overall objective of this research is to assess the performance of kinematic 

positioning and ambiguity resolution using a multi-system GNSS (GPS and Galileo in 

this study). The specific objectives of this research are defined as follows: 

 

1) To develop a GNSS carrier phase processor focused on algorithm development 

(not software development) to process GPS and Galileo code and phase 

observations for single baseline RTK (post-mission processing is adopted here 

instead of real-time processing) surveying applications. 

2) To evaluate ambiguity resolution performance in terms of time to first fix 

ambiguities and reliability of ambiguity fixing when using observations on 

subsets of GPS and Galileo frequencies. 

3) To assess the results from fixing subsets of decorrelated float ambiguities in terms 

of time to first fix, probability of correct fix and fixed position accuracy. 

4) To provide recommendations for future GNSS RTK receiver design in terms of 

frequency use, channel allocation and processing strategies. 
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1.5 Thesis Outline 

 

This thesis begins with a review of state-of-the-art ambiguity resolution strategies for 

modernized GPS, Galileo and combined GPS/Galileo. The background information in 

Chapter 1 provided the foundation for the remainder of this thesis. 

 

Chapter 2 gives an overview of GNSS systems: those that are currently available and 

those that are under development, and special attention is paid to modernized GPS and 

Galileo. Issues on the compatibility and interoperability of different GNSS systems are 

also addressed. The GNSS observation equations are introduced with the single and 

double differencing schemes being described with their pros and cons for precise 

positioning discussed. Various error sources in GNSS observations are then briefly 

described. 

 

Chapter 3 discusses the concept of differential GNSS positioning using carrier phase 

observations. The development of a float filter is described in detail. Methods for GNSS 

multi-carrier ambiguity resolution are reviewed and compared. Methods for ambiguity 

validation are also introduced in this chapter. 

 

Chapter 4 shows the results of evaluating ambiguity resolution performance in terms of 

probability of correct fix, which is conducted through Kalman filter covariance 

propagation based on the geometry of observed GNSS satellites. 
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Chapter 5 uses the phase processor described in Chapter 3 to process simulated GNSS 

observations from an in-house software simulator and provides quantitative results for 

ambiguity resolution with different subsets of GPS and Galileo observations. Results for 

partial fixing ambiguities are also presented and explained in this chapter. 

 

Chapter 6 draws conclusions from the preceding chapters and summarizes the findings of 

the research. Ideas for future investigation are also recommended. 
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Chapter Two: Global Navigation Satellite Systems 

 

This chapter will have an overview of current and future GNSS, discuss issues on 

compatibility and interoperability of different GNSS. GNSS observations and different 

differencing schemes of them will be studied. The advantages and disadvantages of using 

different kinds of observations will be compared. Some of the important GNSS error 

sources will be discussed at the end of this chapter. 

 

2.1 Overview of GNSS Systems 

 

2.1.1 GPS and its modernization 

 

GPS has shown excellent performance in a broad range of applications since its initial 

development three decades ago. A combination of Block IIA, IIR and IIR-M satellites 

makes up the current constellation, which currently consists of 31 active satellites 

broadcasting signals in space (Madden 2008). They are distributed in six orbital planes 

with inclination angles of approximately 56 degrees and are separated by 60 degrees right 

ascension of the ascending node. They are orbiting at an altitude of approximate 20,200 

km, with each satellite making two complete orbits every sidereal day (ARINC 2004). 

 

However, improvements are still needed to satisfy both civil and military GPS users. The 

first effort was to turn off selective availability (SA) on May 1st, 2000 and this policy was 

confirmed by the U.S. Government in 2007 (U.S. PNT National Executive Committee 
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2007). To enhance both civil and military services, a new civil signal on the L2 band 

(L2C) and new military signals (M-Code) on L1 and L2 bands were broadcast on the 

Block II-R satellites. The new military signals can be directly accessed by authorized 

users without dependence on the L1 C/A signal for obtaining timing information to 

acquire P(Y) signals (McDonald 2005). The L2C signal will enable robust L2 signal 

tracking and has great advantages over the current semi-codeless or codeless technologies 

implemented in civilian dual-frequency GPS receivers for high precision applications 

(Michael & Hegarty 2003). This will also enable civil users to directly correct 

ionospheric error, which is the most prominent error source in satellite positioning and 

navigation, thus significantly improving the positioning accuracy. In addition, the longer 

code length will significantly mitigate the error due to signal cross-correlation, thus 

making it appropriate for applications in weak signal environments, such as indoors, 

under forest canopies and in urban canyons (ibid). To benefit users in the civil aviation 

community, a third frequency - L5, which is located in the Aeronautical Radio 

Navigation Service (ARNS) band, will be transmitted on the Block IIF satellites since the 

L2 frequency is not located in the protected ARNS band (McDonald 2005). The third 

frequency will further improve performance for high precision applications using carrier 

phase measurements (Hatch 1996). To achieve interoperability with other GNSS, e.g., 

Galileo, a fourth civil signal - L1C will be added on the Block IIIA satellites, which will 

have increased power levels, increased security and integrity and also have better anti-

jamming capabilities (Madden 2008). An overview of the legacy and modernized GPS 

signals is presented in Table 2.1. Besides the modernization of GPS spacecraft in the 

space segment, a series of upgrades in the control segment have also been carried out. 
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The first one was to update the existing Operation Control Segment (OCS) in 2007 

(Taylor et al. 2008) which is being followed by building a Next Generation Operational 

Control Segment (OCX) to accommodate GPS III satellites (Gower 2008). Table 2.2 

gives a summary of GPS modernization activities. 

Table 2.1: Summary of GPS Signal Characteristics (after Ward et al. 2005) 

Signal 
Centre 
Frequency 
(MHz) 

Modulation 
Type 

Band-
width 
(MHz) 

Chip 
Rate 
(MHz) 

Spreading 
Codes 

Code 
Length 

Signal 
Comp
onent 

Service 
Name 

L1 C/A 1,575.42 BPSK(1) 2.046 1.023 Gold 
Codes 1023 N/A Civil 

L1 P(Y) 1,575.42 BPSK(10) 20.46 10.23 M-
Sequences Encrypted N/A Military 

L2 P(Y) 1,227.60 BPSK(10) 20.46 10.23 M-
Sequences Encrypted N/A Military 

L2CM 1,227.60 BPSK(1) 2.046 0.5115 M-
Sequences 10,230 Data Civil 

L2CL 1,227.60 BPSK(1) 2.046 0.5115 M-
Sequences 767,250 Pilot Civil 

L5-I 1,176.45 BPSK(10) 20.46 10.23 M-
Sequences 10,230 Data Civil 

L5-Q 1,176.45 BPSK(10) 20.46 10.23 M-
Sequences 10,230 Pilot Civil 

L1-M 1,575.42 BOC(10,5) 30.69 10.23 N/A N/A N/A Military 
L2-M 1,227.60 BOC(10,5) 30.69 10.23 N/A N/A N/A Military 

L1C 1,575.42 TMBOC(6,
1,1/11) 4.092 1.023 Weil 

Codes 10230 N/A Civil 
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Table 2.2: GPS Modernization Activities (after Madden 2008) 

Activity Implementation Date 

Second civil signal: L2C 

(begin from Block IIR-M satellite)

First satellite launched in Sept 2005 

Six satellites now in space 

24 satellites full capability around 2016 

Third civil signal: L5 

(begin from Block IIF satellite) 

 

First launch scheduled to be in early 2009

24 satellites full capability around 2018 

Forth civil signal: L1C 

(begin from Block IIIA satellite) 

First launch in 2014 

24 satellites full capability around 2021 

Control Segment Upgrades 
OCS switch over in Sept 2007 

OCX is underway 

 

 

2.1.2 Galileo 

 

The establishment of Galileo was conceived by the European Union (EU) in 1990s and it 

was finally approved in a meeting of the EU Transport Council in 2004. The first test-bed 

satellite system, GIOVE-A was launched in December, 2005 and the second one, 

GIOVE-B was launched in April, 2008. A series of in-space signal validations have been 

carried out and the ground control segment has been under development since that time. 

With the break-down of the Public-Private Partnership (PPP) funding strategy for Galileo 

development, a new strategy with funding from EU public sectors was established in the 

EU Finance Ministers and Transport Ministers meetings in 2007 (Inside GNSS 2007).  

The four Galileo In Orbit Validation (IOV) satellites will be launched in the following 
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two years and Galileo is expected to achieve its Full Operational Capability (FOC) in 

2013 (Falcone 2008). 

 

An initial version of the Galileo signal and frequency plan (Hein et al. 2002) was 

published in 2002. It claimed that Galileo would provide five types of services on ten 

signals to worldwide users. It also established the foundation for later signal refinement. 

A few important changes were made on the E1 and E6 signal waveforms based on 

agreements between the U.S. and E.U. to resolve issues surrounding system compatibility 

and interoperability of GPS and Galileo (Avila-Rodriguez et al. 2008). To achieve 

interoperability of the two systems, a common signal wave form - Multiplexed Binary 

Offset Carrier (MBOC) - will be used for Galileo E1 and GPS L1C signal modulations, 

and this task was finalized in September 2007 (Avila-Rodriguez et al. 2007). GPS/Galileo 

cooperation on a wide range of areas was reaffirmed in a U.S.-European meeting in 

October 2008 (U.S. PNT National Executive Committee 2008). However, the 

optimization of Galileo E1 open service (OS) spreading codes is still under way (Wallner 

et al. 2008). A summary of Galileo signal characteristics is listed in Table 2.3 and the 

corresponding Galileo frequency plan (with respect to that of GPS) are shown in Figure 

2.1. 
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Table 2.3: Galileo Signal Characteristics (after ESA Galileo Project Office 2008) 

Signal Centre 
Frequency 

Modulation 
Type 

Bandwidth
(MHz) 

Chip 
Rate 
(MHz)

Spreading 
Codes 

Code 
Length 

Signal 
Component

Service 
Name 

E1A 1,575.42 BOC(15,2.5) 15.345 2.5575 N/A N/A N/A PRS 

E1B 1,575.42 CBOC(6,1,1/11) 1.023 1.023 Random 
Codes 4092 Data OS 

E1C 1,575.42 CBOC(6,1,1/11) 1.023 1.023 Random 
Codes 4092 Pilot OS 

E6A 1278.75 BOC(15,2.5) 10.230 5.115 N/A N/A N/A PRS 

E6B 1278.75 BPSK(5) 10.230 5.115 Random 
Codes 5115 Data CS 

E6C 1278.75 BPSK(5) 10.230 5.115 Random 
Codes 5115 Pilot CS 

E5a-I 1176.45 AltBOC(15,10) 15.345 10.23 M-
Sequence 10230 Data OS 

E5a-
Q 1176.45 AltBOC(15,10) 15.345 10.23 M-

Sequence 10230 Pilot OS 

E5b-I 1207.14 AltBOC(15,10) 15.345 10.23 M-
Sequence 10230 Data OS 

E5b-
Q 1207.14 AltBOC(15,10) 15.345 10.23 M-

Sequence 10230 Pilot OS 

 

 

Figure 2.1: Galileo Frequency Plan (from Galileo SIS ICD 2008) 
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2.1.3 Other GNSS 

 

Though this thesis focused on precise kinematic positioning of Galileo and modernized 

GPS, it is still worthwhile to review other GNSS, which are currently under development 

in the world and can be incorporated into the performance evaluation in the future. 

 

One of them is Russia’s counterpart to GPS, namely GLONASS, which was developed in 

parallel with GPS and achieved FOC in 1996. However, it broke down due to insufficient 

funding (Feairheller & Clark 2005). A GLONASS modernization program was started in 

2001 to replenish the system (Polischuk et al. 2002). It is expected that GLONASS will 

regain its FOC in 2010 with launches of GLONASS-M satellites (Revnivykh 2008). A 

new block GLONASS-K satellites will be launched in 2011, and they will broadcast a 

third civil signal – L3 and CDMA (Code Division Multiple Access) type signals at the L1 

and L5 frequency bands to realize interoperability with other GNSS (ibid). In addition, 

efforts have been made to refine the geodetic and time reference frames. The GLONASS 

reference system has been updated to PZ-90.02 and will continue to be improved to be 

compatible with the International Terrestrial Reference Frame (ITRF) within a 

discrepancy of less than 5 cm (Revnivykh 2007). The time reference system will be 

improved to a level of 12 ns relative to UTC (Coordinated Universal Time) and to have 

less than a 120 ns discrepancy with respect to UTC (ibid). As of October 2008, there are 

19 operational GLONASS satellites transmitting FDMA (Frequency Division Multiple 

Access) signals on L1 and L2 (Information Analytical Centre 2008). 

 



18 

 

China is also building its own GNSS - Compass (or Beidou-II), which will be the world’s 

fourth GNSS and is considered as a successor of China’s first generation satellite 

navigation system - Beidou-I. The system will consist of 30 MEO satellites placed in 

three orbital planes in an altitude of 21,500 km with an inclination angle of 55 degrees 

and five satellites in geostationary orbits (China Satellite Navigation Project Centre 

(CSNPC) 2008). Compass will provide two types of service - a free-of-charge open 

service for global users and an authorized service (AS) for restricted users (CSNPC 

2008). Ten signals will be broadcast on five frequency bands: B1, B1-2, B2, B3 and L5 

(B is a national notation for Beidou). These frequencies will partially overlap those of 

GPS and Galileo thus providing good compatibility and interoperability among different 

GNSS. 
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Table 2.4: Compass Signal Characteristics (after CSNPC 2008) 

Signal Centre 
Frequency 

Modulation 
Type 

Bandwidth
(MHz) 

Chip 
Rate 
(MHz) 

Signal 
Component 

Service 
Name 

B1-I 1,561.098 QPSK 4.092 2.046 Data OS 
B1-Q 1,561.098 QPSK 4.092 2.046 Data AS 
B1-2 1,589.742 QPSK 4.092 2.046 Data AS 
B2-I 1207.14 QPSK 24 10.23 Data OS 
B2-Q 1207.14 QPSK 24 10.23 Data AS 
B3 1268.52 QPSK 24 10.23 Data AS 
B1-
BOC 1575.42 CBOC(6,1,1/11) 16.368 1.023 Data OS 

B2-
BOC 1207.14 BOC(10,5) 30.69 5.115 Data OS 

B3-
BOC 1268.52 BOC(15,2.5) 35.805 2.5575 Data AS 

L5 1176.45 QPSK 24 10.23 Data OS 
 

A general overview of the above four GNSS and a summary of their frequency 

allocations and signal structures can be found in Hein (2007) and Hein et al. (2007). 

 

2.1.4 System compatibility and interoperability 

 

With the co-existence of multiple GNSS, compatibility and interoperability among 

different systems are important. Compatibility refers to the capability of two or more 

systems to operate simultaneously without interference causing performance degradation 

to each other (Dellago et al. 2003). Interoperability, which is defined as the performance 

of two or more systems will be significantly improved when they are combined (Dellago 

et al. 2003). There are a number of factors having influence on system compatibility and 

interoperability, with three primary concerns being: the signal in space, the geodetic 

reference frame and the time reference frame (Hein et al. 2002). Since this thesis is 
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concentrated on GPS and Galileo precise kinematic positioning, only compatibility and 

interoperability between GPS and Galileo are addressed herein. 

 

Signal in Space 

 

The interoperability of GPS and Galileo is achieved by overlapping carrier frequencies 

over L1/E1 and L5/E5a (Hein et al. 2002). A further improvement will be realized by 

using the MBOC on the L1/E1 frequency band to benefit mass market users (Avila-

Rodriguez et al. 2008). However, potential problems like mutual interference arise when 

broadcasting navigation signals on common frequency bands between two systems. This 

topic has been investigated in past years, and fortunately, results show that the mutual 

interference between GPS and Galileo will be marginal thus there will be no significant 

influences on the user side (Avila-Rodriguez et al. 2008, Fyfe et al. 2002, Ganguly 2004). 

 

Geodetic Reference Frame 

 

As a practical realization of the ITRF, the World Geodetic System (WGS) 84 has been 

used for GPS as the geodetic coordinate reference frame. Discrepancies between the three 

components of ITRF and WGS84 are very small, i.e., at centimetre level (one sigma) 

(Merrigan et al. 2002). To allow the system to be independent of GPS, Galileo will use 

the Galileo Terrestrial Reference Frame (GTRF), which is another version of the 

realization of ITRF (Hein et al. 2002). Thus the difference between WGS84 and GTRF 

should be very small and is expected to be within a few centimetres, which is sufficient 
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for navigation and most user requirements. For very high precision applications, e.g., 

tectonics and geodynamics, transformation parameters can be provided by an external 

Galileo Geodetic Service Provider (GGSP) (Hein et al. 2005). For simplification of 

simulated data generation in this thesis, the difference between the GPS and Galileo 

geodetic reference frames is neglected and the WGS84 is used for both systems. 

 

Time Reference Frame 

 

The GPS time is established by the U.S. Naval Observatory (USNO) and it is steered to 

UTC and is not adjusted for leap seconds. It has been maintained to within ± 25 ns with 

respect to UTC in the past years (Hein et al. 2005). The Galileo System Time (GST) will 

be a continuous time scale steered towards the International Atomic Time (TAI) with an 

offset of 33 ns (Hein et al. 2002). To achieve the interoperability of GPS and Galileo, the 

difference between the GPS and Galileo system times should be resolved and the two 

time systems should be synchronized with an accuracy of less than 5 ns with a two-sigma 

confidence interval over any 24-hour period (Hahn et al. 2004). Generally, there are two 

approaches to resolving this problem. One is to determine the GPS to Galileo Time 

Offset (GGTO) and transmit it to users via the GPS and Galileo navigation messages 

(Hahn et al. 2004). The other one is to estimate the GGTO (or estimate receiver clock 

errors for GPS and Galileo separately) in the navigation solution by users. It has been 

shown the two approaches provide similar stand-alone positioning results based on 

simulation studies (Bonhoure 2008). In this study, the GPS system time is used for both 

systems to simplify the generation of simulated data. 
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2.2 GNSS Observations 

 

2.2.1 Un-differenced (UD) observations 

 

A modern GNSS receiver can record measurements from the line-of-sight (LOS) signal 

between satellites and receiver and report a number of types of observables, e.g., 

pseudorange, carrier phase, Doppler, which are called UD observations in this thesis. The 

UD carrier phase and pseudorange observation on an L1 channel can be described in 

following equations which closely follow the development of Teunissen & Kleusberg 

(1998), 
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where 
j

i ,    Receiver and satellite identification respectively 

it    Time of reception of the signal at receiver  in GPS time i

),( i
k
ii

k
i tt τρ −  Distance between receiver i  at time  and satellite  at time 

 

it k

k
iit τ−

k
iτ  Travel time of signal, i.e., time needed for the signal to travel from 

signal generator in the satellite to the signal correlator in the GNSS 

receiver 

)( ii ttδ    GNSS receiver clock error at the time of reception  it
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)( k
ii

k tt τδ −   Satellite clock error at the time of transmission  k
iit τ−

c    The speed of light in vacuum (299, 792, 458.0 m/s) 

)( i
k

i tT    Delay due to tropospheric effect 

)( i
k
i tI    Delay due to ionospheric effect 

)( i
k
i tmδ   Carrier phase multipath error 

)( i
k
i tdm   Pseudorange multipath error 

λ    Wavelength of L1-carrier: c
f ≈ 0.19 m 

f    Frequency of L1-carrier: = 1575.42 MHz 

)( 0tiφ    Non-zero initial phase of receiver i  

)( 0t
kφ    Non-zero initial phase of satellite k  

k
iN  Integer carrier phase ambiguity of carrier phase observation for 

receiver  and satellite  i k

)( i
k
i tε  Receiver noise and un-modeled effects for carrier phase 

observables 

)( i
k
i te  Receiver noise and un-modeled effects for pseudorange 

observables 

 

Observations on other GNSS frequency bands can be expressed in similar ways, and 

differences result from different levels of the various error sources. 

  

2.2.2 Single-difference (SD) observations between receivers 

 

The SD carrier phase observation between two receivers i  and j  for signals from the 

same satellite can be written as 
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Since the difference of travel time from the satellite to the two receivers is very small 

(less than 50 ms) and the atomic clocks on the satellite are very stable (frequency stability 

of ~ /day), the satellite clock errors can be considered as approximately 

constant, then 

1310− 1510−

k
j

k
i ττ ≈  (2.4)

 Thus, 

  )()( k
jj

kk
ii

k tttt τδτδ −≈− (2.5)

 

By omitting the explicit time variables and introducing the between-receiver SD 

operator Δ , the SD carrier phase observation in Equation (2.3) can be abbreviated as 

k
ij

k
ijij

k
ij

k
ij

k
ijij

k
ij

k
ij NtmITtc ελφλδδρ Δ+Δ+Δ+Δ+Δ−Δ+Δ+Δ=ΔΦ )( 0  (2.6)

In the same way, the SD carrier phase observation for satellite l  reads 

l
ij

l
ijij

l
ij

l
ij

l
ijij

l
i

l
ij NtmITtc ελφλδδρ Δ+Δ+Δ+Δ+Δ−Δ+Δ+Δ=ΔΦ )( 0  (2.7)

The two SD observations can be computed from the matrix-vector relation, which reads 

Φ=ΔΦ C  (2.8)

where 
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By substituting the above equations, the result is 
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By assuming that the UD carrier phase observations are linearly independent or un-

correlated, the variance of the UD observation vector Φ  is 

ICov 2)( σ=Φ  (2.13)

Applying the covariance propagation law, the covariance of SD observation reads 
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Equation (2.6) shows that the between-receiver SD observations are mathematically un-

correlated. 

 

2.2.3 Double-difference (DD) observations between receivers and satellites 

 

The DD carrier phase observation between two receivers and two satellites can be written 

as 
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By introducing the DD operator ∇Δ , the above equation can be abbreviated as 

kl
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ij NmIT ελδρ ∇Δ+∇Δ+∇Δ+∇Δ−∇Δ+∇Δ=Φ∇Δ  (2.18)

In the same way, the DD carrier phase observation between satellites  and  reads m k

km
ij

km
ij

km
ij

km
ij

km
ij

km
ij

km
ij NmIT ελδρ ∇Δ+∇Δ+∇Δ+∇Δ−∇Δ+∇Δ=Φ∇Δ  (2.19)

The two DD observations can be computed from the matrix-vector relation as 

ΔΦ′=Φ∇Δ C  (2.20)

where 
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By substituting equations, the result is 
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The covariance matrix for the DD observations is given as 
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From Equation (2.25), it can be seen that DD observations between receivers and 

satellites are mathematically correlated. 

 

 

2.2.4 Single-differencing versus double-differencing 

 

There have been debates on using either SD or DD observations in GNSS data processing 

(Vollath 2008). It has been proved that the two approaches are equivalent (Schaffrin & 

Grafarend 1986, Shen & Xu 2008). The trade-off for choosing one method against the 
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other is mostly on software implementation issues. Here comparisons on using single-

differencing versus double-differencing are listed in Table 2.5. 

Table 2.5: Comparisons of single- and double-differencing schemes 

 Single-differencing  Double-differencing 

Advantages 

• it is easier to form SD 
observations 

• SD observations are 
mathematically uncorrelated, 
they are appropriate for 
sequential processing in the 
filter 

• It is easy to fix DD 
ambiguities since they are 
integers  

Disadvantages 

• SD ambiguities cannot be 
estimated separately from the 
common receiver clock 
offset, which is not an integer 
value, and thus must be 
differenced before being 
fixed 

• it is more complicated to 
form DD observations 

• they are more book-keeping 
operations during 
implementation 

• DD observations are 
mathematically correlated, 
they are more complicated 
for sequential processing in 
the filter 

 

It can be seen from the comparisons that it is advantageous to use SD over DD 

observations, the problem of non-integer SD ambiguities can be resolved with a 

transformation in the ambiguity domain, which will be discussed in Chapter 3. 

 

2.2.5 Observation combinations 

 

When multi-frequencies GNSS observations are available, linear combinations among 

observations on different frequencies can be performed to make observables with longer 

wavelength or reduced ionospheric errors. The general form of linear combinations of 
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3

GPS L1, L2 and L5 (or Galileo E1, E5b and E5b) phase observations (in cycles) can be 

expressed as follows (Cocard et al. 2008), 

1 2LC i j kφ φ φ= ⋅ + ⋅ + ⋅φ  (2.26)

The resulting integer ambiguity corresponding to LCφ  is  

1 2LCN i N j N k N= ⋅ + ⋅ + ⋅ 3  (2.27)

and the frequency of this combined observation is 
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1

λλλ

λ kjiLC

++
=  

(2.28)

 

Various combinations can be made for GPS and Galileo. A popular one among them is 

the so-called EWL-WL-L1/E1 combination as shown in Table 2.6.  

Table 2.6: Observation combinations of GPS and Galileo 

Coefficients System Combination L1/E1 L2/E5b L5/E5a
Wavelength 
(m) 

EWL 0 1 -1 5.861 
WL 1 -1 0 0.862 GPS 
L1 1 0 0 0.193 
EWL 0 1 -1 9.765 
WL 1 -1 0 0.814 Galileo 
E1 1 0 0 0.193 

 

Assuming that the observations on each frequency are uncorrelated and writing the 

original and combined observations in vector forms gives, 
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The relationship between Equations (2.29) and (2.30) is: 

LC BΦ = ⋅Φ  (2.31)
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By applying the covariance propagation law, the corresponding variance-covariance 

matrix of  is derived as LCΦ
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(2.33)

From Equation (2.33), it is found that the combined observations are mathematically 

correlated. However, this has been generally ignored in previous studies and has led to 

optimistic results. 

 

2.3 GNSS Measurement Errors 
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As shown in Equations (2.1) and (2.2), the GNSS code and phase observations contain a 

number of error sources, which are divided into three groups (Wübbena & Willgalis 

2001):  

 

1) Clock related errors, which include receiver and satellite clock errors and 

instrumental delays presented in the receiver and satellites. These errors can be 

eliminated through observation differencing or can be estimated as nuisance 

parameters. 

2) Baseline dependent errors, including ionospheric, tropospheric and satellite orbital 

errors. The magnitude of these errors increases as a function of the physical 

separation of the reference and rover receivers. 

3) Station dependent errors, which consist of receiver noise and multipath, phase centre 

variations (PCV) of receiver and satellite antennas. 

 

Some of the important error sources are discussed in detail in the following subsections. 

 

2.3.1 Satellite orbital error 

 

GPS signals are broadcast from satellites in the navigation message which are used to 

compute satellite coordinates in real time. The orbital parameters are updated by the 

ground control facility in two-hour intervals. The influence of satellite orbital errors on 

differential positioning can be determined based on Equation (2.34) (Conley et al. 2005). 
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rbb Δ=Δ
ρ

 (2.34)

where  is the baseline estimation error, b  is the length of the baseline between two 

receivers, 

bΔ

rΔ  is satellite orbital error and ρ  is the mean distance between a satellite and 

a receiver. 

 

Given the fact that the current satellite orbital error is around 1.6 m (IGS 2008) and will 

be further improved to 0.6 m (Madden 2008), the baseline estimation error is about 8 mm 

over a 100 km baseline and it is negligible over short baselines applications. 

 

2.3.2 Tropospheric error 

 

The troposphere is a non-dispersive medium for frequencies up to 15 GHz and it is 

located in lower part of the atmosphere extending to 40 km above the Earth’s surface. 

The GNSS signal undergoes a path delay when it travels through the troposphere and the 

delay is dependent on the local temperature, pressure, and relative humidity (Conley et 

al., 2005).  

 

The tropospheric delay is generally modeled as including both dry and wet components. 

The dry component arises from the dry air and contributes to about 90% of the total 

delay, and it can be predicted very accurately. The remaining wet component is induced 

from the water vapour in the troposphere, and it is difficult to predict because of the rapid 

variation of water vapour. Several models have been developed to correct tropospheric 
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delays, e.g., those proposed by Hopfield (1970) and Saastamoinen (1972) and the UNB3 

model (Leandro et al. 2006), the last one having the merit of being free of meteorological 

parameter input. Both the dry and wet components of tropospheric delay are usually 

predicted in the zenith direction. In order to get slant tropospheric delays for other 

elevations, a specific function is used to map the zenith tropospheric delay. This task can 

be fulfilled by a number of mapping functions, such as the Neil mapping function (Neil 

1996) for geodetic and surveying data processing and the Black and Eisner mapping 

function (Black & Eisner 1984) for real-time navigation applications (Guo & Langley 

2003). 

 

In differential GNSS (DGNSS) applications, the residual tropospheric delay after 

correction of the two receivers is generally very small. For example, it is on the order of 2 

cm over a 100 km baseline in normal weather conditions (Cosentino et al. 2005), so this 

can be ignored for most applications. In extreme weather conditions, the troposphere is 

significantly decorrelated even over a baseline of several kilometres (Lawrence et al. 

2006). It has been shown that decorrelated tropospheric errors amount to 0.23 m and 0.40 

m for baselines over 5.4 km and 16 km, respectively (Huang & van Graas 2006). Since 

the work in this thesis focuses on short baseline kinematic positioning in normal weather 

conditions, the differential trosposheric delay is safely neglected. 

 

2.3.3 Ionospheric error 
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The ionosphere is a dispersive medium located 70 km to 1,000 km above the Earth’s 

surface. The ionosphere is a major error source for GNSS range and range-rate 

measurements (Conley et al. 2005). The rapid fluctuations of electrons in the ionosphere, 

called ionospheric scintillations, can even cause the receiver to lose satellite tracking 

(Kintner et al. 2007). The first order ionospheric effect on range measurements can be 

approximated as a function of the carrier frequency  as shown in Equation (2.35) 

(Klobuchar 1996) and the second and higher order effects are generally less than 10 cm 

(Hoque & Jakowski 2008) and are generally ignored even in high precision applications. 

f

TEC
f

I 2
3.40

=  (2.35)

 where TEC  is the total electron content along the signal path through the ionosphere 

over a 1 surface. 2m

 

For single frequency GNSS users, the ionospheric error can be corrected in real time 

using broadcast models, such as the Klobuchar model (Klobuchar 1987, Feess & 

Stephens 1987) used for GPS and the NeQuick model (Belabbas et al. 2005) proposed for 

Galileo. The latter has better performance than the former in terms of ionospheric 

correction on a global scale (Aragón-Ángel & Amarillo-Fernández 2006). However, the 

broadcast models can only compensate about 50% of the ionospheric error; other state-of-

the-art models, like International Reference Ionosphere (IRI) and Bent models can 

improve the correction to 75%; when an external ionospheric correction, like WAAS 

correction is used, the improvement goes to 90% (Klobuchar 2001). Recently, a 

tomography technique has been developed and used for single frequency GNSS 
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ionospheric correction, promising result has been obtained and it was shown that almost 

the first order ionospheric effect could be corrected (Allain & Mitchell 2008). However, 

these single frequency ionospheric models are not sufficiently for use in precise carrier 

phase applications. 

  

For dual or multiple frequency GPS/Galileo users, the first order ionospheric error on the 

L1/E1 frequency can be completely estimated using code or phase measurements on two 

carrier frequencies as shown in Equations (2.36) and (2.37), respectively. 
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where iρ  and jρ  are pseudorange observations on frequencies  and , , if jf iΦ jΦ ,  

and  are corresponding phase observations and their ambiguities. 

iN

jN

 

In DGNSS positioning, ionospheric errors are significantly reduced by observation 

differencing between two receivers because of the correlation of the ionosphere effect. 

The remaining residual ionospheric error can be estimated as a nuisance parameter if dual 

or multiple frequency observations are available. This ionospheric residual will restrict 

the effective use of single frequency RTK to about 10 km since the ionospheric error is 

not observable in the estimation. 
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2.3.4 Receiver noise and multipath 

 

Receiver noise is caused by tracking errors in the receiver delay lock loop (DLL) and 

phase lock loop (PLL). The C/A code receiver noise of a typical modern GNSS receiver 

is on the order of one decimetre or less (one sigma). For modernized GPS and Galileo 

signals, the magnitude of the code noise will be decreased to the centimetre levels (vila-

Rodríguez et al. 2005). The receiver noise of the phase observations is generally 

independent of the signal modulation scheme and chipping rate for different signals and 

is generally on the order of 1 mm or less (Ward et al. 2005).  

 

Multipath is induced from the interference of the line-of-sight GNSS signals and reflected 

signals received by the receiver. The magnitude of the multipath errors is closely related 

to the environment where the receiver is located, satellite elevation angle, antenna gain 

pattern and signal characteristics (Conley et al. 2005). To mitigate the code multipath, a 

number of advanced correlators have been developed and implemented in high-end 

GNSS receivers. To name a few, there is the narrow correlator, the MEDLL (Multipath 

Estimation Delay Lock Loop) correlator, and the MET (Multipath Elimination 

Technique) correlator (Ray 2006). The maximum carrier phase multipath error is 

generally less than a quarter of the wavelength of the carrier frequency (Conley et al. 

2005). Reduction of carrier phase multipath errors is still a challenge in GNSS precise 

positioning, though some investigations can be found in Lau and Cross (2007) and Bilich 

et al. (2008). 
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Both receiver noise and multipath will be increased through observation differencing in 

DGNSS applications. To reduce the effects of multipath, the receiver sites should be 

carefully selected and multipath mitigation antennas, e.g., choke ring and ground plane 

antennas should be used (Hofmann-Wellenhof et al. 2001).  

 

2.4 Summary 

 

This chapter reviewed the current and developing GNSS, and special attention was paid 

to modernized GPS and Galileo, which will be studied in this thesis in terms of kinematic 

positioning performance. GNSS observations and different differencing schemes were 

studied and the advantages and disadvantages of using different kinds of observations 

were compared. Various error sources in GNSS observations were briefly described as 

they will be carefully considered in a covariance analysis in Chapter 4 and the creation of 

simulated data in Chapter 5. 
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Chapter Three: Differential GNSS Positioning 

 

3.1 Introduction 

 

Stand-alone positioning with pseudorange observations provides a few metres of 

accuracy. To achieve sub-metre or better positioning accuracy, a reference receiver is set 

up near the rover receiver to reduce or eliminate the common errors between two 

receivers. This method is called differential GNSS (DGNSS). DGNSS positioning with 

pseudorange observations is straightforward, while it is more complicated if using carrier 

phase observations, which contain the ambiguous cycles. There are four steps involved in 

DGNSS positioning using carrier phase observables (Teunissen & Verhagen 2007b).  

 

1) Estimate the ambiguities and other parameters while ignoring the integer 

characteristic of ambiguities. As a result, the so called float ambiguity solution 

and the corresponding covariance matrix of the ambiguity estimates are obtained. 

2) Adjust the float ambiguities to corresponding integer values. This step is called 

ambiguity resolution. 

3) Decide whether or not to accept the computed integer values based on some 

statistical properties, e.g., the ratio test. This is called ambiguity validation. 

4) Once the computed integer ambiguities are accepted, the fixed position solutions 

are calculated as the last step in carrier phase DGNSS positioning. 
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As mentioned in Section 2.2, either DD or SD observations can be used in carrier phase 

DGNSS float filtering. Using SD may have advantages in implementation but suffers 

from disadvantages in terms of ambiguity resolution. Figure 3.1 shows a flowchart for 

using SD carrier phase observables in GNSS positioning and the details of each step are 

discussed in following sections. 

No 

Yes 

Get 
GNSS 
Data 

Estimate ‘float’ 
position 

parameters and 
SD ambiguities 

Transform SD 
‘float’ 

ambiguities to 
DD ones 

Integer 
ambiguity 
resolution  

Estimate ‘fixed’ 
position using 

resolved integer 
ambiguities 

Use ‘float’ 
position estimate 

as position 
solution 

Ambiguity 
validated? 

 
Position solution 

  

Figure 3.1: Flowchart of DGNSS positioning using SD carrier phase observations 

 

3.2 Float Filter 

 

Sequential estimation technique such as Kalman filtering is usually implemented in 

kinematic carrier phase DGNSS processing. Four steps are generally involved in a 

Kalman filter (shown in Figure 3.2): prediction, computation of Kalman gain, updating 
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estimate with observations and computation of covariance for updated estimate (Brown 

& Hwang 1997). 

Compute Kalman gain 
1][ −−− += k

T
kkk

T
kkk RHPHHPK  

Compute covariance for 
updated estimate 

−−+ −= kkkkk PHKPP  

Predict ahead 
+

−−
− = 11 ˆˆ kkk xx φ

+ T

 

1111 −−−−
− += kkkkk QPP φφ  

Update estimate with 
measurements 

]ˆ[ˆˆ −−+ −+= kkkkkk xHzKxx  

  
Figure 3.2: Kalman filter loop (after Brown & Hwang 1997) 
 

In Figure 3.2, where 

kx̂   is the state vector estimated at epoch k  

kz  is the observation vector at epoch  k

kP   is the variance-covariance matrix of state vector  at epoch k  kx̂

kφ   is the state transition matrix 

kQ  is the system process noise matrix at epoch  k

kK  is the Kalman gain at epoch  k

kH  is the design matrix at epoch  k

kR  is the variance-covariance matrix of observation vector  at epoch  kz k

−   indicates the state estimate and its covariance before the “Update” step 
+  indicates the state estimate and its covariance after the “Update” step 

 



41 

 

3.2.1 Dynamic model 

 

In the implementation of this work, the state vector  usually contains three position 

states - latitude, longitude and height 

kx̂

( )h,, λϕ  and float ambiguities. Since the SD 

observations are used in the processing, the clock offsets for the two receivers can not be 

cancelled out and another state  corresponding to the relative receiver clock offset has 

to be estimated in the filter. Assuming  common satellites are observed by the reference 

and rover receivers, there are  SD ambiguities to be estimated. The state vector reads 

dt

n

n

( )nk NNNNdthx ΔΔΔΔ= ,,,,,,,,ˆ 321λϕ  (3.1)

In this study, a random walk is assumed for the position states since the rover receiver is 

static or in low dynamics for surveying applications. The values of the ambiguity will not 

change if there is no cycle slip, so a random constant model is used to describe the 

ambiguity states. The system transition matrix Φ  is an identity matrix as per Equation 

(3.2). 
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The spectral density values of the position states depend on the system dynamics. For the 

data sets used in this thesis, the rover receiver is practically static but processed in 

kinematic mode, so a small value, namely 0.05 m/s, is given as the spectral density of 

each position state. The clock error is not bounded and it can change quickly from epoch 

to epoch, a large value, e.g., 10000 m/s, is assigned to the spectral density of the clock 

state. The ambiguity states are modeled as constants and their process noise values are 

simply set to zero. The corresponding system noise matrix Q  is shown in Equation (3.3). 
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3.2.2 Measurement model and sequential processing 

 

The measurement model relates the state vector in the filter and the GNSS observations 

through the design matrix H  (shown in Figure 3.2). Continuous updates in the filter are 

crucial to keep the system from diverging.  
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As discussed in Section 2.2, the SD observations are mathematically uncorrelated thus 

the measurement error variance-covariance matrix R  is diagonal. This merit gives an 

advantage of processing the measurements in a sequential way. Then the equations in the 

update steps are adapted as follows (Grewal & Andrews 2001): 

[ ] [ 1]
[ 1]

1i i
k ki T

i k i i

K P
h P h r

−
−=

+
T
ih  (3.4)

 

[ ] [ 1] [ ] [ 1]i i i i
k k k i kP P K h P− −= −  (3.5)

 

[ ] [ 1] [ ] [ 1]ˆ ˆ ˆ[ ]i i i i
k k k i i kx x K z h x− −= + −  (3.6)

where  is the  row in the design matrix H  and  is the  diagonal element in 

matrix 

ih thi ir thi

R ,  is the  observation in the measurement vector and [ ]  indicates the  

update of the filter states. The other parameters are the same as those in Figure 3.1. 

iz thi i thi

 

The implementation of sequential processing significantly reduces the computation 

burden of the filter since there is no inversion operation of large dimensional matrices, 

just the inversion of a scalar ( )[ 1]i T
i k ih P h r− +  instead. 

 

3.2.3 Transformation of ambiguities from SD to DD 

 

As discussed in Section 2.2, SD float ambiguities are not easily fixed, so a transformation 

operator B  (Equation (3.7)) is applied to get the DD float ambiguities and their 
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corresponding covariance matrix. The transformations are shown in Equations (3.8) and 

(3.9). 
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DD SN B N= ⋅ D  (3.8)

 

T
DD SDC B C B= ⋅ ⋅  (3.9)

 

The SD float ambiguities are biased by the between-receiver clock offset. However, this 

common clock error is the same for all float ambiguities. By choosing an ambiguity (one 

for each frequency band) as the reference one, the clock errors for the other float 

ambiguities are effectively cancelled by applying the above transformation. Thus the 

transformed DD float ambiguities should be identical to those using DD observations and 

they are essentially integers and can be more easily fixed. 

 

3.3 GNSS Multi-Carrier Ambiguity Resolution 

 

Before moving to the topic of ambiguity resolution, the differences between the models 

used in GNSS positioning are addressed to facilitate the further discussion on different 

AR methods. 
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Single-epoch and multi-epoch models: the difference between these two models resides 

in the number of observation epochs involved in estimation. For the single-epoch model, 

it only uses information from current epoch observations and its aim is to resolve 

ambiguities instantaneously. Least-squares is generally used in this model. For the multi-

epoch model, information from previous epochs and the current one is used and the 

estimation technique employed can be a Kalman filter or Least-squares depending on the 

assumed user dynamics. 

 

Geometry-free (GF) and Geometry-based (GB) models: the distinction between these 

two models is whether the three baseline components are estimated or not. In the GF 

model, the ranges (including tropospheric delays) between satellites and receiver are 

estimated. In application, once the ambiguities are resolved, the fixed values are used in a 

subsequent position estimation step. In the GB model, the three baseline components (or 

three position parameters of the rover receiver) are estimated at the same time as the 

ambiguities.  

 

Given that there will be multiple-frequency observations available from both GPS and 

Galileo in the future, extensive research has been conducted on AR in multi-carrier (and 

multi-system) scenarios in the last decade. The proposed methods can be divided into two 

categories: one is resolving the ambiguities using a cascading approach according to 

different combinations of frequencies. The other is resolving all the ambiguities on all the 
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frequencies simultaneously following the procedures of the LAMBDA method. This 

section gives a comprehensive review of these methods and discusses their pros and cons. 

 

3.3.1 Cascading ambiguity resolution (CAR) 

 

The longer the wavelengths of the carrier phase observables, the easier it is to fix the 

ambiguities. The basic idea behind cascading ambiguity resolution is to resolve the 

ambiguities on optimized linear combinations of frequencies in several steps. This 

optimization is generally based on measurement noise, ionospheric refraction error and 

wavelength on different frequency bands (Zhang 2005). Within this approach, the 

ambiguities on each combined frequency are fixed in the order of decreasing wavelength 

(see Table 2.5), then ambiguities on each basic (or original) frequency, e.g., L1, L2 and 

L5, are determined accordingly. 

 

An overview of multi-carrier GPS/Galileo AR has been given in Chapter 1. Extensive 

investigations have been conducted on optimized combinations of frequencies for Galileo 

and modernized GPS (Cocard et al. 2008, Ji et al. 2007, Zhang 2005). For example, a 

popular combination of GPS and Galileo frequencies is shown in Table 2.5, with the 

corresponding cascading step is given in Figure 3.3. 
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EWL 

WL 

L1/E1 
 

Figure 3.3: Scheme of Cascading Ambiguity Resolution (CAR) 
 

The CAR methods can be further divided into two groups: three-filter and one-filter 

approaches. Details of each are described below along with their pros and cons. 

 

Three filters 

 

The approach of using three filters was adopted in Forssell et al. (1997) for Galileo, Jung 

(1999) and Jung et al. (2000) for GPS and Zhang et al. (2003) and Zhang (2005) for 

combined GPS/Galileo. This method is straightforward and is currently the most popular 

one for cascading ambiguity resolution. 
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Ambiguous EWL 
phase measurement 

Non-Ambiguous EWL 
phase measurement 

Ambiguous WL phase 
measurement 

Non-Ambiguous WL 
phase measurement 

Ambiguous L1/E1 
phase measurement 

Non-Ambiguous phase 
measurement 

Precise code 
measurement 

 

Figure 3.4: Flowchart of CAR (after Schlötzer & Martin 2005) 
 

As shown in Figure 3.4, there are three steps in this approach: the first step is to use the 

precise code observations, such as GPS L5 and Galileo E5a, to directly resolve EWL 

ambiguities. Once the EWL ambiguities are fixed, they are used to resolve the WL 

ambiguities as the second step. The last step is to resolve the L1/E1 ambiguities with the 

fixed WL ambiguities. When the EWL, WL and L1/E1 ambiguities are fixed correctly, 

the corresponding ambiguities on the original frequencies (L1/E1, L2/E5b and L5/E5a) 

can be easily obtained. Details to implement each cascading step can be found in Zhang 

(2005). 
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Both CIR and TCAR are based on geometry-free models, which do not exploit the 

variation of geometric information between the satellites and receiver at different epochs 

and they are generally useful for instantaneous (or single-epoch) AR over short baselines. 

To avoid these limitations, a cascading ambiguity resolution method with a geometry-

based model was proposed and tested in Zhang et al. (2003) and Zhang (2005), and it 

showed that the geometry-based model performed better than the geometry-free one. 

 

One filter 

 

As an improvement of the three-filter approach adopted in TCAR (Forssell et al. 1997), a 

one-filter approach was proposed by Vollath et al. (1998) and it was named the Integrated 

TCAR (ITCAR) by Schlötzer & Martin (2005). In contrary to only the most precise code 

measurement being used in TCAR, ITCAR uses code observations on all three 

frequencies. This one-filter approach is intuitively simpler than the three-filter one as the 

following models are used.  
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where 

l   is the observation vector 
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A   is the design matrix 

x   is the state vector 

R   is the range between receiver and satellite 

321 ,, ρρρ   nd L5 or E1, E5b and E5a 

  L and L1/E1 carrier phase observations  

are pseudorange observations on L1, L2 a

frequencies 

are EWL, W
1

,, LWLEWL ΦΦΦ

1
,, LWLEWL λλλ   are wavelengths of ,, LWLEWL 1

ΦΦΦ  observations 

1
,, LWLEWL NNN   are ambiguities of 

1
,, LWLEWL ΦΦ  observations Φ

 

 the one-filter approach, information on the code observations on three frequencies is 

omparison of three-filter and one-filter approaches 

elow are some remarks on the three-filter and one-filter approaches for cascading 

1) If the geometry-free model is used, the three-filter approach only uses the most 

In

used in the estimation. In addition, the ionospheric errors are estimated as states and are 

isolated from the observations thus the AR performance is improved (Vollath et al. 

1998). The performances of TCAR and ITCAR were compared by Schlötzer & Martin 

(2005), who concluded that the performance of the latter was superior to that of the 

former. 

 

C

 

B

ambiguity resolution. 

 

precise code measurement, which leads to loss of information in estimation. 
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2) If the geometry-based model is used, in the last step of the three-filter approach, 

when new satellites come in, the observations from these satellites have to be 

discarded since the EWL and WL ambiguities of these satellites have not been 

estimated (Zhang 2005). This also leads to loss of information in estimation.  

3) For the three-filter approach, if DD observations are used, when there is a base-

satellite change in the EWL or WL cascading step, the corresponding ambiguities 

in subsequent steps are also needed to be switched, which makes the 

implementation inefficient. 

4) Since all the code and phase measurements at each epoch are used in the one-filter 

approach, the computational load is significantly heavier than the three-filter 

approach. This may be the reason for investigating combinations of different 

frequencies and using a three-filter approach (Cocard et al. 2008). 

 

3.3.2 LAMBDA for multi-carrier ambiguity resolution 

 

The well-known LAMBDA method (Teunissen 1993 & 1994) has been applied to 

ambiguity resolution for three-frequency GPS and Galileo AR in Tiberius et al. (2002a & 

2002b) and four-frequency Galileo in Ji et al. (2007). When using LAMBDA, no 

combinations between frequencies need to be formed and the original observations and 

ambiguities on each frequency are directly used and estimated, respectively. The basic 

mathematical model for the geometry-based float solution is described as follows, 

l Ax=  (3.12)
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where 

, , ,l A x R    are the same as those in Equation (3.11) 

ZYX ,,    are three coordinate components of the rover receiver 

321 ,, ρρρ   are pseudorange observations on L1, L2 and L5 or E1, E5b and   

E5a frequencies 

321 ,, ΦΦΦ   are carrier phase observations on L1, L2 and L5 or E1, E5b and     

E5a frequencies 

321 ,, λλλ    are wavelengths of 321 ,, ΦΦΦ  observations 

311 ,, NNN    are ambiguities of 321 ,, ΦΦΦ  observations 

 

To reduce the computational burden of the float solution using multiple-frequency code 

and phase observations with LAMBDA, a factorized multi-carrier ambiguity resolution 

(FAMCAR) method was developed by Vollath (2005 & 2008). This method is 

independent of the number of carrier frequencies used and significantly reduces the 

computational load to speed up the float filter while the ambiguity resolution technique is 

essentially not changed since LAMBDA is used in the process of ambiguity fixing. 
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A comparison of multi-carrier AR using LAMBDA, TCAR and CIR was discussed in 

Teunissen et al. (2002), who showed that the one-filter TCAR and CIR were just special 

cases with predefined transformations of the decorrelation steps using LAMBDA and 

they were less optimal than LAMBDA. The decorrelations in LAMBDA use the 

variance-covariance matrix of ambiguities, which contains all the information inherited in 

the observations and float ambiguities while the selection of frequency combinations in 

TCAR and CIR is only based on criteria like frequency wavelength, measurement noise 

and ionospheric error reduction. Performance comparisons between the CAR and 

LAMBDA methods can be found in Ji et al. (2007) and O’Keefe et al. (2008), both of 

which showed that LAMBDA had better performance than the CAR methods. 

 

In this thesis, the LAMBDA method was used for ambiguity resolution and the original 

carrier observations were used without any combination to make the filter flexible. 

 

3.4 Ambiguity Validation 

 

The last but important step of GNSS AR is ambiguity validation, which is to check the 

correctness of obtained integer ambiguities from the AR step described in the previous 

section. Two methods are implemented in this work, namely 

 

1) Discrimination test 

2) Probability of correct ambiguity resolution 
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Discrimination test 

 

By applying ambiguity search techniques, a number of ambiguity candidate sets can be 

found. These candidate sets can be ordered based on the criterion in Equation (3.14). 

ˆ
ˆ ˆ( ) ( ) ( )T

Nr N N N Q N N= − −  (3.14)

where  is the float ambiguity vector,  is the variance-covariance of the float 

ambiguity solution and  is the vector of fixed ambiguities. 

N̂
NQ ˆ

N

 

According to Equation (3.14), the best ambiguity set 1N , which has the minimum value 

of and second best ambiguity set 1(r N ) 2N , which has second minimum value of , 

can be easily obtained. 

2( )r N

 

The usual method for ambiguity validation is to test the discrimination between the best 

and second best ambiguity sets. A number of statistical tests, e.g., R-ratio test, F-ratio 

test, difference test and projector test, have been proposed to validate the integer 

ambiguities. A comparison and evaluation of different test methods can be found in 

Verhagen (2004). However, the test methods are not optimal since they use fixed ratio 

values, which are experience-based. To overcome this limitation, a validation method 

based on fixed failure rate of AR was proposed by Teunissen & Verhagen (2008) and 

results showed this model-driven approach had better performance than the conventional 

ratio tests (Verhagen 2006 & 2007). 
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The popular ratio test of ambiguity residuals for the best and second best ambiguity sets 

can be expressed in Equation (3.15) and the threshold value ratio  is set to 2, which is 

found to be an appropriate value for the data sets used in this thesis. 

ˆ2 22

1 ˆ1 1
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T
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N N Q N Nr Nratio
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− −
< =
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 (3.15)

 

 

Probability of correct ambiguity resolution 

 

Besides the discrimination test methods, a probabilistic description of the correctness of 

AR, called probability of correct fix (PCF) (O’Keefe et al. 2006) or success rate 

(Verhagen 2005), has been used for ambiguity validation. In order to fix ambiguities to 

their correct integer values, the PCF values should be high enough, i.e., close to one 

(Verhagen 2005). However, the PCF value is difficult to be evaluated if the integer least 

squares (ILS) (e.g., LAMBDA) estimator is applied in ambiguity resolution. Instead, a 

bootstrapped lower bound on the PCF of ILS can be easily obtained as a by-product of 

the LAMBDA decorrelation process, and it is as follows.  
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where BN  is the bootstrapped integer ambiguity vector, while 
IiN |

σ  is the conditional 

standard deviation of ambiguity conditioned on the previous thi ( )1,...,2,1 −= iI  

ambiguities having been successfully fixed, and ( )xΦ  describes the area under the normal 

distribution. 

 

3.5 Fixed Solution 

 

Once the ambiguities are correctly fixed to integer values, the ambiguous carrier phase 

observations become equivalent to high precision pseudorange observations. The 

corresponding ambiguity states can be removed from the float filter. However, there are 

limitations in this approach: if the ambiguities are fixed to incorrect values and the filter 

needs to be reset, all the observation information from the previous epochs is lost since 

the float filter has disappeared. For implementations in this thesis, the computation of the 

fixed solution is based on Equations (3.18) and (3.19), which can be thought of as 

providing a correction to the float solution using the fixed ambiguities directly. In this 

way, the float filter is kept running in parallel with a fixed solution. 

)ˆ(ˆ 1
ˆ aaQQbb aab −−= −  (3.18)

 

baaabbb QQQQQ ˆˆ
1

ˆˆˆˆ
−−=  (3.19)

where b  and  are  the float position solution vector and covariance matrix, b and  

are fixed position solution vector and covariance matrix. 

ˆ
b

Q ˆ bQ
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As an example, Figure 3.5 shows the float and fixed solutions for a data set with 10 m 

baseline. It is clear that there is an increase of position accuracy after the ambiguities are 

correctly fixed after three data epochs. 
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Figure 3.5: GPS L1 float and fixed solutions for a 10 m baseline 

 

3.6 Partial Fixing 

 

With observations on multiple frequencies available in a multiple-GNSS world, e.g., GPS 

and Galileo, the number of ambiguities to be fixed is increased significantly compared to 

current dual-frequency GPS. For example, if ten satellites are tracked on three civil 

frequencies for both GPS and Galileo, there will be fifty-four DD ambiguities to be fixed 

using three frequency observations of both systems. With so many ambiguities to be 

fixed, the ambiguity search space and computational load are significantly increased. In 
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light of this, it is possible to just fix a subset of all these ambiguities to relieve the 

computational burden at the expense of reducing position accuracy.  

 

An ambiguity partial fixing method is proposed and implemented in this thesis to show 

the feasibility and characteristics of partial fixing. The procedure of this partial fixing 

strategy is described and shown as follows.  

 

Assume  are the original and transformed float ambiguity vectors, ˆ ˆ,a z Z  is the 

transformation matrix in the LAMBDA decorrelation,  are the variance-covariance 

matrices of original and transformed float ambiguities,  are the variance-

covariance matrices of the float and fixed position solutions, and  are the cross-

covariance matrices of the original and transformed ambiguities with float position 

estimates. 
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The original ambiguity vector and its corresponding variance and covariance matrices 

can be expressed in terms of transformed ambiguity and their variance and covariance 

matrices. 
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Substituting Equations (3.20)-(3.23) to Equations (3.18) and (3.19), the fixed solutions 

read, 
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The above two equations show that the fixed solutions can also be computed in terms of 

the transformed ambiguities instead of the original ones. In the case of partial fixing, the 

un-fixed subset of the ambiguities can be included in the b  vector, which contains the 

position and other estimates. At the mean time of obtaining fixed position solutions, the 

float values of this remaining ambiguity set are also corrected and improved. 

 

In the LAMBDA search process, only the transformed ambiguity vector , decorrelated 

matrices  of transformed ambiguity variance matrix  are passed to the search 

function. In the case of partial fixing, it will be shown below that only the submatrices of 

ẑ

,L D ẑQ
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Assume is the subset of ambiguities to be fixed,  and  are the corresponding 

submatrices of , and  is submatrix of , then 
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 (3.27)

 

The above shows that in order to fix a subset of all the ambiguities, only the subvector 

 and submatrices  are needed to pass into the LAMBDA search function and the 

fixed solution of partial fixing can be computed according to Equations (3.24) and (3.25). 

1D 1 1̂,L z
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After the LAMBDA decorrelation, the ambiguity and position state vector and its 

corresponding variance-covariance matrix are 
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With the subset of ambiguities fixed, the other subset of ambiguities is corrected by the 

fixed ambiguities and the fixed position solution is calculated as follows. 

1 11

1
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The  and  are fixed position states and corrected ambiguities based on the fixed 

subset of ambiguities , respectively. 
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3.7 Summary 

 

This chapter gives an overview of each step involved in kinematic carrier phase 

positioning. The development of the float filter is described in detail, the methods used 

for multi-carrier AR are compared and the techniques for ambiguity validation and fixed 

solution computation are briefly explained. In Chapter 4, results of a covariance analysis 

based on the PCF are presented. The developed SD processor is used for simulated data 

processing in Chapter 5.  
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Chapter Four: Covariance Simulation and Analysis 

 

A covariance analysis is conducted in this chapter to evaluate the ambiguity resolution 

performance using observations from different sets of GPS/Galileo frequencies over 

different lengths of baselines in terms of probability of correctly fixing the ambiguities. A 

strategy of partial fixing is evaluated to show the advantages of fixing only a subset of 

ambiguities when there are too many ambiguities to be fixed.  

 

4.1 Simulation Setup 

 

4.1.1 Methodology 

 

The process of obtaining the integer values of ambiguities can be defined as a mapping of 

the real space to the integer space. Then the probability that a given integer vector x  is 

equal to a particular integer vector , can be assessed as (Teunissen 1998) z

ˆˆ( ) ( ) ( )
z

z x
S

P x z P x S p s ds= = ∈ ∫  (4.1) 

where x̂p  is the probability density function (PDF) of the float ambiguities.  

 

However, it is difficult to quantify Equation (4.1) numerically because of the complexity 

of the so-called pull-in region and the computational load of the integration process 

(Teunissen 1998). Thus a simplification or approximation is required for computing the 

probability of correct fix (PCF). There have been various bounds proposed to 
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approximate the PCF (Verhagen 2003). A method of ambiguity bootstrapping is widely 

used to determining a lower bound of the PCF (Teunissen 1998, Petovello et al. 2005, 

O’Keefe et al. 2006) and this method is adopted in this thesis. The evaluation is based on 

Equations (3.16) and (3.17). 

 

Note that in many of the references and in the remainder of this thesis, the PCF is 

quantified in terms of Probability of Incorrect Fix (PIF), which is equal to one minus 

PCF. 

 

4.1.2 Constellation 

 

In this study, the 30 Galileo satellites are assumed to be equally distributed in each plane. 

The planes are equally spaced in terms of right ascension of the ascending node and the 

satellites in the second and third planes are advanced by 12 and 24 degrees in argument 

of latitude with respect to the first plane. The ascending nodes of the three orbital planes 

of the simulated Galileo constellation were arbitrarily assigned right ascensions of 0, 120 

and 240 degrees respectively. A real GPS constellation consisting of 30 satellites is used 

for the simulation. The same number of 30 satellites used for the two constellations is to 

make fair comparisons between GPS and Galileo (Table 4.1). The simulation was started 

at the second day of GPS week 1460 (January 1st, 2008) and the actual GPS almanac 

from that week was used. The simulated GPS and Galileo constellations are shown in 

Figure 4.1. 
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Table 4.1: GPS and Galileo constellation parameters 

GNSS GPS Galileo

No. of Satellites 30 30 

No. of Planes 6 3 

Inclination Angle 55 ْ 56 ْ

Altitude (Km) 20,183 23,222 
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Figure 4.1: Combined GPS and Galileo constellation on January 1st, 2008 (GPS 
PRN: 1~30, Galileo PRN: 36~65) 

 

4.1.3 Simulation Location and Visible Satellites 

 

Two simulated receivers located near Calgary, Canada (51.079°N, 114.133°W) are used 

in the simulation. The numbers of observed GPS and Galileo satellites during the 24-hour 

period for the two receivers during the 24-hour period are shown in Figure 4.2.  
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Figure 4.2: Number of observed GPS and Galileo satellites in Calgary (51.079°N, 
114.133°W) with 15° cut off angle 

 

4.1.4 Multipath and Measurement Noise  

 

While no official documents on the range accuracy of GPS L2C, L5 and Galileo signals 

are publicly available, there have been studies to quantify the performance of modernized 

GPS signals (McDonald & Hegarty 2000) and future Galileo signals (Rodríguez et al. 

2004, 2005 & 2006). Multipath and receiver noise for the pseudorange and carrier phase 

measurements were considered and parameterized separately in the filter. For code 

multipath and measurement noise, values from the above literature are adopted, and for 

phase multipath and measurement noise, 0.035 and 0.005 cycles of wavelength were 

assumed for all frequencies. Values for different frequency signals are shown Tables 4.2 

and 4.3. 
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Table 4.2: Multipath errors (1 σ ) for GPS and Galileo signals 

GPS Galileo Measurement 

type L1 L2 L5 E1 E5b E5a 

Code Std (cm) 60 60 40 20 40 40 

Phase Std (cm) 0.70 0.85 0.89 0.70 0.87 0.89 

 

Table 4.3: Measurement noise (1 σ ) for GPS and Galileo signals 

GPS Galileo Measurement 

type L1 L2 L5 E1 E5b E5a 

Code Std (cm) 60 40 6.0 20 2.0 2.0 

Phase Std (cm) 0.10 0.13 0.13 0.10 0.13 0.13 

 

 

4.1.5 Baseline and Atmospheric Errors 

 

Three baselines with different lengths were simulated: 4 kilometres for a short baseline, 

20 kilometres for a medium baseline and 120 kilometres for a long baseline. To model 

the variations of the differential ionospheric and tropospheric errors, both of them were 

parameterized as a function of baseline length and modeled as first-order Gauss-Markov 

processes. A low to medium level of ionospheric activity consisting of 2.5 ppm residual 

L1 ionospheric error and a 4 minute correlation time was assumed for all baselines. Quiet 

tropospheric conditions with 0.5 ppm residual error and a 1 hour correlation time were 

assumed for all cases. The ionospheric and zenith tropospheric errors were not estimated 
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for the short baseline since both ionospheric and tropospheric effects were almost 

completely correlated and therefore effectively cancelled out in this case. For the medium 

and long baselines, the ionospheric and zenith tropospheric errors were estimated as 

states in the filter. The standard deviations and the time correlation parameters are listed 

in Table 4.4. 

Table 4.4: Ionospheric and tropospheric parameters for simulations 

Ionosphere Troposphere 
Baseline 

σ  [m] τ  [s] σ  [m] τ  [s] 

Short (4 km) – – – – 

Medium (20 km) 0.05 240 0.01 3600 

Long (120) 0.30 240 0.06 3600 

 

For each baseline, the covariances of the float solution with different subsets of GNSS 

signals (pseudorange and carrier phase observations) were simulated. The covariance 

matrices of the ambiguity states were first decorrelated using the LAMBDA algorithm 

and then bootstrapping was applied to compute the PCF values. In this way, the 

decorrelation algorithm was able to take advantage of multiple frequencies to form linear 

combinations most useful to successful ambiguity resolution.  

 

4.1.6 Simulation Scenarios 

 

Since the purpose of this research is to evaluate kinematic ambiguity resolution and 

positioning performance using observations on different sets of frequencies from GPS 

and Galileo, various scenarios of GPS/Galileo kinematic positioning are simulated herein. 
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For GPS, the single frequency L1 was simulated as the base scenario, both L1 & L2 and 

L1 & L5 were simulated to represent the cases of dual-frequency GPS, and all the three 

frequencies L1, L2 and L5 were used to simulate a triple-frequency GPS kinematic 

positioning using all GPS signals available. With respect to combined GPS/Galileo, a 

tightly-coupled integration approach (Julien et al. 2003) was adopted for this study and 

only two common frequencies between GPS and Galileo – L1 & E1 and L5 & E5a were 

simulated. The following six cases are evaluated in this thesis (Table 4.5).  

Table 4.5: Subsets of GPS/Galileo frequencies for simulations 

Case Frequencies 
① GPS L1 

② GPS L1 & L2 

③ GPS L1 & L5 

④ GPS L1, L2 & L5 

⑤ GPS L1 & Galileo E1 

⑥ GPS L1, L5 & Galileo E1, E5a
 

All the simulated scenarios are listed in Table 4.6.  The capital letters represent the 

simulation scenario for identification. 

Table 4.6: Simulation scenarios for GPS, Galileo and combined GPS/Galileo 

Simulation Scenarios 
Baseline 

① ② ③ ④ ⑤ ⑥ 

Short (4 km) A B C D E F 

Medium (20 km) – G H I J K 

Long (120 km) – L M N O P 
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With GPS or Galileo operating as independent systems, it is not expected that a single 

frequency (GPS L1 or Galileo E1) can be used for kinematic positioning over baselines 

more than 10 km, so only scenario of L1 kinematic positioning over a short baseline was 

simulated, while scenarios of dual- or triple-frequency positioning were simulated for all 

baselines.  As for combined GPS/Galileo positioning, with the great improvement in 

availability, single-frequency L1/E1 kinematic positioning was attempted for both the 

short and medium baselines. 

 

4.2 Simulation Results and Analysis 

 

This section shows the simulation results of ambiguity resolution performance for 

GPS/Galileo kinematic positioning over three different baselines using observations on 

different sets of GPS/Galileo frequencies. The results of applying a strategy to fix subsets 

of ambiguities are also presented to demonstrate the advantage of ambiguity partial 

fixing. Half-hour sessions started at the beginning of each hour were simulated for 

twenty-four hours. Only satellites available during the whole 30-minute session were 

used to avoid having to deal with the addition and removal of rising and setting satellites. 

The measurement sampling rate was set to 1 Hz. 

 

4.2.1 Kinematic positioning over different baselines 

 

Scenario A: GPS L1 kinematic positioning over the short baseline 
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For the 24 half-hour session simulations, there are sessions in which 5 to 10 GPS 

satellites were observed (4 to 9 DD observations). The results of 24 sessions for Scenario 

A are shown in Figure 4.3. The lines with the same colour represent different simulation 

sessions that have the same number of satellites observed. It is clear to see that with an 

increase in the number of satellites, which means enhanced satellite geometry, the GPS 

L1 solution takes a shorter time to get a high PCF.  Instead of showing the PCF directly, 

the lower bound of the probability of correct fix is plotted as the upper bound of 

probability of incorrect fix (PIF), which is one minus PCF, for ease of interpretation. On 

this figure, a low value of the upper bound of the PIF is desired, and as can be seen in all 

scenarios, the PIF decreases as a function of time. The scale of the Y-axis is logarithmic, 

e.g., a PIF of 10-2 represents a PCF of 99%. 

0 200 400 600 800 1000 1200
10

-8

10
-6

10
-4

10
-2

10
0 PIF Upper Bound for Scenario A

Time from Start of Observation Sesssion (s)

P
IF

 U
pp

er
 B

ou
nd

 (1
 - 

P
C

F 
Lo

w
er

 B
ou

nd
)

 

 

5 Satellites
6 Satellites
7 Satellites
8 Satellites
9 Satellites
10 Satellites

 

Figure 4.3: PIF upper bound for Scenario A (GPS L1) in the 24 session simulations 
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Scenario A, B, C, D, E, F: GPS/Galileo kinematic positioning over the short baseline 

 

Figure 4.4 shows the results of the above six cases for the 4 km short baseline, only 

sessions with seven satellites observed are shown here to save space. It can be seen that 

all scenarios except Scenario A can achieve a very high PCF (corresponding to PIF) 

within less than ten epochs. Scenario C, where GPS L1 and L5 observations are used, 

shows better performance than that of Scenario B, which uses GPS L1 and L2 

observations. This phenomenon is due to the fact that better decorrelation of ambiguities 

can be obtained when using L1 and L5 observations than that of L1 and L2 observations 

since the ionospheric error estimation is more diverse for the former scenario. Scenario E, 

which uses observations on the GPS L1 and Galileo E1 common frequency band, shows 

comparable performances to those of Scenario C. This is due to the combined 

GPS/Galileo constellation, which significantly enhanced the geometry for ambiguity 

resolution, and also the differential ionospheric error is not significant over the short 

baseline.  With using three frequencies GPS observations (Scenario D), the PIF decreases 

to very low levels in less than two or three epochs. This shows the advantage of adding a 

third frequency which can greatly benefit safety-of-life applications which generally have 

very high integrity requirements, e.g.,  PIF.  As shown in Scenario F, the best 

performance among the six scenarios is achieved when a combined GPS/Galileo dual-

frequency (L1/E1 and L5/E5a) receiver is used for kinematic positioning applications. 

810−

810−
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Figure 4.4: PIF upper bound for Scenario A (GPS L1), B (GPS L1 and L2), C (GPS 
L1 and L5), D (GPS L1, L2 and L5), E (GPS L1 and Galileo E1) and F (GPS L1, L5 
and Galileo E1, E5a) over the short baseline, only sessions with seven GPS satellites 
observed are displayed  

 

Scenario G, H, I, J, K: GPS/Galileo kinematic positioning over the medium baseline 

 

The results of five simulation scenarios for the 20 km medium baseline are presented in 

Figure 4.5. Since the GPS L1 kinematic positioning is not expected to be applicable for 

baselines extending to 20 km, the single-frequency, single-system scenario is not 

simulated for the medium and long baselines in this study. Note that Scenario J, which 

simulates a combined GPS/Galileo L1/E1 single-frequency kinematic positioning, cannot 

achieve a PCF level feasible for ambiguity resolution, e.g. 0.99, thus even combined 

single frequency GPS/Galileo  is not practical for medium baseline applications. While 

Scenario K, the combined dual-frequency GPS/Galileo still shows the best performance. 
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Figure 4.5: PIF upper bound for Scenario G (GPS L1 and L2), H (GPS L1 and L5), 
I (GPS L1, L2 and L5), J (GPS L1 and Galileo E1) and K (GPS L1, L5 and Galileo 
E1, E5a) over the medium baseline, only sessions with seven GPS satellites observed 
are displayed 

 

Scenarios L, M, N, O, P: GPS/Galileo kinematic positioning over the long baseline 

 

Figure 4.6 presents the results of the five simulation scenarios for the long baseline. 

Similar trends within different combinations of frequencies and systems can be observed 

as those for the medium baseline except they take longer time (or more observations) to 

reach the same level of PCF. 
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Figure 4.6: PIF upper bound for Scenario L (GPS L1 and L2), M (GPS L1 and L5), 
N (GPS L1, L2 and L5), O (GPS L1 and Galileo E1) and P (GPS L1, L5 and Galileo 
E1, E5a) over the long baseline, only sessions with seven GPS satellites observed are 
displayed 

 

4.2.2 Partial Fixing 

 

As shown in Figures 4.5 and 4.6, it takes quite a long time for a solution of all the 

ambiguities to achieve a high level of PCF value, especially in the case where there are 

many ambiguities to be fixed as those in scenarios of multi-frequencies and multi-

systems, e.g., Scenarios I, K, N and P. It is possible and interesting to fix a subset of all 

the ambiguities to fulfill the requirements for different applications. This subsection 

shows the results of partial fixing ambiguities for the above scenarios. Only results of the 

first half-hour simulation session (where nine GPS satellites and seven Galileo satellites 

are observed) will be shown and the others are listed in the Appendix for completeness.  
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Scenario A: Partial fixing GPS L1 ambiguities over the short baseline 

 

Figure 4.7 shows the PIF as a function of time and as a function of the number of 

ambiguities fixed. It can be seen that at a given time epoch, the PIF increases as more 

ambiguities are fixed, which is intuitive given that it is difficult to fix more ambiguities in 

carrier phase processing. The above phenomenon is shown through Equation (3.16): the 

lower bound on the PCF is a product of the probabilities associated with the conditional 

variance of each ambiguity. Since each probability has a value between zero and one, it is 

obvious that the PCF decreases as more probabilities are included in the product. It is 

possible to determine the position accuracy available with a certain bound of the PCF by 

combining the above two figures. Figure 4.8 shows the estimated position accuracy as a 

function of time and number of ambiguities fixed in Scenario A. It is obvious to see that 

the position accuracy improves with increasing time epochs and as more ambiguities are 

fixed. With no ambiguities fixed (float solution), the largest standard deviation of the 

position estimate is generated, while the best accuracy is obtained with all the ambiguities 

fixed. Figure 4.9 shows the obtained position accuracy with a high confidence of 

ambiguity fixing - the PCF is greater than 99.9999%. As can be seen from the figure, the 

position accuracy improves slowly with the float solution (no ambiguities fixed); while 

with only one ambiguity fixed, there is significant improvement in the position accuracy. 

Also note that it is much harder to fix the first ambiguity, and the remaining ambiguities 

can be fixed more quickly provided the first one is fixed. 
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Figure 4.7: PIF as a function of time with increasing number of ambiguities fixed 
for Scenario A (GPS L1) 
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Figure 4.8: Position accuracy of float solution and fixed solution with different 
number of fixed ambiguities for Scenario A (GPS L1) 
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Figure 4.9: Time needed to fix different number of ambiguities at 99.9999% 
confidence for Scenario A (GPS L1) 

 

Scenarios B, C, D, E, F: Partial fixing over the short baseline 

 

Figure 4.10 shows the results of Scenario B, which uses GPS L1 and L2 observations for 

kinematic positioning. It is obvious that the ambiguities can be fixed faster than those in 

Scenario A although the number of ambiguities is increased. This is due to the higher 

decorrelation in the ambiguities that can be formed within LAMBDA when dual-

frequency observations are used. Similar results are obtained in Scenario C (using L1 and 

L5 observations) and Scenario D (using L1, L2 and L5 observations) and hence are not 

shown. Note that in these scenarios, it is LAMBDA Z-domain ambiguities that are being 

fixed, not the original ambiguities. This is not a concern so long as the fixed position 

solution is computed using the Z-domain ambiguities. Over the short baseline without the 
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spatial decorrelation of ionosphere and troposphere, all the ambiguities can be fixed quite 

easily and the partial fixing strategy does not bring up more advantages in terms of 

ambiguity fixing. As shown in Figure 4.11, even though there are many ambiguities to be 

fixed in Scenario F (a combined dual-frequency GPS/Galileo), it takes almost the same 

observation time, less than two 1-second epochs, to fix either six or all thirty ambiguities. 

However, it still might be useful to fix only a small subset if computational load and 

ambiguity search space volume is an issue. 
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Figure 4.10: PIF as a function of time with increasing number of ambiguities fixed 
of Scenario B (GPS L1 and L2) 
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Figure 4.11: PIF as a function of time with increasing number of ambiguities fixed 
of Scenario F (GPS L1, L5 and Galileo E1, E5a) 
 

Scenarios G, H, I, J, K: Partial fixing over the medium baseline 

 

Figure 4.12 shows the results of partial fixing ambiguities for Scenario G, where GPS L1 

and L2 observations are used for kinematic positioning over a 20 km baseline. As seen 

from the figure, the time increases as more ambiguities are needed to be fixed. After the 

first eight ambiguities are fixed within 80 epochs (taking  PIF as the threshold for 

fixing), it takes a much longer time to fix the remaining eight ambiguities. This clearly 

shows the advantage of partial fixing in the case of ionospheric and tropospheric spatial 

decorrelation over a medium baseline. If one wants to reduce the time to fix ambiguities 

and to obtain a fixed solution quickly, one can just fix the most likely to be fixed subset 

of ambiguities instead of fixing them all. The position accuracies are improved with more 

810−
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ambiguities fixed, which is similar to the results presented in Figure 4.8 and is not shown 

here. The results of partial fixing for Scenario J are shown in Figure 4.13. It is found that 

even a single ambiguity cannot be fixed for the case of single-frequency GPS/Galileo 

L1/E1 since the ionospheric error cannot be properly estimated and reduced with only 

observations on a single frequency available even with a large, geometrically diverse, set 

of signals. Scenarios H, I, J and K present similar results to Scenario G and are included 

in the Appendix. 
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Figure 4.12: PIF as a function of time with increasing number of ambiguities fixed 
of Scenario G (GPS L1 and L2) 
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Figure 4.13: PIF as a function of time with increasing number of ambiguities fixed 
of Scenario J (GPS L1 and Galileo E1) 

 

Scenarios L, M, N, O and P: Partial fixing over the long baseline 

 

Figure 4.14 shows the results of partial fixing ambiguities for Scenario L, which gives 

similar results as those over the medium baseline cases except a longer time (or more 

observations) is needed to reach each level of PCF, and the remaining six ambiguities are 

still harder to fix in this case. The other scenarios, M, N, O and P present similar results 

since the atmospheric errors are further decorrelated over the long baseline compared to 

the medium one, and they are not shown here and are included in the Appendix for 

completeness. 
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Figure 4.14: PIF as a function of time with increasing number of ambiguities fixed 
of Scenario L (GPS L1 and L2) 

 

Ambiguity fixing at different confidence levels 

 

The ambiguity fixing confidence level is varied for applications with different 

requirements. For example, confidence levels of 99.999999% could be required for 

safety-of-life applications, while only 99% or lower, is usually enough for conventional 

surveying and mapping applications. Figures 4.15 and 4.16 show the time needed to fix 

ambiguities in Scenario A at confidence levels of 99% and 99.999999%, respectively. It 

is clear to see that it takes less time to fix ambiguities at a lower confidence level. For 

example, all eight ambiguities can be fixed within 5 epochs for a 99% confidence while it 

takes more than 20 epochs to fix them at a 99.999999% confidence. Figures 4.17 and 

4.18 show the time needed to fix ambiguity at confidence levels of 99% and 99.999999% 
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in Scenario N, where observations on three GPS frequencies are used for kinematic 

positioning over the long baseline. Figures 4.19 and 4.20 show the results of Scenario P 

which uses observations on two common frequencies from GPS and Galileo. The same 

conclusion can be drawn from Figures 4.17-20 as those of Scenario A shown in Figures 

4.15 and 4.16.  
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Figure 4.15: Time needed to fix different number of ambiguities at 99% confidence 
of Scenario A (GPS L1) 
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Figure 4.16: Time needed to fix different number of ambiguities at 99.999999% 
confidence of Scenario A (GPS L1) 
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Figure 4.17: Time needed to fix different number of ambiguities at 99% confidence 
of Scenario N (GPS L1, L2 and L5) 
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Figure 4.18: Time needed to fix different number of ambiguities at 99.999999% 
confidence of Scenario N (GPS L1, L2 and L5) 
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Figure 4.19: Time needed to fix different number of ambiguities at 99% confidence 
of Scenario P (GPS L1, L5 and Galileo E1, E5a) 
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Figure 4.20: Time needed to fix different number of ambiguities at 99.999999% 
confidence of Scenario P (GPS L1, L5 and Galileo E1, E5a) 

 

4.3 Summary 

 

This chapter gives a covariance analysis of ambiguity resolution for GPS/Galileo 

kinematic positioning applications. It shows the constellation geometry plays an 

important role in carrier phase ambiguity resolution. The single-frequency combined 

GPS/Galileo has comparable performance with GPS L1/L2 or L1/L5 over short baselines 

when the spatial decorrelation of the ionospheric error is not significant. Dual-frequency 

combined GPS/Galileo always has the best performance for three different lengths of 

baselines. The strategy of partial fixing ambiguities does not show improved performance 

over the short baseline while significant improvements are observed over the medium and 
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long baselines. Simulated data from a software simulator will be processed to further 

investigate these results in the presence of realistic errors in Chapter 5. 
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Chapter Five: Testing Using Simulated Data and Results Analysis 

 

Following the covariance analysis presented Chapter 4, a multi-frequency and multi-

system carrier phase processor (capable of partial fixing) is developed and tested in this 

chapter. This chapter studies the AR performance of GPS/Galileo kinematic positioning 

using data from a software simulator. Results of using observations from different sets of 

GPS/Galileo frequencies will be presented in Section 5.2 and a strategy of partially fixing 

ambiguities is presented and analysed in Section 5.4. 

 

5.1 Simulated Data Generation 

 

5.1.1 GNSS Software Simulator 

 

A multi-frequency software simulator, namely SimGNSSII™, developed and used for 

GPS/Galileo research by the PLAN Group of the University of Calgary, was used herein. 

The approach and algorithms used in the simulator were initially developed by Luo and 

Lachapelle (2003), Alves et al. (2003) and Julien et al. (2003). The algorithms were 

further enhanced and documented by Dong (2004). The simulator can generate code, 

phase and Doppler observations for any GPS or/and Galileo constellation that can be 

described using a YUMA format (Hofmann-Wellenhof et al. 2001) almanac. It operates 

by calculating true satellite receiver ranges and then simulating the most significant 

GNSS errors including orbital error, tropospheric and ionospheric delays, code and phase 

multipath errors and receiver noise. The levels of each error source can be adapted to 
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simulate many environments experienced in GNSS applications. A description of the 

algorithms used in the simulator can be found in Luo (2001) with applications in Alves et 

al. (2003) and Zhang (2005). Some important error sources that have significant effects 

on kinematic DGNSS positioning are described below in terms of the simulation 

algorithm. 

 

5.1.2 Ionospheric Error 

 

For ionospheric error modeling, a combined spherical harmonics (SPHA) and grid model 

is used. The spherical coefficients are obtained based on the Global Ionosphere Map 

(GIM) files from the Centre for Orbit Determination in Europe (CODE). These files are 

divided into four groups: January to March, April to June, July to September and October 

to December to form four groups of coefficients for the SPHA model. The spherical 

harmonic expansion defines a global grid of vertical total electron content (VTEC) values 

with the assumption of a single ionosphere layer around the Earth. To get the TEC values 

above the area of interest, the pierce point of the observation from each satellite is 

calculated first, and then the surrounding four grid values are interpolated to the pierce 

point. Since the GIM model only represents the global trend of ionospheric variation, a 

local area ionospheric variation is also added using a second set of spherical harmonic 

expansion coefficients to increase the spatial resolution of the ionospheric error. The 

temporal resolution of the ionosphere is realized by updating the magnitudes of the 

expansion coefficients in a time-variant way using a first-order Gauss-Markov model. 

The generated vertical ionospheric error was multiplied by an elevation mapping function 
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to get the slant ionospheric delay for each user station (Luo 2001). The level of 

ionospheric error can be varied through a parameter in the simulation option file. Figure 

5.1 shows a sample time series of DD ionospheric errors simulating a high level of 

ionospheric activity. It can be seen from the figure that the GPS L1 phase DD ionospheric 

error varies with the local time, the RMS of the errors is about 7 ppm, i.e., 7 mm over a 

1-km baseline though its maximum can reach 28 ppm. 
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Figure 5.1: GPS L1 phase DD ionospheric errors over a 1 km baseline for all visible 
satellites during 2 hours 
 

5.1.3 Multipath 

 

Multipath is also one of the dominant error sources in DGNSS applications. It is caused 

by the mixture of direct and indirect signals from various reflectors around the receiver 
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antenna. The magnitude of multipath is dependent on the properties of the reflector, the 

distance between the reflector and the antenna, the gain pattern of the antenna, and the 

characteristics of the tracking loops used in the receiver. To simplify the simulation, only 

one reflected signal from the ground is assumed in modeling multipath in this case (Luo 

2001). The magnitudes of code and phase multipath are simulated according to Table 4.2. 

Figure 5.2 shows the L1 phase multipath errors for four satellites observed at one station. 

It can be seen that the phase multipath errors for different satellites present the same 

trends: the errors are time-correlated and the magnitude of the error varies between 6±  

mm, which is equivalent to 0.03 cycles of wavelength on the L1 frequency as set in the 

data generation. 
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Figure 5.2: Single phase multipath of PRN 21, 22, 24 and 26 during 2 hours 
 

5.1.4 Receiver Noise 
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Receiver noise is simulated as white noise. The magnitude of the receiver noise on 

different GPS/Galileo frequencies is simulated according to Table 4.3. A sample plot of 

the phase receiver noise of the GPS L1 observations is shown in Figure 5.3. It can be 

seen that the receiver noise of the L1 phase observations ranges between  mm with an 

RMS of 0.6 mm. 
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Figure 5.3: Phase receiver noise of GPS L1 observations during 2 hours 
 

Based on the descriptions in Section 2.3, the orbital and tropospheric errors do not have 

significant effects on kinematic positioning over baselines less than 10 km with 

maximum values of 0.8 mm and 2 mm respectively under normal conditions (Cosentino 

et al. 2005).  
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5.2 Simulation Description and Processing Strategy 

 

5.2.1 Simulation Description 

 

One of the objectives of this thesis is to evaluate the AR performance of kinematic 

positioning using observations on different subsets of GPS/Galileo frequencies, the same 

six cases as those in Chapter 4 (see Table 4.5) are investigated herein. In contrast to the 

medium and long baselines simulated in Chapter 4, three different short baselines - 1 km, 

5 km and 10 km are investigated in this chapter using software simulated data. This is to 

restrict the investigation to the region of normal RTK operations on baselines of less than 

10 km. 

 

Since this research is only focused on short baselines (no greater than 10 km), the orbital 

and tropospheric errors are not significant on kinematic positioning (based on the 

conclusions given in Section 2.3) in these cases and they are ignored in the data 

generation. To account for the effect of the ionospheric error, two conditions are 

simulated: a benign condition without ionospheric error and a severe condition with L1 

DD ionospheric RMS errors of 7 ppm though their maximum value can reach nearly 30 

ppm (shown in Figure 5.1). Since ionospheric error is the only distance dependent error 

in these cases, the scenarios without ionospheric error over the 5 and 10 km baselines are 

identical to that over a 1 km baseline (Scenario A) and have been removed. In all, four 

scenarios are simulated as listed in Table 5.1. 
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Table 5.1: Simulation Scenarios 

DD Ionosheric Error RMS (ppm) Baseline 

(km) 0 7 

1 A B 

5 - C 

10 - D 

 

5.2.2 Processing Strategy: Full Ambiguity Resolution 

 

The simulated data was processed using the SD processor described in Chapter 3. The 

North, East and Up position components and the between-receiver differenced clock 

offset are estimated as states with a random walk dynamics model in a Kalman filter to 

simulate a slowly walking user. Since the rover station was assumed to be in slowly 

moving kinematic mode, the spectral density of the position states was set to 0.05 m/s. 

For the clock state, a very large value of 10,000 m/s was set in order for the clock 

estimate to essentially be free from epoch to epoch. This condition is necessary to 

maintain the equivalence of the single- and double-differencing estimation models. As 

mentioned in Chapter 4, the so-called tight-coupling approach is used for Cases ⑤ and 

⑥ where observations on common GPS and Galileo frequencies are available. The float 

solutions were first obtained and then passed to LAMBDA for fixing. The interest in this 

study is the ambiguity convergence period to get fixed solutions, and that is the reason for 
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resetting the filter. The results of partial fixing of the float ambiguities are presented in 

Section 5.4. 

 

In order to answer the question of which sets of GNSS observations should be used in 

future GPS/Galileo kinematic positioning, statistics are obtained and compared for the 

above scenarios. This was done by dividing the 24-hour data sets into 10-minute samples 

and processing them with the phase processing strategy described above. The time to first 

fix (time required to fix and validate the full set of ambiguities) was then recorded for 

each simulation run, in addition to whether the correct ambiguity set had been obtained or 

not. The statistics were obtained by processing all the 144 simulation runs. 

 

5.3 Result and Analysis 

 

5.3.1  Simulation results of different cases for Scenario B 

 

A subset of simulation results is presented in this section. Results for different cases 

(using observations on different frequencies) in Scenario B (a 1 km baseline with high 

ionospheric error) are presented and compared. The statistics from the simulation results 

of 24-hour data set for all the six cases are then presented and discussed in terms of 

several figures of merit. 

 

Case ①: GPS L1 Observations (base case) 
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As an example, Figure 5.4 shows the GPS L1 DD float ambiguity values for all the 

observed satellites. It can be seen that the 8 DD float ambiguities converge to their 

corresponding integer values (all zeros in this case) in the float filter. In this 10 minute 

simulation, PRN 21 is the base satellite.  
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Figure 5.4: Float DD ambiguities of all the GPS L1 observations over a 1 km 
baseline with high ionospheric error 
 

Figure 5.5 shows the values of the ratio test and the PCF obtained in ambiguity 

validation. In this study, the thresholds for ratio testing and PCF are set to 2 and 0.9, 

respectively. The ratio threshold is derived from experience and the PCF threshold is not 

as stringent as that used in the covariance simulations shown in Chapter 4, and it is to 

simulate GNSS applications in land surveying such as conventional RTK. After passing 
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the ratio and PCF thresholds, the ambiguities are deemed as fixed and the fixed position 

solution is computed according to Equations (3.18) and (3.19). 
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Figure 5.5: Ratio test value and probability of correct fix ambiguities using GPS L1 
observations over a 1 km baseline with high ionospheric error 
 

Figure 5.6 shows the GPS L1 DD fixed ambiguities. It is found all the ambiguities are 

correctly fixed to zeros, which are the integer ambiguities set in the data generation. Note 

that only the results for the first two minutes are shown and the float values are displayed 

before the fixed values are obtained.  
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Figure 5.6: Fixed DD ambiguities of all the GPS L1 observations over a 1 km 
baseline with high ionospheric error 

 

Figures 5.7 and 5.8 show the position errors in Case ①. The North, East and Up position 

error components from the SD float solution are shown in Figure 5.7, while Figure 5.8 

shows the position error of the fixed solution. Note that it takes 13 seconds to correctly 

fix and validate all GPS L1 ambiguities and the float solution is shown before obtaining 

the fixed solution. When the ambiguities are correctly fixed, millimetre level position 

accuracies are obtained. Figures 5.9 and 5.10 show the position errors and standard 

deviation ( 3σ± ) together, it can be seen that the position errors are completely bounded 

by the standard deviation. 
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Figure 5.7: Position errors of the float solution using GPS L1 observations over a 1 
km baseline with high ionospheric error 
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Figure 5.8: Position errors of the fixed solution using GPS L1 observations over a 1 
km baseline with high ionospheric error 
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Figure 5.9: Position errors versus estimated standard deviation for the float solution 
using GPS L1 observations over a 1 km baseline with high ionospheric error 
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Figure 5.10: Position errors versus estimated standard deviation for the fixed 
solution using GPS L1 observations over a 1 km baseline with high ionospheric 
error 
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Cases ② and ③: Dual-frequency GPS Observations 

 

Figures 5.11-15 show results for Cases ② and ③, where GPS L2 or L5 observations are 

added to the filter compared to Case ①. With the additional observations on another 

frequency from the same GNSS (GPS in these cases), it is found that similar float 

position estimates are obtained. However, it takes much less time, only 3 seconds in both 

cases, to fix ambiguities (shown in Figure 5.12). This is due to the fact the LAMBDA 

algorithm, when operating on multiple frequency float ambiguities, is able to form linear 

combinations of ambiguities with longer wavelengths (for example the first step in dual 

frequency LAMBDA forms a wide-lane implicitly before search for an even better linear 

combination (Teunissen 1998)). The LAMBDA Z-domain ambiguities are then much 

easier to fix compared to the GPS L1 ambiguities in Case ①. Using L1 and L2 

observations should lead to better AR performance due to the longer wide-lane 

wavelength compared to that of L1 and L5, however, this benefit is not significantly 

observed in this simulation run since these are over short baseline cases where the 

ionospheric errors are small. 
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Figure 5.11: Position errors of the float solution using GPS L1 and L2 observations 
over a 1 km baseline with high ionospheric error 
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Figure 5.12: Fixed ambiguities of all the GPS L1 and L2 observations over a 1 km 
baseline with high ionospheric error 
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Figure 5.13: Position errors of the fixed solution using GPS L1 and L2 observations 
over a 1 km baseline with high ionospheric error 
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Figure 5.14: Position errors of the float solution using GPS L1 and L5 observations 
over a 1 km baseline with high ionospheric error 
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Figure 5.15: Position errors of the float solution using GPS L1 and L5 observations 
over a 1 km baseline with high ionospheric error 
 

Case ④: Triple-frequency GPS Observations 

 

Figures 5.16 and 5.17 show position errors of the float and fixed solutions using 

observations on all three GPS frequencies (L1, L2 and L5). The float solution presents 

similarities to those in Cases ①, ② and ③, while it only takes 2 seconds to fix all the 

ambiguities in this case since three frequencies are now available to LAMBDA, 

implicitly giving it the benefits of three carrier ambiguity resolution when the algorithm 

searches for an optimal set of linear combinations of ambiguities on three frequencies.  
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Figure 5.16: Position errors of the float solutions using GPS L1, L2 and L5 
observations over a 1 km baseline with high ionospheric error 
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Figure 5.17: Position errors of the fixed solutions using GPS L1, L2 and L5 
observations over a 1 km baseline with high ionospheric error 
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Case ⑤: Single-frequency GPS and Galileo Observations 

 

Figures 5.18 and 5.19 present the results when GPS L1 and Galileo E1 observations are 

used for kinematic positioning. As shown in Figure 5.18, better float position estimates 

are obtained compared to that of GPS L1. This is due to the enhanced satellite geometry 

when the two systems are used together. The improved geometry also leads to faster 

ambiguity fixing (3 epochs) compared to cases ①-④, where only GPS observations are 

used for kinematic positioning. 
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Figure 5.18: Position errors of the float solution using GPS L1 and Galileo E1 
observations over a 1 km baseline with high ionospheric error 
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Figure 5.19: Position errors of the fixed solution using GPS L1 and Galileo E1 
observations over a 1 km baseline with high ionospheric error 

 

Case ⑥: Dual-frequency GPS and Galileo Observations 

 

Figures 5.20 and 5.21 show the results for Case ⑥, where observations on two common 

frequencies, L1 and E1 or L5 and E5a, from GPS and Galileo are used. It is obvious that 

the positioning accuracy of the float solution is improved significantly due to the 

enhanced geometry of combined GPS/Galileo, and the ambiguities can also be quickly 

fixed in 2 seconds with the availability of observations on two common frequencies. It 

shows the dual-frequency combined GPS/Galileo has the best AR performance in all six 

cases and conforms to the results in Chapter 4 based on the covariance simulations. 
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Figure 5.20: Position errors of the float solution using GPS L1, L5 and Galileo E1, 
E5a observations over a 1 km baseline with high ionospheric error 
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Figure 5.21: Position errors of the fixed solution using GPS L1, L5 and Galileo E1, 
E5a observations over a 1 km baseline with high ionospheric error 
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5.3.2 Statistics of Simulation Results  

 

To get a better understanding of the kinematic positioning performance using 

observations on different subsets of GPS/Galileo frequencies, the 24-hour simulated data 

set was divided into 10-minute samples (Subsection 5.2.2). Statistics on these multiple 

samples are obtained and compared in terms of the following figures of merit.  

 

1) Mean Time To First Fix Ambiguities (MTTFFA): the time to first fix and 

successful validation of each 10-minute sample is calculated. The total time is 

summed over all samples and the average time is calculated as the MTTFFA.  

2) Percent of Correct Fix Ambiguities (PCFA): the number of 10-minute samples 

which have ambiguities correctly fixed over the 144 samples in the 24-hour 

simulated data set. 

3) Percent of Incorrect Fix Ambiguities (PIFA): the number of 10-minute samples 

which have ambiguities incorrectly fixed over the 144 samples in the 24-hour 

simulated data set. 

4) Percent of No Fix Ambiguities (PNFA): the number of samples that the 

ambiguities cannot be fixed in the whole 10-minute duration over the 144 samples 

in the 24-hour simulated data set. 

 

Note that the above figures of merit are calculated over 10-minute samples and the sum 

of three percentages is 100%. 
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Table 5.2 shows the statistics of the simulation results for various cases in Scenario A - 

the 1 km baseline without ionospheric error. It can be seen that the MTTFFA is 57 

seconds when using GPS L1 observations. There are some samples whose ambiguities 

cannot be fixed or are fixed to incorrect values in the 10-minute duration. With the 

addition of observations on other frequencies, the MTTFFA decreases and ambiguities 

over all samples can be fixed and no incorrect fixing occurs. These results are as expected. 

What is most interesting however, is that the inclusion of additional observations on the 

same frequency (Case ⑤) results in a greater improvement than adding signals on 

multiple frequencies (Cases ② and ③). This shows that when spatially correlated errors 

are small, there is more benefit from additional geometry than there is from additional 

frequency diversity. 
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Table 5.2: Mean time to first fix ambiguities, percentage of correct fix, percentage of 
incorrect fix and percentage of no fix for GPS/Galileo kinematic positioning over a 1 
km baseline without ionospheric error 

Case Observations MTTFFA PCFA (%) PIFA (%) PNFA (%)

① L1 56.6 93.75 5 1.25 

② L1, L2 8.2 100 0 0 

③ L1, L5 8.6 100 0 0 

④ L1, L2, L5 3.1 100 0 0 

⑤ L1, E1 6.8 100 0 0 

⑥ L1, E1, L5, E5a 2.0 100 0 0 

 

The statistics of the simulation results for a 1 km baseline with high ionospheric error 

(Scenario B) is shown in Table 5.3. The same conclusion can be made as in the case of no 

ionospheric error. There are some samples with incorrect-fixes and no-fixes due to the 

ionospheric effect. It is observed that the MTTFFA when using GPS L1 and L5 

observations is higher than that of using L1 and L2. This is likely due to the fact that L1-

L5 results in a shorter wavelength wide-lane ambiguity which can be formed implicitly in 

the LAMBDA decorrelation. Comparing Case ② (using GPS L1 and L2) to Case ⑤ 

(using GPS L1 and Galileo E1), it is found that it takes much less time to gain the 

MTTFFA for the latter though incorrect-fixes occur in some samples. This shows again 
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the benefit of the enhanced geometry of the GPS/Galileo combination in the case that the 

differential ionospheric error is relatively low. In this case, adding observations on the 

same frequency from another GNSS (namely Galileo) has superior performance than 

adding observations on another frequency from the existing GNSS (namely GPS). 

Comparing the results of using observations on all GPS frequencies – L1, L2 and L5 

(Case ④) to that of using observations on two common frequencies of GPS and Galileo 

(Case ⑥), also shows the benefit of enhanced geometry on the ambiguity resolution in 

terms of decreased MTTFFA. 

Table 5.3: Mean time to first fix ambiguities, percentage of correct fix, percentage of 
incorrect fix and percentage of no fix for GPS/Galileo kinematic positioning over a 1 
km baseline with high ionospheric error 

Case Observations MTTFFA PCFA (%) PIFA (%) PNFA (%)

① L1 63.8 90.00 8.75 1.25 

② L1, L2 8.1 100.00 0 0 

③ L1, L5 13.1 98.75 1.25 0 

④ L1, L2, L5 3.4 100.00 0 0 

⑤ L1, E1 3.3 98.75 1.25 0 

⑥ L1, E1, L5, E5a 2.0 100.00 0 0 
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Table 5.4 shows the statistics for a 5 km baseline with high ionospheric error present 

(Scenario C). The same trend can be observed in this scenario. Besides the decrease of 

MTTFFA in Cases ⑤ and ⑥ where GPS and Galileo are combined, it is also found that 

there are fewer incorrect-fixes, which means the enhanced geometry also improves the 

reliability of carrier phase ambiguity resolution. 

Table 5.4: Mean time to first fix ambiguities, percentage of correct fix, percentage of 
incorrect fix and percentage of no fix for GPS/Galileo kinematic positioning over a 5 
km baseline with high ionospheric error 

Case Observations MTTFFA PCFA (%) PIFA (%) PNFA (%)

① L1 204.7 47.50 32.50 20.00 

② L1, L2 122.5 80.00 13.75 6.25 

③ L1, L5 154.0 78.75 10.00 11.25 

④ L1, L2, L5 148.3 77.50 13.75 8.75 

⑤ L1, E1 98.7 85.00 3.75 11.25 

⑥ L1, E1, L5, E5a 118.8 88.75 1.25 10.00 

 

Simulation results for the 10 km baseline (Scenario D) are shown in Table 5.5. In this 

case, ambiguities in most of the samples cannot be fixed due to the significant effect of 

high ionospheric errors. However, the ability to identify the wrong ambiguity sets is still 

observed in Cases ⑤ and ⑥, where the geometry is augmented due to the combination of 
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the two systems. For example, the PIFA is 7.50% and 2.50% for Cases ⑤ and ⑥, where 

GPS and Galileo are combined on single and dual frequencies, while the figure of merit is 

21.25% and 15.00% for Cases ② and ④. 

Table 5.5: Mean time to first fix ambiguities, percentage of correct fix, percentage of 
incorrect fix and percentage of no fix for GPS/Galileo kinematic positioning over a 
10 km baseline with high ionospheric error 

Case Observations MTTFFA PCFA (%) PIFA (%) PNFA (%)

① L1 222.0 17.50 47.50 35.00 

② L1, L2 148.2 37.50 21.25 41.25 

③ L1, L5 165.5 46.25 11.25 42.50 

④ L1, L2, L5 153.3 41.25 15.00 43.75 

⑤ L1, E1 244.0 37.50 7.50 55.00 

⑥ L1, E1, L5, E5a 250.0 37.50 2.50 60.00 

 

 

5.4 Partial Fixing 

 

While the previous section dealt with selecting subsets of the available GPS/Galileo 

observations, using these to estimate a float position solution and the corresponding 

ambiguities, and then fixing all of the ambiguities, this section shows the results obtained 
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by estimated these ambiguities but not necessarily fixing all of them. Partial fixing of 

ambiguities is demonstrated for three different cases in Scenarios B, C and D. The case of 

using GPS L1 observations (Case ①) for kinematic positioning is presented as the base 

case, while Cases ④ and ⑥ are presented as scenarios where the number of ambiguities 

is increased to a significant level when using a triple-frequency GPS and dual-frequency 

GPS/Galileo, respectively. Results from the first 10-minute period of simulated data are 

shown in this section. In the ambiguity validation stage, the thresholds for the ratio 

testing and the PCF are set to 2 and 99.99%, respectively. A high PCF threshold is 

selected to simulate kinematic positioning with high integrity requirements. This is done 

to show the benefit of partial fixing, since the PCF decreases as more ambiguities are 

fixed. By setting it high, the goal is to show that high PCF can be maintained by fixing 

only a small number of ambiguities. The corresponding position accuracies are then 

shown to demonstrate the positioning accuracy associated with fixing various numbers of 

ambiguities compared to the float (none fixed) and fixed (all fixed) results presented in 

Section 5.3 above. 

 

5.4.1 Results Over 1 Km Short Baseline 

 

Case ①: GPS L1 Observations (base case) 
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Ambiguity partial fixing with 4, 6 and 8 fixed ambiguities in the GPS L1 case are shown 

first, where there are 8 ambiguities in total in this case. By passing them to LAMBDA, 

the original ambiguities are decorrelated via the transformation matrix TZ  as shown in 

Equation (3.20). For example, the TZ matrix at the first epoch is 

0 0 0 1 3 2 1 0
1 1 1 1 1 0 1 1

1 0 2 1 0 0 1 3
0 2 0 2 0 3 0 1
2 2 0 2 1 1 2 0
0 0 2 0 0 0 1 1
0 1 1 0 2 0 0 0
0 0 1 0 0 0 1 0

TZ

−⎡ ⎤
⎢ ⎥− − −⎢ ⎥
⎢ ⎥− −
⎢ ⎥− −⎢ ⎥= ⎢ ⎥− − −
⎢ ⎥

− −⎢ ⎥
⎢ ⎥− −
⎢ ⎥

−⎢ ⎥⎣ ⎦

 (5.1)

From Equation (5.1), it is found that the decorrelated ambiguities are a mixture or 

combination of the original ones. For example, the first decorrelated ambiguity is a linear 

combination of the 4th, 5th, 6th and 7th original ambiguities as in 

1 4 5 6
ˆ 3 2N a a a a= + − + 7  (5.2)

 

With partial fixing, the partial subset of fixed ambiguities starts from the last ambiguity 

in the Z-domain ambiguity vector, since the decorrelated (Z-domain) ambiguities are 

mostly placed in an order of decreasing conditional variance as a by-product of the 

LAMBDA decorrelation algorithm (de Jonge & Tiberius 1996). It was shown in Chapter 

4 that the smaller the conditional variance, the higher the PCF, which means a higher 

probability to fix the ambiguity and as a result it makes sense to first fix the ambiguity 

with the smallest (unconditional) variance and then fix the ambiguity with the smallest 

conditional variance (conditioned on the first ambiguity being fixed correctly) and so on. 
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8

 

For example, the decorrelated ambiguities are divided into two groups in case ①: a 

subset which is to be fixed and another one which is unfixed. Following Equation (3.28), 

the ambiguities can be written with the position states together as,  

1 4 5
ˆ ˆ ˆ ˆ ˆ T

Tbz b N N N N⎡ ⎤= ⎣ ⎦  (5.3)

 

With partially fixing a subset of ambiguities, e.g., , the remaining 

ambiguities and position estimates become 

5 6 7 8, , ,N N N N

| |5 8 5 8 5 8
| 1 4N N N N N N

T
TB b N N⎡ ⎤= ⎣ ⎦  (5.4)

where indicates the fixed position states and remaining ambiguities are conditioned 

on the fixed ambiguities . 

5 8
|N N

5 6 7 8, , ,N N N N

 

Figure 5.22 shows the position errors of the float solution using the GPS L1 observations. 

The position errors of the North and East components are in the sub-decimetre levels 

while the Up component can reach 19 cm. Figure 5.23 shows the position errors and 

standard deviation together, it is found that the position errors are bounded by the 3σ±  

standard deviation. 
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Figure 5.22: Position error for the float solution using all GPS L1 observations over 
a 1 km baseline with high ionospheric error 
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Figure 5.23: Position error versus estimated standard deviation for the float solution 
using all GPS L1 observations over a 1 km baseline with high ionospheric error 
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Figure 5.24 shows the float and fixed values of the fixed partial subset of 4 ambiguities, 

which are the last four ambiguities in the ambiguity vector. It is seen that there are abrupt 

changes of the float ambiguities, which is due to the changes of Z-transformation 

matrices as shown in Figure 5.28. In this case, the 4 float ambiguities are fixed and 

validated in 37 epochs. 
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Figure 5.24: Float and fixed values of the fixed partial subset (4 ambiguities) in the 
GPS L1 case over a 1 km baseline with high ionospheric error. After 37 seconds, all 
of the Z-domain ambiguities are fixed to zero. The corresponding float ambiguities 
are discontinuous because the transformation from the original to decorrelated 
ambiguities changes during the 10 minute interval, meaning that a different Z-
domain float ambiguity set is sent for partial fixing after each change in Z matrices. 
 

Figure 5.25 shows the ambiguity values of the remaining unfixed subset (the first four 

ambiguities in the ambiguity vector) before (in dashed lines, first four ambiguities in 

Equation (5.3)) and after (in solid lines, ambiguities in Equation (5.4)) the subset 
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ambiguities being fixed. It is found that these ambiguities are corrected after correctly 

fixing the subset of other ambiguities. 
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1st before, RMS = 0.078
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1st after, RMS = 0.072
2nd after, RMS = 0.077
3rd after, RMS = 0.052
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Figure 5.25: The values of the unfixed partial subset (4 ambiguities) before and after 
the partial ambiguity fixing in the GPS L1 case over a 1 km baseline with high 
ionospheric error. Note that for each ambiguity the solid (float subject to the other 
ambiguities being fixed) is closer to zero than the float value. As shown in Figure 
5.28, the plots are discontinuous due to changes in the LAMBDA decorrelation. 

 

Figure 5.26 shows the position errors with partially fixing the four ambiguities. 

Comparing with the position errors of the float solution (shown in Figure 5.22), the 

position accuracies are improved and they are still at the centimetre level. Figure 5.27 

shows the position errors are bounded by the 3σ±  standard deviation. The discontinuities 

of the position errors are due to changes in the Z-transformation matrix as will be 

discussed later.  
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Figure 5.26: Position errors with 4 ambiguities correctly fixed in the Case ① (GPS 
L1) over a 1 km baseline with high ionospheric error 
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Figure 5.27: Position errors versus estimated standard deviation with 4 ambiguities 
correctly fixed in the Case ① (GPS L1) over a 1 km baseline with high ionospheric 
error 
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Figure 5.28 shows the changes of the decorrelation matrix, ZT in LAMBDA for different 

epochs. Variations in the LAMBDA decorrelation at different epochs were observed and 

proved by Teunissen (1998). The changes of decorrelation matrices lead to 

discontinuities of the Z-domain ambiguities and position estimates. 
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0

1

Changes of Z transformation matrix

18:00 18:02 18:04 18:06 18:08 18:10
GPS Time (s) / UTC Time (hh:mm)  

Figure 5.28: Changes in the decorrelation transformation matrix for the Case ① 
(GPS L1) over a 1 km baseline with high ionospheric error: 0 - the Z matrix is not 
changed compared to the previous epoch, 1 - the Z matrix is changed compared to 
the previous epoch 
 

Figures 5.29 to 5.31 show the results for partially fixing 6 ambiguities. Similar trends in 

the ambiguity values of the fixed and unfixed subsets are shown compared to those 

obtained by fixing 4 ambiguities, and the position accuracies are further improved and 

they are still at centimetre levels. With fixing six instead of four ambiguities, the time to 

first fix increases from 37 to 44 seconds. 
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Figure 5.29: Float and fixed values of the fixed partial subset (6 ambiguities) in the 
Case ① (GPS L1) over a 1 km baseline with high ionospheric error 
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1st before, RMS = 0.079
2nd before, RMS = 0.096
1st after, RMS = 0.072
2nd after, RMS = 0.077

 

Figure 5.30: The values of the unfixed partial subset (2 ambiguities) before and after 
the partial ambiguity fixing in the Case ① (GPS L1) over a 1 km baseline with high 
ionospheric error 
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Figure 5.31: Position error with 6 ambiguities correctly fixed in the Case ① (GPS 
L1) over a 1 km baseline with high ionospheric error 

 
Figures 5.32 and 5.33 show the results for fixing all 8 ambiguities in the GPS L1 case. 

Though it takes longer time to fix them all (51 s) comparing to fixing four (37 s) or six 

(44s) of them, the position accuracies are significantly improved to millimetre levels. 

This shows that ambiguity partial fixing can reduce the time to first fix while at the 

sacrifice of decreasing position accuracies. 
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Figure 5.32: Float and fixed values of the fixed partial subset (8 ambiguities) in the 
Case ① (GPS L1) over a 1 km baseline with high ionospheric error 
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Figure 5.33: Position errors with all 8 ambiguities correctly fixed in the Case ① 
(GPS L1) over a 1 km baseline with high ionospheric error 
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The above results for partial fixing are interesting since trade-offs can be made on the 

time to fix ambiguities and position accuracies. If a fixed position solution needed to be 

obtained quickly and the requirements for position accuracies are not very high, e.g., 

millimetre level, a fixed solution with only fixing a subset of all float ambiguities could 

be a good option for this kind of application. Furthermore, fixing a subset quickly does 

not preclude the user from continuing to fix more ambiguities as a function of time. As 

such this method could be used to provide a temporary improvement in positioning 

accuracy while the full ambiguity set is still being validated. The advantages of partial 

fixing will be further demonstrated for the multi-frequency multi-GNSS cases below.  

 

 

Case ④: Triple-frequency GPS Observations 

 

Figures 5.34-37 show the results of partially fixing different numbers of ambiguities 

when multiple frequency GPS observations are used (24 ambiguities in total). The 

selection of partial ambiguity sets also starts from the last one in the ambiguity vector, 

which is a mixture of ambiguities on all three frequencies after the LAMBDA 

decorrelation. The same trends as the case of using GPS L1 observations can be observed 

and it takes a shorter time to get fixed solutions since greater ambiguity decorrelation is 

achieved with three-frequency GPS observations. Changes in the decorrelation matrices 

and the values of ambiguities are not shown due to the similarities with Case ①.  
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Up    RMS = 0.22 (m)

 

Figure 5.34: Position errors of the float solution using GPS L1, L2 and L5 
observations over a 1 km baseline with ionospheric error 
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Figure 5.35: Position errors with 8 ambiguities correctly fixed in the GPS L1, L2 
and L5 case over a 1 km baseline with high ionospheric error 
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7 s to fix correctly
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Figure 5.36: Position errors with 16 ambiguities correctly fixed in the GPS L1, L2 
and L5 case over a 1 km baseline with high ionospheric error 
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Figure 5.37: Position errors with 24 ambiguities correctly fixed in the GPS L1, L2 
and L5 case over a 1 km baseline with high ionospheric error 
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Case ⑥: Dual-frequency GPS and Galileo Observations 

 

Figures 5.38-41 show the results of partial fixing ambiguities on two common 

frequencies of GPS/Galileo (30 ambiguities in total). The position accuracies improve as 

more ambiguities are fixed while it takes more or less the same amount of time to fix 

different numbers of ambiguities. This is due to the fact that the enhanced satellite 

geometry improves the float ambiguity estimates and the conditional variances for 

different ambiguities are small and thus the PCF value for each ambiguity is very close to 

one, making fixing additional ambiguities relatively easy. 
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Up    RMS = 0.089 (m)

 

Figure 5.38: Position errors of float solutions in the GPS L1, L5 and Galileo E1, E5a 
case over a 1 km baseline with high ionospheric error 
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8 s to fix correctly
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Figure 5.39: Position errors with 10 ambiguities correctly fixed in the GPS L1, L5 
and Galileo E1, E5a case over a 1 km baseline with high ionospheric error 
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Figure 5.40: Position errors with 20 ambiguities correctly fixed in the GPS L1, L5 
and Galileo E1, E5a case over a 1 km baseline with high ionospheric error 
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Figure 5.41: Position errors with 30 ambiguities correctly fixed in the GPS L1, L5 
and Galileo E1, E5a case over a 1 km baseline with high ionospheric error 

 

 

5.4.2 Summary of Results with Partial Fixing Over Different Baselines 

 

The results of partial fixing ambiguities using observations on different subsets of 

GPS/Galileo frequencies over three different baselines are summarized in Tables 5.6-8. 

For the three simulated cases in this single simulation run, the position errors decrease 

with an increase in the number of fixed ambiguities. When single- or triple-frequency 

GPS observations are used, the time to correctly fix ambiguities (TTCFA) increases with 

more and more ambiguities fixed. However, there is no significant difference for TTCFA 

when GPS and Galileo observations are used together. This is due to the fact that the 

enhanced geometry of GPS/Galileo improves the accuracies of float ambiguities, thus the 

differences of the PCF values with fixing different numbers of ambiguities are not 
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significant. Over the 10 km baseline, the float ambiguities are significantly biased by 

spatially decorrelated ionosphere, which leads to the failure of fixing all ambiguities, 

while it is still possible to fix a partial set of them and the partial fixed position solutions 

are generally better than the float ones as shown in Table 5.8. 

Table 5.6: Position errors, TTCFA with fixing different numbers of ambiguities 
using subsets of GPS/Galileo observations over a 1 km baseline with high 
ionospheric error 

Position Error (cm) 
Observations No. Fixed

North East Up 

TTCFA 

(s) 

Float 4.8 8.0 19.0 - 

4 2.1 3.1 12.0 37 

6 1.4 2.5 9.4 44 
GPS L1 (①) 

8 0.5 0.6 0.9 51 

Float 6.9 8.8 22.0 - 

8 3.3 6.2 18.0 5 

16 3.0 3.9 12.0 7 
GPS L1, L2, L5 (④)

24 0.4 0.8 0.8 8 

Float 4.4 3.9 8.9 - 

10 3.3 3.4 9.6 8 

20 1.1 1.3 3.4 8 

GPS L1, L5 and 

Galileo E1, E5a (⑥)

30 0.5 0.7 0.7 8 
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Table 5.7: Position errors, TTCFA with fixing different number of ambiguities 
using subsets of GPS/Galileo observations over a 5 km baseline with high 
ionospheric error 

Position Error (cm) 
Observations No. Fixed

North East Up 

TTCFA 

(s) 

Float 3.9 9.6 26.0 - 

4 6.4 8.5 16.0 95 

6 3.9 6.7 12.0 107 
GPS L1 (①) 

8 1.4 3.1 2.8 117 

Float 10.0 12.0 35.0 - 

8 8.9 11.0 29.0 17 

16 4.8 5.0 19.0 25 
GPS L1, L2, L5 (④)

24 1.8 3.8 3.4 26 

Float 9.7 3.6 16.0 - 

10 6.6 3.9 22.0 25 

20 2.6 2.6 5.7 25 

GPS L1, L5 and 

Galileo E1, E5a (⑥)

30 1.9 3.2 3.2 25 
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Table 5.8: Position errors, TTCFA with fixing different number of ambiguities 
using subsets of GPS/Galileo observations over a 10 km baseline with high 
ionospheric error 

Position Error (cm) 
Observations No. Fixed

North East Up 

TTCFA 

(s) 

Float 5.9 11.0 32.0 - 

4 12.0 13.0 25.0 114 

6 14.0 22.0 29.0 146 
GPS L1 (①) 

8 - - - No fix 

Float 16.0 15.0 51.0 - 

8 14.0 15.0 45.0 26 

16 8.6 7.9 28.0 36 
GPS L1, L2, L5 (④)

24 - - - No Fix 

Float 9.9 3.4 16.0 - 

10 5.0 7.9 23.0 33 

20 - - - No fix 

GPS L1, L5 and 

Galileo E1, E5a (⑥)

30 - - - No fix 

 

 

5.5 Summary 

 

This chapter presents the results of AR performance evaluation using observations on 

different subsets of GPS/Galileo frequencies and the partial fixing ambiguity in three 

selected GPS/Galileo cases. The results show that better AR performance can be obtained 
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when using multiple-frequency GPS observations and a combined dual-frequency 

GPS/Galileo is better than a three-frequency GPS in terms of position accuracies and 

time to fix ambiguities. With partially fixing a subset of all ambiguities, the position 

accuracies improves as more ambiguities are fixed while it generally takes a longer time 

to fix more and more ambiguities. The partial fixing is effective when it is hard to fix all 

ambiguities to get the best position solutions and it shows better positioning accuracies 

than the float solutions. However, in most cases studied, full fixing could be obtained 

several seconds after partial fixing, suggesting that the best potential applications for 

partial fixing are those that require improved position solutions in very short periods of 

time, before full fixing of all available ambiguities is possible. 
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Chapter Six:  Conclusions and Recommendations for Future Work 

 

The overall goal of this research was to investigate ambiguity resolution (AR) 

performance of GPS/Galileo kinematic positioning using observations from different 

subsets of frequencies. To meet this goal a single difference carrier phase GNSS 

processor was developed and a novel strategy for partial fixing ambiguities was 

implemented. Covariance simulations of ambiguity resolution performance based on the 

geometry of observed satellites were carried out under various scenarios using 

observations on different subsets of GPS or/and Galileo frequencies. An evaluation of 

AR performance was also performed using a phase processor with software simulated 

GPS/Galileo observations. The phase processor was used both on different subsets of 

GPS and Galileo frequencies and to test the strategy of partial fixing ambiguities in the 

LAMBDA decorrelated Z-ambiguity domain. The findings in each chapter and 

recommendations for future work are summarized as follows. 

 

6.1 Key Findings  

 

1) It was found that single-differencing was superior to double-differencing in 

carrier phase GNSS positioning applications in terms of ease of implementation. 

Hence the single-differencing scheme was used in a carrier phase processor 

development. 
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2) It was shown that the LAMBDA method is better than the various cascading AR 

approaches in terms of the flexibility of carrier phase processing with multi-

carrier GNSS observations. 

 

3) With an increase in the number of observed satellites, which means enhanced 

satellite geometry, it took a shorter time to get a specific level of PCF for all 

scenarios of the covariance simulations performed. 

 

4) Through covariance analysis, it was found that single-frequency combined 

GPS/Galileo had comparable performance  with GPS L1/L2 or L1/L5 over the 

short baseline (it took around 5 seconds to reach 10-8 PIF for three cases) when 

the spatial decorrelation of the ionospheric error was not significant. The triple-

frequency GPS L1/L2/L5 only showed slightly improved performance to GPS 

L1/L2 or L1/L5 - the former only took 2 seconds less than the later to reach 10-8 

PIF over the short baseline.  

 

5) Dual-frequency combined GPS/Galileo had the best performance among all six 

cases of frequency combinations over three different baselines - 4 km, 20 km and 

120 km using covariance simulation, which took about 2, 50 and 100 seconds to 

reach 10-8 PIF, respectively. 

 

6) Using covariance analysis, the strategy of partial fixing ambiguities did not show 

improved performance over the short baseline while significant improvements 
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were observed over the medium and long baselines where the tropospheric and 

ionospheric errors were significantly decorrelated. The time to fix different 

number of ambiguities (took 10-8 PIF as a threshold) over short baseline was less 

than 10 seconds, while it was more than 1000 seconds for medium and long 

baselines. 

 

7) The different applications require fixing ambiguities with different PCF 

thresholds. It took 15 seconds less to fix ambiguities at 99% PCF level for 

surveying applications than fixing them at 99.999999% PCF level for safety-of-

life applications using GPS L1 observations. The difference was more significant 

(reached to a hundred of seconds) when other sets of observations were used. 

 

8) For results of the software simulator generated data, the MTTFFA (Mean Time 

To First Fix Ambiguities) decreased from more than 60 epochs using GPS L1 

observations to less than 10 seconds when using two or three frequency 

GPS/Galileo observations over the 1 km and 5 km baselines. Multi-carrier 

observations provided better ability to identify the wrong ambiguity sets over the 

10 km baseline where the ionospheric error was prominent. The combined dual-

frequency GPS/Galileo showed better performance than a three-frequency GPS - 

2 versus 3 seconds to fix ambiguities over the 1 km baseline and 88.75% versus 

77.50% of PCFA (percent of correct fix ambiguities) over the 5 km baseline and 

2.50% versus 15.00% of PIFA (percent of incorrect fix ambiguities) over the 10 

km baseline, which confirmed conclusions 4) and 5). 
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9) With partial ambiguity fixing, the position accuracies improved from decimetre 

levels (float solution with no ambiguity fixed) to less than a decimetre with 

subsets of ambiguities fixed and to 0.5~3 centimetres when all ambiguities were 

fixed. It generally took longer time (1 to 20 seconds) to fix more ambiguities. The 

partial fixing was effective when it was hard to fix all ambiguities to get the best 

fixed position solutions and it showed higher positioning accuracies than the float 

solutions. 

 

6.2 Recommendations for Future Work 

 

Though efforts have been made to study the AR performance of GPS/Galileo kinematic 

positioning using observations on different subsets of frequencies, there are still many 

unanswered questions related to this topic. The following are some recommendations for 

future work.  

 

1) The work in this thesis was based on the Kalman filter covariance analysis and 

processing of software simulated data. One important assumption was made 

regarding the time reference frame of GPS and Galileo: their time reference 

systems were accurately synchronized with each other thus the approach of 

tightly-coupling GPS/Galileo is adopted. However, the assumption may not hold 

true in the case when real data is used. The synchronization accuracy of 5 ns 

(equivalent to 1.5 m) is not accurate enough to make double-differencing between 
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GPS and Galileo, thus each system has to use its own base satellite. Though the 

coordinate reference frames of both systems are realizations of ITRF, the 

discrepancy between WGS84 (for GPS) and GTRF (for Galileo) has to be 

carefully considered and dealt with through conversion parameters between two 

systems for very high precision applications such as geodynamics etc. 

 

2) In Chapter 5, the AR performance evaluations were performed over short 

baselines that are not greater than 10 km. It was shown that even combined 

GPS/Galileo cannot fix ambiguities quickly in the case of a large ionospheric bias 

present in the observations. It has been expected that long baseline kinematic 

positioning can be achieved with the combination of GPS and Galileo. The 

ionospheric bias is prominent over long baselines. An effective method to 

eliminate or reduce the ionospheric error is through an approach of stochastic 

ionospheric modeling as shown in Liu (2003) and Zhang (2005). Implementation 

of this method in the processor will be of great importance for future work. 

 

3) As found by Teunissen & Verhagen (2008), the foundation of ratio test used in 

ambiguity validation was not correct, a validation criteria based on fixed failure 

rate was proposed and showed better performance (Verhagen 2007). Ambiguity 

validation in carrier phase GNSS positioning is still an open problem and needs 

further investigation.  

 

4) Observations were generated using a software simulator in Chapter 5. Given that 
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GPS L5 and Galileo will not be fully operational for quite some time (10 years 

away in the current schedule), the next step in the investigation would be to use 

simulated data that has been generated in a hardware simulator and actually 

received by a functioning GPS/Galileo receiver. 

 

5) In the ambiguity partial fixing strategy implemented in this thesis, the selection of 

a subset of ambiguities was done in an arbitrary way: a certain number of 

ambiguities were extracted from the ambiguity vector starting from the last entry 

in the vector. However, this subset of ambiguities might not necessarily have the 

smallest PCF among all possible subsets with the same number of ambiguities. 

This was due to the fact that the conditional variances in LAMBDA decorrelation 

were not completely sorted in a decreasing order. Further decorrelation can be 

pursued to make the conditional variances sorted in a more decreasing order as 

those shown in Chang et al. (2005). Practical application of the partial ambiguity 

fixing to RTK surveying should be further investigated. For example, criteria to 

choose the number of fixed ambiguities based on a trade-off between probability 

of correct fix and position solution accuracy should be carefully considered. 
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APPENDIX A: PARTIAL FIXING OVER DIFFERENT BASELINES 

 

Scenarios C, D, E: Partial fixing over the short baseline 
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Figure A.1: PIF as a function of time with increasing number of ambiguities fixed of 
Scenario C (GPS L1 and L5) 
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Figure A.2: PIF as a function of time with increasing number of ambiguities fixed of 
Scenario D (GPS L1, L2 and L5) 
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Figure A.3: PIF as a function of time with increasing number of ambiguities fixed of 
Scenario E (GPS L1 and Galileo E1) 
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Scenarios H, I, K: Partial fixing over the medium baseline 
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Figure A.4: PIF as a function of time with increasing number of ambiguities fixed of 
Scenario H (GPS L1 and L5) 
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Figure A.5: PIF as a function of time with increasing number of ambiguities fixed of 
Scenario I (GPS L1, L2 and L5) 
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Figure A.6: PIF as a function of time with increasing number of ambiguities fixed of 
Scenario K (GPS L1, L5 and Galileo E1, E5a) 
 

Scenarios M, N, O and P: Partial fixing over the long baseline 
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Figure A.7: PIF as a function of time with increasing number of ambiguities fixed of 
Scenario M (GPS L1 and L5) 
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Figure A.8: PIF as a function of time with increasing number of ambiguities fixed of 
Scenario N (GPS L1, L2 and L5) 
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Figure A.9: PIF as a function of time with increasing number of ambiguities fixed of 
Scenario O (GPS L1 and Galileo E1) 
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Figure A.10: PIF as a function of time with increasing number of ambiguities fixed 
of Scenario P (GPS L1, L5 and Galileo E1, E5a)   
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