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Abstract

As a part of the Global Navigation System (GPS) modernization plan in support of
improved navigation services, initial transmission of a new L5 signal is planned for 2008,
with a full operational availability around 2012. GPS is a radio-navigation system which
is vulnerable to RF interference, especially at low signal power levels. In this research,
the RF interference of interest includes cross-correlation and broadband random noise.
Researchers have conducted statistical analyses of and mitigation methods of multiuser
interference (the counterpart of cross-correlation in the field of mobile communication)
and achieved significant progress.

In light of the aforementioned research work and the similarity of GPS and mobile
communication in their system and signal structure, the theoretical study of the L5
behaviour presented herein manages to quantify interference effects in terms of several
important receiver parameters, such as average SNR, tracking jitter, symbol estimation
error rate, and so forth. The theoretical component of this thesis includes some
background on GPS receiver fundamentals, signal and interference models, and the L5
receiver’s response (parameters listed above) to the interference or noise. The
investigation concentrates on the performance of the correlator and phase tracking loops.
Numerical evaluations and their analyses including the experimental design, as well as
the presentation and comparison of results with theoretically inferred outcomes, are

presented in order to verify the theoretical results.
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Chapter One: INTRODUCTION

1.1 Background

The need to deliver positioning and location services in harsh environments has
stimulated extensive research in the area of wireless Enhanced 911 (E911) applications of
the Global Positioning System (GPS). Such settings include indoors, under heavy foliage
and urban canyons. Signal strength under these conditions normally ranges between 10
dB and 30 dB lower than that of comparable line-of-sight (LOS) signals. In general,
standard GPS receivers are ideally suited to LOS operation, while high sensitivity
receivers are designed for weak signal circumstances (Tsui & Bao 2000). Moreover, GPS
is a radionavigation system which is vulnerable to radio frequency interference (RFI),
especially at low signal power levels. The carrier to noise density ratio (C/No) of all of
the GPS signals is reduced by the effects of radio frequency interference on code
correlation and loop filtering (Ward 1996a). Thus, overall receiver performance is
degraded with large tracking errors and loss of lock associated with the tracking loops.

To satisfy increasing demands from the civil community for improved navigation
services, implementation of a new signal called LS (Spilker & Dierendonck 1999) is
planned, with the first satellite with LS5 capability to be launched in 2008. The L5 signal
is mainly designed to support safety-of-life applications including navigation for aviation
(Macabiau et al 2003). Its enhanced signal strength and improved cross-correlation
properties, as compared to the corresponding L1 and L2C characteristics, deliver superior

support to positioning services indoor. The L5 signal provides improved multipath
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resistance and protection against narrow-band interference. To increase the spectral
diversity, L5 must be an independent signal, which can be acquired directly, without any
aid from other GPS signals.

Deshpande (2004) evaluated the impact of RF interference on GPS L1 reception
performance based on a software receiver. In concept, software-based GPS receivers,
associated with the concept of software radio, have numerous advantages over hardware
receivers. For example, they offer more parameters for monitoring the inner state of the
receiver; flexibility, which is desirable both for the adjustment of controlling parameters,
and the implementation of new algorithms. A software radio allows a single hardware
configuration to serve as multiple radios (Akos 1997). Operating with a suitable antenna
and front-end, a software receiver can be used to conveniently acquire and track the new
L5 signal.

Because of potential differences in GPS L5 receiver operation as compared to L1, there is
also a real need to evaluate the RFI effects on LS5 receivers. The aim of this research is to
gain a deep understanding of wideband interference, including cross-correlation and
broadband random noise. The study will be implemented by the quantification of some
vital reception parameters theoretically, and the verification by or comparison to

numerical evaluation / simulation results.

1.2 Relevant Research

As a navigation system intended for both civil and military applications, GPS is designed
to tolerate a considerable amount of interference and jamming. The RF interference may

be friendly or intentional; it may be present as wideband Gaussian noise from intentional



jammers, wideband pulses from radar transmitters, or narrowband or wideband
modulation resulting from harmonics due to out-of-band transmitters’ non-linear effects.
A certain level of interference from the signals of other GPS satellites (cross-correlation)
or pseudolites is considered to be the most common type of wideband interference (Ward
1996a). Although a spread spectrum signal is much less susceptible to interference than a
narrow band signal, the operation of any navigation system, including GPS, can be
severely disrupted, e.g., in the presence of an interference source of sufficiently high
power (Spilker & Natali 1996). GPS signals transmitted by satellites far away from the
earth surface have especially weak power levels (-160 dBW or so) upon reaching the
user, due to geometric spreading effects. Most of the relevant research work was
implemented on the GPS L1 and Bi-Phase Shift Keying (BPSK) signals used in mobile
communication systems, due to their long history and wide application. As a Quadrature
Phase Shift Keying (QPSK) signal, L5 differs from L1 and other BPSK signals in terms
of its signal structure — two channels versus one. However, the insights gained into the
operation of the latter two signals remains instrumental to the investigation of RF
interference effects on LS.

In the literature, the contributions of thermal noise and interference signals have been
referred to as equivalent to the noise floor at which the performance was evaluated
(Kaplan 1996). A receiver is unable to keep track of signals if the C/N, decreases below
the tracking threshold and, thus, loses the ability to navigate (Ward 1996b) since
reacquisition is impossible under these circumstances. This is because the threshold of

C/Ny for acquisition (as a rule of thumb) is set 6 dB above that employed for tracking.
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The unjammed C/Ny and the tracking threshold are determined so as to produce that
value of C/Ny that can be effectively tolerated pursuant to jamming.
The impact of cross-correlation between different satellites on GPS receiver performance
has been a topic of interest in recent research, because of the demand for GPS indoor use,
where the power of signals from various satellites may differ by 20 dB or more. The
origin of this phenomenon, that is similar to the near-far problem in mobile
communication, is the different signal strength attenuation due to different propagation
paths. The combination of strong and weak signals in the receiver input may present
higher cross-correlations between a strong signal and a local replica of the weak signal
than would the weak signal autocorrelation peak. Bastide er al (2004) conducted a
theoretical analysis of LS acquisition performance, including the probability of detection
(Pg) and false alarm (Py,), and the variation of Py at a specific Py, while varying C/Ny. On
this basis, they determined the threshold for the acquisition of the GPS L5 signal in the
presence of cross-correlation and receiver thermal noise.
Cross-correlation not only generates “false alarms” in acquisition, but also results in large
pseudorange errors at the metre level (Van Dierendonck er al 2002), and code tracking
errors similar to those due to multipath interference (Van Nee 1992). The rationale of the
phase-locked loop (PLL) and its behaviour under interference and noise conditions were
analyzed and described in depth in (Viterbi 1963), which is also the theoretical basis for
predicting the behaviour of the delay-locked loop (DLL).
Based on the system model in the presence of noise, a statistical analysis of multi-user
interference on the phase estimator of the PLL for coherent DS-CDMA reception was

implemented (Huang et al 1998) on a BPSK signal, and a one-sided power spectral



density (PSD) was derived. The steady state (stationary) probability density of the first-
order-loop phase error resulting from interference and noise can be determined through a
partial differential equation called the Fokker-Planck equation (Viterbi 1966). The
performance of high order loops could be evaluated through a linear time-invariant
model, which would allow accurate deduction of the tracking error at high signal to noise
ratio (SNR) levels.

The Fokker-Planck equation was also employed in the investigation of the variance of the
code tracking error of a first-order DLL, in a multi-user interference and additive noise
environment (Huang & Andonovic 1998). The steady-state probability density function
(PDF) at a high SNR was theoretically shown to conform to a Gaussian distribution.

The foregoing investigation of RF impact on the CDMA system, including SNR
quantification, PLL and DLL jitter estimation, is aimed at the BPSK signal for a mobile
communication system. Its conclusions and outcomes are not necessarily applicable to
the L5 QPSK signal with a dataless channel and two layers of spreading codes.
Moreover, due to the complexity in mathematics, the methodology based on the Fokker-
Planck equation has not been applied to the evaluation of GPS receivers, where the
second or third order loop dominates the receiver design. The conceptual approach and
methodology, however, give some indication of and guidance to the evaluation of
research on LS reception performance.

As a type of intentional interference signal, broadband random noise is Gaussian in
nature and similar to GPS correlation noise. Broadband noise increases the amount of
noise in the GPS spectrum without distorting the signal spectrum (Heppe & Ward 2003).

Actually, broadband random noise is used to model the receiver thermal noise (which is
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the most significant interference source in the receiver), sky noise and some other
wideband interference sources. Recently, some investigations intended to “quantify the
degree of equivalence in RFI impact of UWB (ultra wideband) signals relative to
broadband random noise” (RTCA 2000), since this noise model was deeply studied and
well understood for any communication or electronic system. Progress has been made,
for instance, in the quantization of the self-interference effect on BPSK signals. A
broadband RF interference averages the spectral lines and causes an asymptotic effect
similar to a Sinc function (Kaplan 1996). Generally speaking, a broadband signal (for
example, the GPS signal itself) is very difficult to detect and isolate using filters or to
nullify with the use of an antenna (Spilker & Natali 1996).

The various RF interference monitoring and mitigation algorithms that have been
proposed to minimize the effects on receiver performance will be described briefly
below. It is of no use to prolong the predetection period against cross-correlation. By
reconstructing the strong signal from its parameters, as obtained from tracking programs,
that signal can be subtracted from the input (Psiaki 2001). The successive interference
cancellation (SIC) technique, originating from CDMA communication, was successfully
applied to the near-far problem encountered by a GPS L1 system augmented by ground-
based pseudolites (Madhani et al 2003).

A jamming-to-noise power ratio (J/N) meter was devised to detect the presence of RF
interference, via detection of abnormality of automatic gain control’s (AGC) control
voltage level (Bastide et al 2003). The J/N meter is capable of ascertaining the existence
of a jamming signal independently, whether the receiver is tracking the GPS satellite or

not. Out-of-band interference is suppressed by the receiver front end, whose passive filter



has a sharp cutoff with deep stop-band characteristics. Greater filtering at increasingly

narrow bandwidths can be obtained by means of a multi-stage filter set before and after
each local oscillator mixing stage (Ward 1996b). In order to protect the receiver front end
from high power pulsed interference, a pulse blanking technique (Hegarty et al 2000) has
been proposed to zero out the signal when its power exceeds a predetermined threshold
(Grabowski & Hegarty 2002). Because the interference signal must be incident from
some specific direction, space-time or space-frequency adaptive processing methods
based on antenna array structure were proposed and proved to be effective against both

narrowband and wideband interference forms (Gupta & Moore 2001).

1.3 Research Motivation and Objectives

Continuous investigation of GPS performance degradation due to RF interference is the
major motivation for this research. Another motivation is to test and validate the new L5
signal’s reception performance in a controlled signal environment associated with GPS
indoor applications. To satisfy the requirement of GPS indoor use, L5 signal structure
and strength are more robust against cross-correlation and broadband noise. Therefore,
this research is confined to the L5 receiving quality under cross-correlation and
broadband noise.

The objective is to deepen the understanding of RF interference effects on the GPS L5
receiver from both theoretical and practical perspectives. The theoretical study of the
behavior of L5 under various types of interference endeavours to quantify the
interference effects in terms of several important receiver parameters, such as SNR,

tracking jitters, symbol estimation error rate, and so forth. The theoretical component



covers some background on GPS receiver structure, signal and interference models, and
the LS receiver’s response (parameters mentioned above) to the interference or noise,
which will be discussed in Chapters 3 and 4. The empirical measurements and their
analyses consist of the experimental design, data processing, result presentation and
comparison with theoretically inferred outcomes. To achieve this end, the tasks can be
appropriately divided into five parts:

1. Investigation of a GPS L5 receiver architecture, including acquisition and
tracking schemes that are closely related to the satellite signal pattern;

2. Discussion of the core component of the receiver — the matched filters or
correlators — and the associated key parameter (SNR) under broadband random
noise and cross-correlation interference;

3. Investigation of cross-correlation interference and broadband random noise
effects on carrier phase tracking in terms of a linear model;

4. Experimental design based on theoretical considerations;

5. Result analyses and comparison with the expected theoretically deduced outcome.
Novel contributions include the development of a theoretical assessment (average SNR,
PLL tracking error and symbol estimation error rate) according to the investigation of
Pursley (1977a) and Huang et al (1998) on BPSK signal due to the similarity of the signal
structure to that LS, and some novel approaches necessary because of the difference in
signal structure. The analytical geometry method is proposed for the derivation of the
maximum cross-correlation since L5 has two channels (inphase and quadrature) whereas

the BPSK signal has one channel only. This difference also results in crossing terms
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between the two channels that must be dealt with. Finally, some additional work is
introduced by the two-layer pseudo-random code structure of LS.

It is hoped that an improved understanding of the impact of RF interference on the GPS
L5 receiver will provide some useful indications of signal and receiver design for L5
signal acquisition and tracking. Although the theoretical analysis will not match the
empirical result perfectly in every aspect, due to unavoidable simplifications or
approximations existing in both the signal and system models, theoretical considerations
should expose some general characteristics of GPS receiver behavior under various RF

interference conditions.

1.4 Thesis outline

The thesis is organized into five chapters. Chapter 2 discusses the mechanisms by which
various types of interference and noise affect the operation of an L5 receiver, and
introduces previous research, which analysed the cross-correlation and broadband
random noise effects on L5 acquisition. Chapter 2 begins with a description of the L5
signal, coupled with some necessary comparisons with L1 and L2C and an exploration of
a basic receiver architecture, including general strategies for LS acquisition and tracking.
Then, it describes detection ability evaluation under the aforementioned interferences
achieved already by previous researchers.

Chapters 3 and 4 present the progress obtained in the estimation of cross-correlation and
broadband random noise effects on LS5 reception performance. The measurement errors
and performance degradation are analyzed in accordance with the signal and system

models established upon those strategies. Chapter 3 describes the theory of the matched
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filter and its performance as background knowledge, then derives the matched filter or
correlator output SNR in the presence of cross-correlation and broadband noise. The
configuration of a numerical evaluation is presented — for the verification of speculations
proposed in theory — coupled with the results and conclusions. Chapter 4 introduces the
general theory of PLL and tracking loops used in GPS receivers. The interference impact
on L5 phase tracking loops is evaluated in terms of tracking error (RMS) and symbol
estimation error rate, followed by simulations and conclusions. Chapter 5 deals with

conclusions and recommendations for future work.
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Chapter Two: INTERFERENCE EFFECTS ON

ACQUISITION

The GPS signal is transmitted as a continuous wave modulated by a specific direct
sequence (DS) also known as code division multiple-access (CDMA). The advantages of
CDMA signals include a preferred strong resistance to radio frequency (RF) and
multipath interference, however, GPS receivers are still vulnerable to interference
(intentional or unintentional) due to the weak GPS signal strength near the earth’s
surface. This problem is more accute for indoor positioning. This chapter intends to
investigate and quantify the impact of unintentional self-interference within the GPS

system as well as the broadband random noise on an L5 receiver.

2.1 GPS LS Signal Features

The L5 civil signal differs from the current L1 and L2C signals because it uses the in-
phase and quadrature channels, 15 and QS5, while L1 and L2C use only the in-phase
channel and reserve the quadrature channel for military use. The IS and Q5 channels on
L5 are bi-phase modulated by a pair of pseudo-random noise (PN) codes, which are
deliberately designed and chosen because of their low cross-correlation properties. At
zero time offset, the two PN codes selected for one satellite are nearly uncorrelated.
Correlation is less than -74 dB for the first 32 satellites and -62 dB for the last 5. The

cross-correlation statistics for the L5 signal indicate a 10 dB improvement over current
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L1 C/A code. The cross-correlation characteristics within the L5 signal allows
receivers to operate with a minimum of self-interference while improving operational
performance. The PN codes are generated at a 10.23 Mchips/s rate, which spreads the L5
signal spectrum to ten times that of L1 or L2C that have chipping rates of 1.023
Mchips/s. L5 PN codes have a length of 10230 chips so their period (1 ms) is the same as
that of the L1 C/A code and is ten times longer than that of C/A code in the number of

chips.

A Neumann-Hoffman (NH) code with a chip width of 1 ms is multiplied by the PN code.
Only LS5 has the additional NH code, giving it a unique two-layer spreading code
structure. This process makes it possible to leave the PN code cycle unchanged or to
invert it. PN codes and NH codes of the 15 channel are further modulated by the GPS
navigation message. The navigation message has a bit width of 10 ms which is the same
as the I5 NH code period. This makes the synchronization of these three codes possible
and allows successful and easier demodulation inside receivers, which is necessary for

pseudorange measurement and positioning.

The pilot (Q5) channel carries no navigation message and is therefore called a dataless
channel. The period of the NH code on the pilot channel is 20 ms. The introduction of the
NH code to the data channel allows more efficient data synchronization. This means that
the boundary of a cycle of NH code is aligned with that of a data bit. Adding NH codes to
the L5 signal, including the dataless component, makes it more robust against
narrowband interference. It does this by reducing the 1 kHz spectral line power by over

10 dB, while suppressing cross-correlation interference between space vehicles.
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The following section provides a more in-depth description of the L5 signal structure.
The transmitted signal from satellite m is the mixture of an in-phase (data) channel and a

quadrature data free (pilot) channel of equal amplitude:

S, )=+ P, NH, (t)XQ, (t)sinQaft+@)+. /P, D, (t)NH,,()XI, (t)cos2afs+¢) (2.1)
where:
e L5 is the carrier frequency (fs = 1176.45 MHz);

e D, isthe 100 bps encoded data stream of satellite m ;
e P isthe LS signal power (data plus pilot);

e NH,, and NH,, are Neumann-Hoffman codes of length 20 for the pilot channel

and length 10 for the data channel, respectively.

The pseudorandom code sequence is denoted by:

XQm (t) - Z XQm,l pTC (t - lTC)
[=—c0

- (2.2)
X1, @)=Y XI,,p, t-IT,)

J=—c0

where p, =1for 0<t<7 and p. =0 otherwise, and the elements X/, and XQ, are the

PN code pairs of length 10230. These are carefully chosen and can be thought of as a

unique identifier for each satellite.
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The careful selection and realization of these codes improves their cross-correlation
properties significantly in comparison to the L1 C/A codes. L1 C/A codes belong to the
Gold code family which is generated by summing the outputs of two spread-spectrum
code sequence generators via a modulo-two addition (Weik 1989). LS5 PN codes do not
belong to the Gold code family, since their period of 10230 chips is incompatible with the
Gold code period 2"-1. However, these selected codes perform as well as Gold codes

from the perspective of cross-correlation statistics (Spilker & Van Dierendonck 2001).

The code streams NH ,, added to the data component, and NH,,, added to the pilot
channel, are the same for all satellites. A cycle of NH,, and NH,, code sequences is

defined as:

NH,, ={+1,+1,+1,+1,-1,-1,+1,-1, +1, -1} and

NH,, = {+1,+1, +1, +1, +1, -1, +1, +1, -1, -1, +1, -1, +1, -1, +1, +1, -1, -1, -1, +1,}.

The autocorrelation function of the NH code, at zero offset, is an impulse function. It is
used to determine SNR degradation and PLL jitter in the following sections. The
navigation data and all of the codes mentioned above are referenced to the 10.23 MHz

clock in each GPS receiver.

The term broadband random noise refers to the continuous noise whose power spectral
density (PSD) is much broader than the RF/intermediate frequency (IF) bandwidth of the
GPS receiver. Broadband random noise is used to model receiver thermal noise as

follows:
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n(t) =n,(¢)sin @t +n,(t)cosw,t +n (2.3)
where:

® ®, is the receiver IF frequency;

® n,() and n,(t) are sample functions of the stationary zero-mean Gaussian

processes whose spectral densities S, (@) and S, (@) are negligible for |a)| >, .

Viterbi (1966) proved that the processes n,(¢) and n,(z) are linearly independent and

Gaussian and therefore also statistically independent. A stationary Gaussian process,

n(t), with a mean, 7 , normally considered to be zero, has the following spectral density

(S):
S (w)= H(iw)’ (2.4)
where H (iw) is the filter transfer function.

This random process can be generated as the steady state output of a time-invariant linear

filter whose input is a zero-mean white Gaussian process with spectral density S (@) =1.
In this case, the term narrowband does not indicate that the spectral density of n(z) is

confined to frequencies near @),. It only imposes a condition that S, (w) be negligible for

0> 2w, .

Broadband random noise is considered to be the combined effect of sky noise, receiver

thermal noise and other wideband noise. Sky noise refers to fluctuations of the total
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power or phase of a detector due to the variation of atmospheric emissivity. All of
these noise sources are modeled as white Gaussian noise, since their PSD is nearly a
constant within the band of interest. In the analysis of a GPS receiver design and
performance, there is no pre-whitening filter implemented to deal with coloured noise. In
reality, the correlator or coherent integrator inside the receiver digital channels is an

optimum filter (matched filter) based on the white Gaussian noise assumption.

2.2 Acquisition Algorithm

The acquisition process is a two-dimensional search in both the time and frequency
domains. Figure 2.1 shows a schematic diagram of the synchronization of the incoming
signal with a locally generated replica signal which includes the local code and local
carrier. The first summation indicates coherent integration and is followed by non-
coherent integration. Maximum correlation occurs when the replica code phase matches
the incoming signal. The code phase synchronization at the acquisition stage is not as fine
as that of the tracking stage as only the prompt correlator is generally used for

acquisition.

The correlation process can be expressed as:

1, =["rs,,

) (2.5)
0, = OP r(1)S,,, (t)dt

where T, is the coherent integration time and
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r(t)=S,()+n() (2.6)

where S, () is the signal from satellite & .

cos
T
r(1) | Carrier Code % L
sin
2

Figure 2.1: Standard Acquisition Scheme

The parameters Sy, and Sg,, are defined as:

Sim = X1, (t—17,)cos(Byt + 7))

A\ A N 2.7
Som =XI,,(t —7y) sin(@yt + ;)
The resultant correlator output is:
1. (k)= PR, (e, cos(e,) M) Ly
4 ’ AT, 2.8)

b, . in(7AfT, )
0, (k)= | "=b()R,, (&) sm(%)% +n, (k)

P

where:
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e R 1is the cross-correlation between the in-phase channel of expected satellite

a,m

m and either channel of satellite « ;

® ¢, is the estimated carrier phase error;

* ¢, is the difference between the incoming signal code delay and the local replica;

e ) is the data symbol as the multiplication of navigation message and NH code or

NH code only;

. . . N
® n, and n, are centred Gaussian correlator output noise with power g7 =——2
4
»

where N, is the one-sided spectral density originating from the receiver thermal

noise and other external broadband noise; and
e Af is the frequency offset.

The local code is either the PN code only or a combination of the PN and NH codes for
joint acquisition. Normally the PN code is detected first since NH code acquisition is
susceptible to a frequency offset. The offset is fairly large at the acquisition stage making

the computational load unnecessarily heavy due to the large number of frequency bins.

The traditional GPS signal acquisition algorithm consists of coherent integration followed
by non-coherent integration. Coherent integration is the correlation of the incoming GPS
signal and the local replica signal. This integration can efficiently enhance the SNR since
matching the incoming signal and local replica in the code phase and frequency offset

presents a signal peak. This peak can accumulate with respect to the coherent integration
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time, while the noise will cancel out due to the assumption that it is characterized by a
white Gaussian distribution. In general, the longer the coherent integration time, the
higher the resulting SNR. However, the coherent integration period is limited by the
change of frequency offset in the presence of receiver dynamics and receiver clock
instability. In addition, the data/symbol transition may cause the signal to cancel out. The

coherent integration time or predetection period,T,, will affect the sinc function term in

Equation (2.8). Longer coherent integration will result in a narrower null-to-null
bandwidth and consequently a smaller frequency search bin size and heavier
computational load. The coherent integration time of the L5 signal acquisition is
constrained to 1 ms, which is the width of the Neumann-Hoffman code. The NH code is
viewed as data symbols due to the unknown boundary of the NH code at the acquisition
stage. The use of a 1 ms coherent integration allows the non-coherent combination of the
prompt correlator sums for both IS5 and Q5 components of LS. The wipe off of the NH
code is not necessary since the integration is carried out over the duration of only one NH

code symbol.

The purpose of using non-coherent integration is to improve the SNR to a detectable level
in the event that coherent integration alone can not accomplish this. Since the frequency
bin size is determined solely by the predetection period, the increase of the non-coherent
integration time will not increase the number of frequency search bins. Non-coherent
integration is not affected by symbol or data transitions, as phase information associated
with the data is lost during squaring. Since the noise is not reduced by squaring, the

squaring loss results in additional SNR degradation not present in coherent integration.
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Signal detection is defined by two hypothesis tests where hypothesis H1 assumes that a
satellite is in view and the signal is present, while the hypothesis HO declares that the

signal is not present. The estimator output (7 ) is compared with a threshold which

corresponds to the probability of detection F, and probability of false alarm P, .

There are two strategies implemented for LS signal detection that take advantage of the
signal structure improvements of the L5 signal over the current L1 civil signal. Since the
data channel and pilot channel components on L5 are synchronized with each other,
acquisition can be executed on only one channel (I/Q) or on both. The latter strategy
outperforms the former by utilizing more available signal power. However, as a
consequence, the computation load is doubled for software based implementation. This

research investigates the first strategy.

The detector for the single channel acquisition strategy is:
M
T=,+0) (2.9)
m=1

where M is the non-coherent integration time.

2.3 Broadband Noise Impact on Detection Performance
Hypothesis HO: the desired signal is not present

The test statistic for HO, T, is based on the following white Gaussian noise assumption:
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T, = [n; (k) +n, (k)] (2.10)

M
k=1

where n, and n,, are the in-phase and quadrature correlator outputs. The normalized test

statistic, T;, = —02 , has a central chi-square distribution with 2M degrees of freedom.

n

The equations (2.10) to (2.18) are taken from (Bastide et al 2002). The false alarm

probability is:

P, =Pl >Th}=[" P (0)dt = £ (Th) 2.11)

where P (7) is the probability density function of the detector (central chi-square), and

Th is the detection threshold. Given that the classical false alarm probability is P, = 107,

the detection threshold 7h =59.7 (for M=15) can be easily (and numerically with some

software) determined by inverting the function f (Th) .

Hypothesis H1: a useful signal is present

Using the white Gaussian noise assumption, namely the H1 test statistic, 7; is expressed

as:

[‘/ %”bm ()R, ("E)%cos(ee)+ n, (k)]* +
AT . (2.12)

P ~ Sin(mATp) .
[‘/Tbm(k)Rm,m(1)%sm(se)+nQ(k)]2

M
TFZ‘
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The normalized detection criterion, —12, is a non-central chi-square distribution with

n

2M degrees of freedom and a non-centrality parameter, A:

. 2
L e, Rmimz(f)[WAfT»] . 2.13)
fPNO ”Aﬂl’

The probability of detection is determined by the detection threshold and the non-central
chi-square distribution. It is associated with the carrier noise density ratio (C/Ny) through

the non-centrality parameter.

Figure 2.2 illustrates how the probability of detection at a fixed probability of false alarm
(1e'3) is related to the carrier noise density ratio. The coherent integration time, 7, is 1

ms. The blue, green and red curves show the probability of detection for non-coherent
integration times of M =15, 40 and 60, respectively. Front-end filter effects are neglected

and uncertainties (7 ,Af ) are assumed to be zero. Figure 2.2 shows that the desired

signal is detected more efficiently at a lower broadband noise power level (higher C/Ny).
Normally, robust signal acquisition is achieved if the C/N, is above 40 dB-Hz. It is clear
that the lengthening of the non-coherent integration time can effectively increase the
output SNR to a detectable level. For C/Ny values in the range of 28 to 35 dB-Hz, 60 ms
of non-coherent integration presents the same detection performance (detection
probability) as 15 ms of coherent integration, but with a C/N, that is 2 to 3 dB-Hz lower.
The detection probability of the former differs greatly from that of the latter at the same

C/Ny level.
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Frobability of Detection Tp=1 ms Pfa=1e-3
I L — I

1 p—
e — M=15
f — M=40
Sl I e / T — - M=60 []
o E
& DB rommeroenoen oo g SREEELED /- e .
- :
R ) SETRERREREER IR grmmfnnneanes e e .
(1,3 1
E :
o Q2 R e e SRR -
0 i
25 a0 a5 40

/0 dB-Hz

Figure 2.2: Probability of Detection (1e'3) for Total (I+Q) C/N, at the Antenna

Output Ranging from 25 to 40 dB-Hz.

2.4 Cross-Correlation Impact on Detection Performance
Hypothesis HO: The desired signal is not present

If a minor cross-correlation peak is taken into consideration the test statistic, 7Ty,

becomes:

P . sin(®Af; Tp) 2
L=Lb, (R, ,, (7)) ——L 2 cos(eg ;) + 1, (k)] +
M 4 : wAf, T "
7, _Z iTp . (2.14)

sin(®Af ; Tp)

. 2
LT, sin(gq ;) + ng (k)]

- P -
S be, (K)R; ()

T
. . . . 0,J . . . .
The normalized detection criterion, —- conforms to a non-central chi-square distribution

n

with 2M degrees of freedom, and non-centrality parameter (BASTIDE et al 2002):
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ﬂ,: MPJ ijz(f)(mwp)j . (2'15)
fPNO ’ ”AJ‘TP

The false alarm probability is determined from the precise cross-correlation, R, between

the in-phase channel of the expected satellite / and either channel of satellite m. The

acceptable worst case for the cross-correlation term, by R,,*® » 1s 19 dB-Hz
N,
(Dierendonck 1999).

Hypothesis H1: The desired signal is present

The test statistic, 7;, has the following expression:

P, ~. SIn(7AfT,)
[\/:b,,, (KR, ,, (T) 77[AfT cos(€,)+

P

P, _. sin(7Af,T,) 2
\/:b, (k)R ,, (T)TJTPCOS(S,;JH", I +| (2.16)

P, .. SIn(7AfT,) .
[\/:b,,, (KR, ,,(T) 77&]7 sin(e,) +

P

P, o sin(Af,Ty) 2
\/:b, (K)R, (%) vy sin(e, ) +ny (k)]

JEP

~
~

I
M=

=~
Il

T,
The detection criterion 1—; is also a non-central chi-square distribution (BASTIDE et al

2002) with 2M degrees of freedom and the expected value of the noncentrality parameter

A is:

. 2 1 ?
M (,T_)(sm(mm >] CME @( Umfﬂj . 2.17)
fP N, ; ﬂ'AfTP fP N, ' ﬂ-AfJ T,
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Frobability of Detection T =1 ms F'fa=1lil'3 fur[CJINDjR2=19 dB-Hz
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Figure 2.3: Probability of Detection versus total (I+Q) C/N, at the Antenna Output,

for the Worst Case Cross-Correlation

Figure 2.3 shows the variation of the probability of detection in accordance with various

C/N, values at a fixed false alarm probability of 10~ and the worst case self-interference

condition QRJ *(#)=19 dB-Hz. The coherent integration time7, is 1 ms. The blue,
NO sm

green and red curves show the probability of detection for non-coherent integration times

M of 15, 40 and 60, respectively. The front-end filter effects and uncertainty (7 ,Af")

are again neglected. Figure 2.3 shows approximately the same features as those of Figure
2.2. Due to the presence of self-interference, the overall detection performance is
degraded. When averaged across all C/Ny, the detection probability decreased by 0.08 for

the 15 ms non-coherent integration case, 0.11 for 40 ms, and 0.08 for 60 ms.
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2.5 Mean Acquisition Time Computation

When using the single dwell time search process, the mean acquisition time is expressed

as (Holmes 1990):

2+(2-P)(g-DA+KP,)
2P g

1
d

T = (2.18)

where:

e ¢ is the uncertainty region size,

® 7, is the dwell time equal to MT,,

e K is the penalty factor. It stands for the time lost due to the occurrence of a false

alarm, and is chosen so that Kz, =1 s.

The uncertainty region size amounts to the total number of cells in the two dimensional
code delay and frequency search process. If a half-chip rate is used in the code delay
search, there are 10230x2=20460 code bins. The number of frequency search cells is 40
(2x5000/250) if the search is carried out within a -5/+5 KHz Doppler range at a 250 Hz
search rate. The uncertainty size is therefore 818400 (20460x40) for this cold start
scenario. In the case of aided acquisition where the frequency search is not necessary, this

size could be reduced to 20460.
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Chapter Three: RFI IMPACT ON RECEIVED SNR

Detection theory is the area of study that deals with electrical signal processing systems
for decision making and information extraction. The main function of these systems is to
decide when an event of interest happens and to extract useful information about that
event. As Chapter 2 discusses, the issue of decision making or hypothesis testing has
been investigated in depth by researchers. This chapter will study another important
topic, the matched filter or correlator, since the replica correlator is a key component in
any GPS receiver that is used in acquisition, code tracking (DLL), and phase tracking
(PLL). Elementary knowledge of matched filters will be introduced first according to the
description in (Kay 1998), then the GPS LS5 correlator performance will be evaluated

according to correlator output SNR.

3.1 Theory of Matched Filters

Applications of matched filters are found in many areas, such as communications and
radar systems. At the receiving end, it is not usually possible to determine with absolute
certainty whether or not a signal is present, because of electrical receiver noise,
interference, and other signal distortions. In the face of this limitation, detection theory
provides a means for choosing a good technique to infer from the distorted observations
the presence or absence of a signal. The matched filter is a widely used tool for the

detection of signals embedded in noise.
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3.1.1 Development of a Detector
The optimal detector under discussion uses the approach of identifying a known
deterministic signal in the presence of white Gaussian noise (WGN), according to the
Neyman-Pearson (NP) criterion.
Referred to as the null hypothesis, Hy stands for the absence of the signal of interest, and
H,, for the alternative hypothesis. The goal of a detector is to decide between two
hypotheses (Hyp or H;) on the basis of a set of observations {x[O],x[l],"-,x[N —1]},
referred to as X . Such a problem is termed a binary hypothesis test. The probability

density function (PDF) under each hypothesis is expressed as p(X;H 0) and p(X;H, ). A

decision (critical) region is defined as a mapping from a set of values in R" to the

decision Hy or Hy,

R, ={X :decide =~ H, or reject H,} (3.1)

R, ={X :decide ~H, or reject H,} (3.2)

The detector will base the choice between the two hypotheses on the observed data and a
pre-determined threshold. Because of noise interference, the detector suffers from two
error types. It may select H;, while Hy is true, in which case a Type I error is committed.
Or it may select Hyp while H; is true, in which case a Type Il error is committed. The
effects of these two error types are evaluated by the probability of deciding H; (Hy) when

Hy (H)) is true, P(H nH 0) and P(H o H 1), respectively. It is preferable to reduce both

error probabilities as much as possible. Unfortunately, a decrease in one probability is

obtained at the expense of an increase in the other. Therefore, an optimal detector can
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only minimize one error probability while constraining the other at a predetermined

and acceptable level. P(H s H 0) is called the probability of a false alarm, and is denoted

by (Kay 1998)

Py =[ p(X:HJX = (3.3)

R,

where « is the significance level, or size of the test in statistics.
The Neyman-Pearson approach to signal detection is to maximize the probability of

detection P(H H l) or Pp subject to a chosen value for P,, =, where
Py=[ p(X;H X . (3.4)

Neyman-Pearson Theorem

To maximize Pp for a given P,, = &, select H; if

X;H
L= 2 (3.5)
p(X;H,)
where the threshold ¥ is inferred from
P, = jX:L(M p(X;H WX = a. (3.6)

The hypotheses of the detection problem under consideration are expressed as

H,: x[n] = wl[n] n=01--,N-1

, (3.7)
H, : x[n]=s[n]+w[n] n=01--N-1

where the signal s[n] is considered as known and w[n] is WGN with variance o>. WGN

is assumed to be a Gaussian noise process with zero mean and autocorrelation function
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r,[k1= E(wnlwln+k]) = 0 [k], (3.8)

where J[k] is the discrete-time delta function

sk=it k=0 (3.9)
) k#0 '

The NP detector decides, based on the comparison of the likelihood ratio and a threshold

aforementioned in Equation (3.5):

L(X)= exp{

(Nzl n] - sin])? N_lxz[n]ﬂ>7, (3.10)
0

n=0 n=

because

1 1 N- l
p(X;Hl)z—Nexp{ — (x[n] - s[n]) }
(2702 )2 2070

1 1 N-1
p(X;Ho)=—eXp{ = x*[n }
(27[0' ) n=0

Since the logarithm conversion does not change the relationship of the equation on the

(3.11)

two sides of the inequality, the NP detector can be expressed as:

l(X):lnL(X)=—212(g(x[n]—s[n Zx [nj>ln7/ (3.12)
o

n=0 n=0

Because the incoming signal s[n] is known, the inequality can be converted into a more

meaningful format by shifting and incorporating terms on both sides:

T(X)= Z_:x[n]s[n] >y
(3.13)

Y=0c’lny+— Zs [n]

nO
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This is the NP detector, made of a test statistic T(X) and a threshold y’, that ensures a
predetermined Pga. The detector is referred to as a correlator or replica correlator, since
the incoming signal x[n] is correlated with a local replica of the desired signal s[n]. The

correlator can be interpreted as a finite impulse (FIR) filter with impulse response

hln]=s[N —1-n] n=01--N-1. (3.14)

Then, the output at time n is

n n

yinl= ) hln—klx[k]= Zs[N—l—(n—k)]x[k]. (3.15)

k=0 k=0

The output of the filter at epoch N-1

JIN -1]= > s{k]x{k] (3.16)
k=0

is equivalent to the test statistic presented by the replica correlator, and the filter is called

a matched filter since the filter impulse response is matched to the desired signal.

An important and advantageous feature of the matched filter is the maximized SNR at its
output. Consider all detectors with an arbitrary h[n] over [0,N-1], and zero otherwise. If

the SNR output is defined as (Kay 1998)

N-1

2
( AN —1- k]s[k]j
po EOIN-1:H) 5 .G

var(y[N —11;H,) {Nl 2}
( B[N —1—kIw] ]j

k=0
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the matched filter maximizes its value. This can be verified by converting the
expressions into vectors and manipulating them as follows. Let S=[s[0] s[1] ... s[N-111%,

H=[h[N-1] h[N-2] ... h[{0]]", and W=[w[0] w[1] ... w[N-1]]", then

(H7s) (H"s) 1 (H7S)
R e Ry T At S CA L
E[(HTW) ] H'EWW™)H o> H'H
According to the Cauchy-Schwarz inequality
(H"S) <(H"H)S"S), (3.19)
the equality is achieved if and only if H=cS, where c is any constant. Thus,
1 o7
n<—SS. (3.20)

o

with equality if and only if H=cS. Therefore, the maximum output SNR is achieved given

that

h[n]=s[N —-1-n] n=01--N-1, (3.21)

the definition of the matched filter. The matched filter is considered an energy detector
since the maximum SNR, 7. =S"S/c> =¢€/0”, is solely dependent on the signal

energy, &, if the noise power is fixed. The matched filter detector is the optimal detector
from the viewpoint of both the NP criterion and the maximum SNR criterion if the
detection problem is constrained to a known deterministic signal in WGN. Its
performance is closely associated with the maximum SNR, and discussed in the next

section.
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3.1.2 Performance of Matched Filter

The following derivations follow (Kay 1998) closely. The performance of the matched
filter will be determined in this section by expressing the probability of detection (Pp) for

a given probability of false alarm (Pga). The detection of the desired signal is affirmed if
N-1
T(X)=> xlnlsln]> 7. (3.22)
n=0

The following discussion will be centered on T(X), a Gaussian variable since it is a
weighted sum of Gaussian random variables x[n] with a different mathematical
expectation for each hypothesis. Note that E(T;H;) and var(T;H;) stand for the expected

value and variance of the test statistic T(X) in the case of Hj, and that

(3.23)

Var(T; H, ) = Var[g w[n]s[n]j = g Var(w[n])s2 [n]=o0’¢ (3.24)
n=0

n=0

under the assumption that the noise sequence w[n] is uncorrelated. The distribution of the

test statistic is

T N(O,O'ZE) under H, (3.25)
(.o
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Accordingly, the key indicators of detection performance are

Py = P;{T > V§HO}ZQ(\/%j

, (3.26)
y'—€
P,=P{I>y:H,}=
r>ym) Q( Fj
where
y=vo’eQ™ (P, ). (3.27)
and
Q(x) = Jm ! exp(—ltzjdt =1- q)(x), (3.28)
SNpY 4 2

where ®(x) denotes the cumulative probability function (CDF) for a normalized
Gaussian variable, and Q(x) is its complementary function. Since any CDF function
increases monotonically, Q(x) is bound to decrease monotonically, and its inverse
function Q' (x) must exist. It follows that the probability of detection can be expressed
as a function of the probability of false alarm (Kay 1998):

PD=Q{M— %]=Q(Q‘1(PFA)—\/§} (3.29)

o’e o

An increase in 7 =&/ o’ the argument of Q('), results in the enhancement of Pp if Pga

is held at a constant level, as Figure 3.1 shows. Thus, the improvement of detection

performance relies on the matched filter output SNR — termed the energy-to-noise ratio
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(ENR), since ENR is promoted by the enlargement of signal energy. Under the WGN
assumption, the detection probability is solely a function of the ENR and has nothing to
do with the shape of the signal. However, the design of the signal shape is an important

issue for coloured noise.

Frobability of Detection, PD

I I I I
a 2z 4 4] 0 10 12 14 16 18 20
Energy-to-Moise Ratio (dB)

Figure 3.1: Detection Performance of Matched Filter (Kay 1998)

3.2 Correlator Output SNR Analysis in the Presence of Broadband

Noise and Cross-Correlation

The replica correlator plays a vital role in the signal processing system of any GPS
receiver, because its output is fed into the acquisition unit, code-tracking loop, and phase-

tracking loop. In theory, the detection performance depends directly on the correlator
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output SNR, so most GPS receivers periodically provide a measurement of SNR as an
indicator of the signal quality and receiver performance. The following section will
present an average SNR theoretically based on statistics, and verify this theoretical

estimate with simulations.

3.2.1 Theoretical Estimation

SNR is one of the most important measurements available for the assessment of receiver
performance. A minimum SNR value of approximately 14 dB is required for robust GPS
signal acquisition and tracking. Due to propagation path differences, GPS signals from
different satellites are temporally misaligned upon their arrival time at the receiver
antenna. Thus, the GPS receiver is also an asynchronous phase-coded spread-spectrum
multiple access (SSMA) system. Anderson and Wintz (1969) investigated the aperiodic
cross-correlation effects on asynchronous phase-coded SSMA systems and presented
results and implications for a Bi-Phase Shift Keying (BPSK) signal. Pursley (1977a)
presented an approach to analyze the BPSK SSMA system by the average SNR. Due to
the similarity of a mobile communication system to a GPS L5 system in terms of signal
structure and receiver design, the evaluation of L5 reception is implemented using the

same methodology.

If the expected LS signal of satellite m (m < K ), broadband random noise, and cross
correlation interference from the other ( K —1) satellites are taken into account, the

received IF signal (Bastide ef al 2003a) is assumed to be:
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r(1) =n(t) +/P, f Je las, ,(t=7,)D, (t—7,)NH, (t =7, ) cos(@,t + @, ) (3:30)

+a,, (t—7,)NH,,(t—7,)sin(w,t + ¢, )]
where:

® a,_, and a, are satellite kK ’s PN codes on the in-phase and quadrature

components, respectively, a,,_, = X1, a,, = X0,

e n(t) is the channel noise assumed to be a white Gaussian process with two-sided

. N
spectral density 70 and zero mean,

e o, =P /P

m?

P, is the LS signal power of satellite k .

The input phase, including phase noise and frequency uncertainty, is investigated as time

dependent additive noise. Since only relative phase shifts (¢, ) modulo 27 and relative
time delays modulo 7, (I ms, both the coherent integration time and LS PRN code
period) are of interest, one can assume that 7, =0, ¢ =0, and to consider the following
bounds: 0<7, <T, and 0<¢, <2x. If the local replica code and carrier phase matches

the expected signal from the space vehicle (SV) m , the correlator output is expressed as:
TP
Z, . = jo r(t)a,, (1) cos(@y,t)dr . (3.31)

The following derivation is based on the assumption of a receiver IF bandwidth

@, >>T,”, where T, is approximately the receiver’s baseband width. In this case the
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double frequency component, r(¢)cos(@,t), can be ignored. Practically, this condition

is always satisfied in any CDMA communication system. 7, is limited to 1 ms as

discussed in section 2.2. This investigation focuses on the in-phase channel of the
expected signal, so that the corresponding quadrature channel is a cross-correlation
source. Fortunately its impact is negligible due to the L5 cross-correlation suppression

(over 74 dB). The expression for the data bit D (¢) is:

D,(t)=Y.d, p, —1X10T,) (3.32)

[=—00
where:
® T,=NT,;
® d,, is the navigation message on satellite k, which is assumed to take on values
of +1 or -1 with equal probability;

In the same way, the NH symbol can be expressed as:

NH,(t)= Y NH,,p, (t-IT,a/10) a e {10,20} (3.33)

|=—o0

where NH,,, and NH,, are periodic sequences for L5 in-phase and quadra-phase
channels respectively. The PN code waveform, a,(f), consists of a periodic sequence

with cycle N =T, /T, and is defined as:
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a,(t) = iak’ Py (t=JT,) (3.34)

Jj=—o0
where T, is the chip width of the PN code.

It follows that the correlator output is represented as:

P K ~
Zy = \ Tm{me—l,OTP + Z vold, ,NH,, Ry 5, (T)+d, NH Ry, 5, (T, )]cos @,
k=l

k#m

. A | . (3.35)
+ Z VO NH Ry 5, (T,)+ NH oy Ry 5, (T,)]sin G, } + _[0 n(t)a,,,,(r)cos atdt
k=1

k#m

where n<n', and the definitions of the continuous-time partial cross-correlation

functions R, and f(’jj (Pursley 1977a) are:

R, (2)= a,(t-D)a,)dr (3.36)

R,(0)="a,a-1)a,@)dr (3.37)
for 0<7<T,.

It follows that for 0<IT,. <7<(l+1)T. <T,, these two functions can be rewritten as

(Pursley 1977a):

R, (0)=C,,(I~N)T, +[C,,(I+1-N)~C, (I~ N)I(z ~IT,) (3.38)

R, (1)=C,, (DT, +[C,,(A+1)~C,,(DI(z~IT,). (3.39)



Assuming that 7 =IT. + A7 for 0S A7 <T,, R;; becomes:

ITe+AT O
R, (0= J’O 3 a; ;P [t~ kT ~ [T — ATIP, [t —mT Jde

k=—c0 m=—oc0

-1 oo
(n+D) T
=y J’ N> apa;, Py = KT ~ [T = ATIPy, [t —mT 1dr +

oo

nTc
n=0 k=—0c0 m=—oco
ITe+AT & ~—
LTC > > a4y, Py [t~ KTe = IT¢ = APy [t = mT 1t

k=—c0 m=—o0

e (n+D)Tp &
=3 ai’nJ- > a; Py [t~ KT [T, — Atldr +
n=0

nT¢ Pl

IT+AT &
a;, J-IT > Pt~ KTe ~ 1T, — Atlde
C

k=—c0

40

(3.40)

Since t = nT, + 6 where 0 <6 <T,, the unit pulse term P, [t —kT. —IT. — A7] takes on

a non-zero value (+1) only if the following condition is met:

0< (nT, +8)— kT, —IT. — At <T,

5—AT<kSn_l+5—Az’.

C C

n—I[1-1+

The cross-correlation term becomes:

(3.41)
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=

nT-+AT
j 4 Py - KT ~ 1T — Al +

-1
R (v)= zam{

n=0 e e
J-(n+1)TC i ITo+AT
a. P [t—kT. —IT. —ATldt*+a._a. J' dt
nTe+at o= J kT ¢ ¢ JAT
=1 T +AT -1 ()T,
= Zaj’n_,_lai’n LT dt+ Z Ay, LT ae di+a;_ya;,At
n=0 ¢ n=0 ¢
! -1
= AT+ Y a,a, (T = AT) (3.42)
n=0 n=0
N-1+(I+1-N) N-1+(I-N)
= Z A j ne(i41-N) i AT+ Zaj,n—(l—N)ai,n (Tc —Av)
n=0 n=0

=C;;(+1=N)AT+C, (1= N)T - Av)
= Cji(l=N)Te +[C, (I +1=N)=C;; (1= NI~ IT¢).

The discrete aperiodic cross-correlation function, C,,, for the sequences (q;, ) and (aq, )

e

is defined by Pursley (1977b) as:

N-1-1
zaj,nai,nﬂ’ 0<I<SN-1
N
C,,(h=<>a,,a,, 1-N<I<0 (3.43)
"o iz .

In Equation (3.35), for the cases where k>1 and k#m, b, _,,, 7., @ and b,,, can be
referred to as mutually independent random variables. It is reasonable to assume that 7,
and ¢, are uniformly distributed over the intervals [0,7,] and [0,27], respectively.

There is no loss of generality in the assumption of b,, ,, =+1 due to the symmetry

involved. Therefore, /P, /4T, is the desired signal component. The computation of the

SNR ratio is achieved through probabilistic averages (expectations) with respect to the
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phase shifts, time delays, and data symbols. The expected value of the correlator output

is:

|P K A ]
E(Z,, )= Z T, + Z VO E(NH 5, )Ry, 5, (T,)+ E(NH 50 )Ry; 5,1 (T)IE(SIN G, )
k=1

k#m

+ i \/a—k[E(dk,n VE(NH o )Ry 01 (T,)+E(d, , )E(NH )I/éZk—l,Zm—l (7, )1E(cos @)

k#m
+[" Eln(t)a,, (1) cos o,di
(3.44)

Because

E(cosd,) = E(sing,)=0  E[n(1)]=0, (3.45)

the expected value of the correlator output can be simplified to E(Z,, ,)=+/P, /4T,

which is actually the square root of the signal power of the correlator output and will be

used in the computation of PLL jitter.

The variance of the correlator output is expressed as:
Var(zZm—l ) = E(ij—l ) - E2 (ZZm—l )

K
= Pm /4 Z ak I:E'(RZIC—I,Zm—l2 (Tk )) + E‘(RZk—l,Zm—l2 (Tk ))]E(C082 ¢k )
k=1

k#m

K . (3.46)
+ Z 6{k [E(RZk,Zm—12 (Tk )) + E(Rzk’zyn_lz (Tk ))]E(Siﬂz ¢k )

k#m

+ E{[ [" Eln()la,, () cos a)otdtT}
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The cross terms in E(Z;,_,), such as

P, /4b2m—1,0TP \/a—kE[dk,nNHIO,—lRZk—l,Zm—l (7, )]E[COS P, ] ’
a, E[dk,ndk,n' ]E[NHm,—lNHm,o ]ElR2k—1,2nz—1 (7, )kzk—l,zm—l (7, )JE[C052 o, ] ’
a, E[NHzo,leHzo,o ]ElRZk,Zm—I (7, )RZk,Zm—l (7, )JE[Sin ’ P, ] ’

a, E[dk,n ]E[NHm,leHzo,o ]EIRZk—I,Zm—I (7, )ka,an—l (7, )JE[Sin @, cos @, ] ’

are all zero, due to features described previously in Equation (3.44) and

E(NHzo,—lNHzo,o)ZO E(NHlo,—1NH10,0):O

Elcos ¢, )= Elsin®g,)=1/2  E{d, ,)=0 (3.47)

The difference from Pursley’s work is that there are more crossing terms to deal with.

The auto-correlation function of the NH code is shown below.

MH Code Autocorrelation

Correlation %alue

_Dz | | | | | |
a 4 ) a 10 1214 16 18 20
Code Phase Offset [chip)

Figure 3.2: Auto-Correlation Function of NH Code
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The expected value of the noise term is (Pursley 1977a):

E{[ [" Eln(t)la, 1) cos a)otdt} 2 }

- LTP LTP E[n(t)n(s)la,, (1) cos @yta,, (s) cos @, sdtds

3.48)
P P N (
- .[oT J-OT 70 O(s—1t)a,, (t)cos wyta, (s) cos w,sdtds

_N, T, + sin 2a,T, _NT, 14 sin 2w, T, _NT,
2w, 4 20,T, 4

9

if the following condition holds:
T, >>1 (@, T, >1000) . (3.49)

Finally, the variance becomes:

P, .
Var(Zy,1) = =24 0 LB Ry et (50) + ERypy g’ (B D]+

k=1
k#m

2 Ol ERyy 0t (T + ERyy s (BN} +—0F
k=1
k+

= ia J.TPR 2(1,) s +J.TPI§ 2(1,) L
- 3 & k o 2k—1,2m-1 k TP k o 2k—1,2m-1 k TP k

} (3.50)
+

k#m

(T > 1 Tp o ) 1 N,Tp
a J. Ryt ot (Bp)—dn +I Ryt ot (Bp)—dz, |+ .
k_ , Rokam- ( k)T k1)) Roomen ( k)T ki| 4

P P

Modifying the integration limits, 7, = NT., the variance is expressed as:
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(I+D)Te

(I+D)T, ) A »
a J-ZT R2k—1,2m—l (7)d7+.[” Rzk—l,zm—l (0)dt |+
C C

. (3.51)

K N-1 (I4+1D)T¢ (DT A N.T
z a"UTC RZklm_ﬁ(T)d”J./TC Rzk,zm_lz(f)dr} + Z*’

Expanding and simplifying Equation (3.51):

T, TC3 ) )
J' R, (dt="C—[C}(I+1-N)+C},(I-N)+C, ;L= N)C; ;I +1=N)]
I, ’ 3 : ; . ,

3 (3.52)
(+DTe ~ T, 5 5

I R, ;" (Ddt=——[C; ;(+D)+C;;()+C; ;(I+1)C; ; (D],
IT, ’ 3 ’ , , ,

C

the variance can be simplified to:

2

PT, & N.T
Var(Z,,. )= 24]\;3 ];{aerk—l,Zm—l T }+ Z £ (3.53)

k#m

where (Pursley 1977a):

N-1
r, =S ACU+1-N)+C2(I~N)+C, (I~ N)C, (I +1-N)+
=0 (3.54)
C,U+D+C,(D+C,;(1+1C,; 0}

1

The SNR is:
_ -t
K 2
zak (Pyctmar + T 2mt)
P /4T k=l N
SNRzm_l — m P — k#m 0

. e (3.55)
WVar(z,, ) 6N E
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where E=P,T, = (P, +P,,)T, =2P

ml m ml

T, is the total LS5 signal energy of satellite m

within period 7, , including both the in-phase and quadrature channels.

If K=1 (i.e. there is no cross-correlation), the above equation simplifies to:

SNR = |-E = |2Eu (3.56)
NO NO

L . . o 2F
which is associated with the error probability P, :1—<1>( —”J for the coherent
0

receiver (matched filter) under the condition of white Gaussian noise.

The assessment of the combined effect of broadband noise and cross-correlation
culminates in the Equation (3.55) that will be validated in the section 3.2.2 through

simulations.

3.2.2 Numerical Evaluation

3.2.2.1 Simulation Scheme

To verify the theoretical results attained in the previous section, simulations of the replica
correlator output will be implemented, based on the same scenario and assumptions made
in the above theory. At the acquisition stage, SNR is normally calculated on the basis of a
two-dimensional search. Most GPS receivers output a temporary SNR estimate

associated with other measurements, such as pseudorange, phase, Doppler and so forth.
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However, the SNR of interest here is termed average SNR, a probabilistic average

value over all possible situations in accordance with some statistical models.

Desired
Signal

®

A 4

Broadband @

Noise 7y

Mean(-) 3

M

Other
Signals

Var(-)

Figure 3.3: Simulation Scheme for Average SNR

According to the assumption in the theoretical evaluation, the incoming signal consists of
the desired signal that is tracked accurately (or the local replica is an exact duplicate with
no difference in code delay or phase offset), signals from other satellites as the sources of
cross-correlation, and broadband random noise. The broadband noise is a Gaussian
process uncorrelated in time, referred to as WGN. Since the local replica signal is
supposed to precisely track the desired signal (in-phase channel of the desired satellite),
the code delay and phase offset are set to zero for simplicity without loss of generality
(Pursley 1977a). The desired signal component of the correlator output is its mean value

upon the assumption b,,_, , =+1. Thus, the data symbol on the desired signal is assigned

to +1 throughout the simulation. Due to their different transmission distances and clock

errors, the code delay and phase offset of the signal from another space vehicle (SV) are
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assumed to be independent random variables uniformly distributed in their own ranges,

namely [0,Tp] for code delay and [0,2n] for phase offset.

The block diagram shown in Figure 3.3 represents the whole simulation scheme. The IF
signal is generated through addition of the desired signal, broadband noise or channel
noise, and signals from other satellites. According to the assumption of accurate code and
phase tracking, the local replica is replaced by a copy of the desired signal and enters the
correlator that consists of a multiplier and a summation. The average SNR is calculated

as the mean value of the correlator output divided by the variance.

3.2.2.2 Results and Analysis

This section presents the result of quantification represented by Equation (3.55) and its
counterpart in simulation for the verification of the theory coupled with analyses.
Theoretical curves are all in red while simulated ones in blue.

Figure 3.4 displays the correlator output SNR versus desired signal strength (broadband
noise only). According to the interface control document ICD-GPS-705, the received
minimum RF signal strength is -157.9 dBW for either the IS or Q5 channel. Thus, the
power of the compound signal, including both in-phase and quadrature, is -154.9 dBW
for the line-of-sight case. The signal strength may be degraded significantly (up to 20 dB
before complete signal loss) indoor due to the attenuation caused by building material.
The simulation using 10,000 1-ms correlations matches the theory quite well, with a

RMS error less than 0.03 dB. The SNR in dB increases linearly with the desired signal
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power in dBW, because SNR,, , =1010g10[Pm]+1010g10[TP/NO]. lOlogm[Pm] varies

from -175 to -155 dBW.

Correlator Output SNR (dB)

20

I5 Correlator Output SNR N0 = -202.8 dBW/Hz

15

10

theory
simulation

1
-170

Desired Signal Power (dBW)

-155

Figure 3.4: The Average SNR of the IS5 Correlator Output under Broadband Noise
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Figure 3.5: SNR of the IS Correlator Output under Cross-Correlation Only

Figure 3.5 shows the variation of the correlator output SNR in accordance with an

increase in the ratio of cross-correlation power to desired signal power. It is assumed that

there are K satellites in view; namely, the desired signal is interfered with by signals from
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the other K-1 satellites. Since broadband noise is not taken into consideration and the

interferers are assumed to share the same power level or ratio of cross-correlation power

to the signal power of the desired satellite (ak - a'), the SNR in dB, equation (3.55) can

be simplified to

- _
z(er—l,Zm—l + Vo o)
k=1

k#m

SNR,, , =10log,, —10log,, &

6N’

i ] . (3.57)

From this equation, it is obvious that the first element is a constant value if the desired
satellite and other satellites visible are fixed. The SNR in dB depends linearly on the
logarithm of the ratio of cross-correlation power to the signal power of the desired
satellite, as shown in Equation (3.57) as well as in Figure 3.5. The RMS difference
between simulation and theory is less than 0.5 dB. Both of them display linearity in the
semi-logarithmic coordinate system.

Figure 3.6 depicts the combined effect of broadband noise and cross-correlation. The
desired signal strength and the noise power are both kept at constant levels in this
simulation. The sole parameter changed is the ratio of cross-correlation power to signal
power. The simulation differs little from the theory, and they show approximately the
same trend, namely that the correlation SNR decreases with strengthened -cross-
correlation. Their RMS difference is less than 0.2 dB. At the left end, the theory curve
tends to approach that of the simulation, since broadband noise dominates the

interference budget and the theory for broadband noise only is quite accurate as shown in
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Figure 3.4. At the right end, the tendency is the opposite and theoretical curves diverge
from the simulated ones. This divergence occurs more quickly and obviously when K
rises — the number of cross-correlation sources increases so that the cross-correlation
overwhelms the effect of broadband noise. However, this divergence is not unlimited
since it is bounded by the error of the theoretical estimation for cross-correlation depicted
in Figure 3.5. In brief, the fact that the theoretical estimation of combined interferences
(broadband and cross-correlation) fails to maintain a constant accuracy results from the
difference in estimation errors for broadband noise and cross-correlation, respectively,
since the estimation accuracy degrades when the cross-correlation interference

overwhelms the effect of broadband noise.

SNR of L5 Receiver Correlator Output (Pm=-154.9 dBW N0=-202.8 dB-Hz)

\ \ \ \
) | N, T ——
=) ‘ ‘
o theory (K=2) *
Z L
0 1511 simulation (K=2) G U AR it et
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—=4— theory (K=5) | | | | | A A\
—4— simulation (K=5) | | | | | | N
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Ratio of Cross-Correlation Power to Signal Power of The Desired Satellite

Figure 3.6: IS Correlation SNR under Broadband Noise and Cross-Correlation
The effect of large cross-correlation values arising for certain values of the delay

parameters (worst case) could not be demonstrated by the average performance

evaluation. Figure 3.7 displays a sample of the partial correlation function defined in
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Equation (3.38). In the derivation of the average SNR, a statistical expectation is
implemented on the partial correlation function between different signals. The maximum
absolute value of this sample is 303; the mean value, 0.25; and the mean absolute, 55.
Therefore, the worst case signal environment is more serious, and the performance of the
receiver may be much poorer than this evaluation smoothed by averaging. Nevertheless,
the average performance is more meaningful than the worst case (Pursley 1977a), since

the worst case rarely occurs.
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Figure 3.7: Partial Correlation between Satellite 1 Data Channel and Satellite 2

Data Channel
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3.3 Conclusions

The interference impact on the L5 correlator provides an indication of the operational
performance of GPS signal acquisition, code tracking loop, and phase tracking loop.

The simulation provides a direct and strong support of the validity of the theoretical
quantification. As mentioned in the discussion of the results, the RMS error between
simulation and theory is less than 0.5 dB. When these two interferences are investigated
separately (Figure 3.4 and Figure 3.5), each pair of curves (simulated and theoretical) are
parallel, with small gaps. Although they deviate from each other in Figure 3.6, as the
combined effect consideration demonstrates, their overall trends are about the same
because the RMS error is small. Furthermore, the appearance of the divergence does not
indicate that the curves will diverge farther apart, since the cause of this phenomenon will
bound the gap at large cross-correlation powers.

Both theory and simulation results display the predominant impact of broadband noise on
the average SNR. The SNR value driven by four interference satellites at their full
strength (Figure 3.5) is approximately equivalent to that of broadband interference only
under normal (line-of-sight) conditions (Figure 3.4). From the perspective of the average
effect, LS cross-correlation is a minor interference on GPS receivers compared with
broadband noise. However, the addition of cross-correlation in an indoor signal
environment will certainly degrade the reception performance of LS receivers, where the
SNR value is already driven to a critically low level by the strong broadband noise.

The research on the average SNR is assessed on the basis of reception strategies with 1
ms coherent integration. However, the signal structure of L5 allows for long coherent

integration schemes that improve the reception performance. For instance, 10 ms
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coherent integration is an option for the LS data channel, and 20 ms or longer coherent
integration for the pilot channel. According to Equation (3.56), the average SNR of
correlator output is directly proportional to the square root of the coherent integration
time. The mitigation of broadband noise through long coherent integration is effective for
indoor applications especially if combined with non-coherent integration to reduce the
effect of data transition. However, this method is powerless if the signal coexists with
strong cross-correlation (Jade Morton et al 2003). However, some special methodologies
have been successively developed to deal with the near-far problem, for example, the
successive interference cancellation (SIC) technique (Madhani et al 2003). As this thesis
for the LS5 signal and the research implemented by (Van Dierendonck et al 2002) on L1
demonstrate, broadband noise is the more serious challenge in the front end of GPS
receivers than cross-correlation especially for indoor applications. Actually, the effect of
cross-correlation in Van Dierendonck’s bench testing can only be observed at high C/N,
since it is difficult to distinguish this effect from that of noise differences on the two runs.
Therefore, the 10 ms coherent integration strategy can significantly improve the reception
performance of L5 receivers compared with the 1 ms scheme, in the presence of

broadband noise and cross-correlation associated with indoor environments.
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Chapter Four: RFI IMPACT ON L5 TRACKING LOOPS

This chapter focuses on the phase tracking error caused by cross-correlation and
broadband noise. The purpose is to quantify the RFI effect on the decision-directed PLL.
Hence, the phase locked loop models, non-linear and linear, in the absence of and in the
presence of noise are described first; then the impact is investigated from two

perspectives, tracking RMS error and symbol estimation error rate.

4.1 Theory of PLL Tracking Loops

Phase locked loops (PLL) have been widely used in applications involving automatic
control of phase or frequency (for example, communications) since 1932, when it was
invented by a scientist in France named H. De Bellescize and termed “La Réception
Synchrone” in Onde Electrique, volume II. The PLL is non-linear in nature and only a
non-linear theory satisfactorily interprets its behaviour. However, the conventional linear
theory is able to satisfy the analysis of and the guidance to the PLL applications (Gardner

1979) under certain conditions that will be described in the following section.

4.1.1 Elementary Tracking Theory

The function of tracking loops is to continuously track the variation in the code delay and
carrier offset that have been coarsely estimated in the acquisition stage. Then precise
pseudorange and carrier phase measurements are obtained upon data demodulation by bit

and frame alignment (Bao & Tsui 2000).
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The GPS signal is a phase modulated waveform, making it impossible for an operator
to track the carrier without removing the spreading code, and vice versa. As a result, there
are two phase-locked loops that govern the tracking of GPS signals. One loop is used to
track the spreading code, called the delay locked loop (DLL); the other is employed to
replicate and trace the carrier frequency. These two loops are closely coupled in their
operation because a loss of lock occurring in either loop is bound to result in the loss of
tracking by the other. The basic concepts of a phase locked loop (PLL) are described

first, since they are applicable to both carrier and code tracking.

The phase-locked loop is composed of three main components (Viterbi 1966): a
multiplier, a time-invariant linear filter, and a voltage controlled oscillator (VCO), all

visualized in Figure 4.1.

V2Asin6(7) ()
X ,| Linear Filter

—>

VCO

A

\/EKI cosd'(t)

e(t)

Figure 4.1: Phase-Locked Loop (Viterbi 1966)

The received signal and the VCO output signal are expressed as V2Asin 6(t) and
V2K ,cos@'(t) respectively (Viterbi 1966), where K; is its root-mean-square amplitude.
The oscillator generates a constant-frequency sinusoid if no control signal, e(¢), is fed to

the input of VCO. This frequency is denoted as @, and termed the quiescent frequency of
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the VCO. The relationship between the phase angle of the VCO output and the control

signal is

de'(t)
dt

= w, + K,e(t) 4.1)

where K is the proportionality constant.
The output of the multiplier is the product of the received signal and the VCO output

signal and is written as
x(t) = AK {sin[0(r) — 6' (1)] + sin[8(1) + ' (1) ]}. (4.2)

The product enters the linear time-invariant filter and culminates in the control signal
e(t) = e, (1) + [ x(t—u) f @) = ey (1) + [ x(u) f (t = u)du, (4.3)

where e (t) is the filter response completely dependent on the initial conditions at t=0
when the input is applied, and f(¢) is the filter’s impulse response. The transfer function

of the filter is thus determined by the Laplace transform of f(z) (Viterbi 1966) as
F(s)= [ fe™dr Refs}>0. 4.4)

Upon the assumption that the filter suppresses high-frequency components of its input

and has zero initial conditions, Equation (4.3) can be rewritten as

de'(t)

=w, +K, jo f(t=w)AK, sin[0(u) — €' (u)|du . (4.5)

If the phase error is defined as

o) =6(1)-0'(1), (4.6)
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it follows that

dg) _ dew)
At dt

@, — AK || f(t = wsin[p(u)}du 4.7)

where the loop gain K = K ,K,.

For the purpose of a simplified presentation of the PLL, the relative input phase and

relative VCO phase are defined as

6,(t) = Ot) — w,t

0,(1)=6'(t)—w,t (+8)

The non-linear model of the phase locked loop shown in Figure 4.2 is represented by the

following equation (Viterbi 1966):

o) _d6@ ot
T AK [ f(t=wsin[p(u)ldu, (4.9)

where
¢(1)=6,(1)—6,(1). (4.10)

6, (1)

— o+ ¢(l)‘ sin( ) % Filter
+

0,(t) de, (1)
dt

A

Figure 4.2: Non-linear Model of Phase-Locked Loop (Viterbi 1966)
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The difference between Figure 4.2 and Figure 4.1 is that in Figure 4.2, a subtractor and
a sinusoidal non-linearity take the place of the multiplier in Figure 4.1 and an integrator is
substituted for the VCO. The phase of the VCO output is proportional not only to the
loop gain but also to the amplitude of the received signal. The PLL is considered to be in
phase lock when the phase error is zero. Practically, phase lock indicates that the phase
error approaches zero or values considered negligible (compared with 1 rad). Under this
circumstance, the sinusoidal nonlinearity of Figure 4.2 may be disregarded with the

approximation
sing = ¢, 4.11)

which introduces, at most, a 5% relative error for a ¢ value less than 30°. Henceforth, the
non-linear model is reduced to a linear model represented by the following differential

equation:

dg(r) _de.t) ¢ .
s AKIO ft—uw)p(u)du . (4.12)

Taking the Laplace transform of both sides of the equation, it follows that

56 (s) = 56,(s)— AKJ(s) (4.13)

where

6,(s)= [ 6,(t)e " du Re{s}>0
° (4.14)

#(s)= J.: P#(t)e™" du Re{s}>0 '
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Figure 4.3 illustrates the time domain configuration, and Figure 4.4 the S domain
configuration. The following equations, which can be inferred from Figure 4.4,

mathematically express the framework and behaviour of the PLL (Viterbi 1966):

- - - 1 -
=0 (s)—0,(s) =—— 0. (s
P(s)=06,(s)—0,(s) 1+ AKF(5)/s ()
(4.15)
~ ~ S
0 (s)=6 1+ .
1(5) z(s)( AKF(s)j
In terms of the definition of the closed-loop transfer function,
H(s)=€2(s)= AKF(s)/s (4.16)
6,(s) 1+AKF(s)/s
Equation (4.15) can be expressed as
b(s)=[1-H(s)],
P(5) [ fs)] 1(5) 4.17)
0,(s) = H(5)0,(s).
The expression for the error transfer function, H,(s), is:
He(s)zwzl—ms):;. (4.18)
6,(s) 1+ AKF(s)/s
The equivalent noise bandwidth, B,, is defined as:
B,= | |H(jo) df (4.19)

where @ is the angular frequency.
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ag, ()
dt

Figure 4.3: Linear Model of Phase-Locked Loop (Viterbi 1966)

B (s)

, Ak/\ F(s)

6,(s)
B +
+
_ A
0, (s)

%)

Figure 4.4: Linear Model (S Domain) of Phase-Locked Loop (Viterbi 1966)

4.1.2 The Effect of Additive Noise and Other Disturbances

Described as a zero-mean wideband Gaussian process with almost flat spectral density

over the frequency range of the receiver, thermal noise acts as the most important and

unavoidable disturbance in most radio communication systems. As described in Chapter

2, thermal noise is modeled by broadband random noise as:

n(t) =~2[n, (t) sin @, + n, (1) cos w,t] (4.20)
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where n,(¢) and n,(t) are sample functions of the stationary zero-mean Gaussian
processes, whose spectral densities S, (@) and S,(w) are even functions with magnitude

No/2 over a range of frequency covering the bandwidth of receivers.

In the presence of additive white Gaussian noise (AWGN), the received signal is
V2Asin (1) + n(r) = 2[Asin[@y + 6, ()] + n, (1) sin @yt + n, (t)cos wyt].  (4.21)
Although the VCO output assumes the same form as that in section 4.1.1, namely
V2K, cos6'(1) = V2K, cos|w,t + 6, ()], (4.22)

the phase 6'(¢) is no longer uniquely determined by the signal modulation, but is

influenced by the noise as well. The multiplier output is accordingly changed to

x(t) = AK, sin[6,(1) — 6,(t)] - K,n,(1)sin 8,(r) + K,n,(t) cos 6, (t)
+ AK, sin[2ayt + 6,(1) + 6,(0) ]|+ K,n, (1) sin[2e,t + 6,(1)] . (4.23)
+ K,n,(t)cos[2ayt + 6, (1)]

All high frequency terms centered on the frequency 2@, may be neglected due to the

limited passband of the filter that follows the multiplier. Thus, the input signal of the

VCO driven by both the desired signal and thermal noise is

e() =K, jo [Asin @(u) — n, (u)sin 8, (u) + n, cos 8, ()] f (1 — u)du (4.24)

where

(1) =60(1)—6'(1) = 6,(1) - 6,(1). (4.25)
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Then, the model of the phase locked loop with additive noise illustrated in Figure 4.5 is

represented by the differential equation

do(t) _ deo,(t) _Kjr [Asin¢(u)+n'(u)]f(t—u)smdu’ (4.26)
dt dt 0

where

n'(t) =—-n,(t)sin @, (t) + n,(t)cos 6, (t)

K=KK,
r'(t)

P P(1) .
(1) + R Asin( ) -+ 4,|>__> Filter
+

6, (1)

(4.27)

Figure 4.5: Non-linear Model of a Phase-Locked Loop with Additive Noise

l n'(t)
o,(t) é(1)
_ _,+ + *’:>_,+4.{%>——>Filter

6, (1)

Figure 4.6: Linear Model of a Phase-Locked Loop with Additive Noise
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When the phase error ¢ <<1 rad, the approximation sin¢ = ¢ produces the linear

model of PLL with additive noise in Figure 4.6. The spectral density of the phase error in

response to white noise is

5, (@) | kFw/io |

= — S, (@)=
|1+AKF(a))/za)| "

(4.28)

where the white noise is assumed to have a one-sided spectral density Ny and
consequently S, (w)=N,/2.

Therefore, the variance of the phase error introduced by the white noise is

, N, 2d(()N 2 dw NB
o; ==l 6o —="%[[|Hiof ==

(4.29)

4.2 LS Decision-Directed PLL Tracking Error in the Presence of
Broadband Noise and Cross-Correlation

4.2.1 Theoretical Investigation

In general, PLL performance is degraded due to a variety of noise sources such as
additive white Gaussian noise (AWGN) which is the model used for broadband random
noise, phase noise, and interference originating from other GPS satellite signals or
channels (cross-correlation). There are several loop types that can be used to track the
carrier phase of the incoming signal. Normally, Costas loops are the only option for the
data channel because a pure PLL can not tolerate data transitions. The distinguishing

features of a Costas loop are its discriminator and phase adjusting ability. This is
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necessary to avoid integrating across the data transition boundary. This research
investigates a decision-directed PLL. whose discriminator is described in the following

section, by following the research of Huang et al (1998) on BPSK signals.

The locally generated code sequence of the expected signal (data component of satellite

m ) is expressed as (Huang et al 1998):

byps o () = @y, (1 =7, ) COS[OE + P(1) — P, %], a=1,0 (4.30)

where

®* p,(=0) and p,(=1) denote the in-phase and quadrature-phase terms within the

receiver digital channels;

® @(t) is the carrier phase of the local oscillator;

® a, (t—7,) is the local spreading code signal with the estimated signal code

delay.

The received IF signal after correlation over [0, N7 ] and sampled at t =7, = NT,. can be

represented by:

T, & T
Zspra =B, 14Dy, Ty cos[f, (1) + p, 5] + z VO Yoy 0, (T 0) cOS[O, (1) + p,, 5]
k=1
ktm 4.31)
K ) T, (T
+ 2N s (1 0)5inl6, () + p, 1+ [ 70,04 (Dt

k=1
k#m
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where 6, (¢) is the carrier phase difference between the phase of incoming satellite k
and the local clock. 8, is randomly and evenly distributed over the interval [0,27], if
(k#m), and 7, (k #m) conforms to an even distribution over [0,7,]. The description of

the signal and sampling is similar to that of Equations (3.30) and (3.34) in the section on
SNR analysis. The term from the dataless component of satellite £ in Equation (4.30) is
neglected because of the preferable suppression of cross-correlation between two

channels of the same satellite signal at the same signal power level.

Under the assumption 7, =0, the resulting cross-correlations between the local signal

and the signal from other satellites, Yox12m-1 in Equation (4.30), are integrated and

sampled (Huang et al 1998) as:

Tp+Hu

il
Yiroma (T u) = ¥ dy (=7 )NH, (1 =T, )ay, (=T, )a,,,, ()dt

=B(lul,z, )[ [ o (=T )NH, (1 =T )y (=T, ()t +

TpHul

d,, ,(t—7,)NH,,(t—7,)a,,_(t—7,)a,, (t)dt} +

Tp+7
ul

B(z,,lul) [ _[ dy_(t—7,)NH,,(t—7,)a,,_,(t—7,)a,, ()dt+

;P:f'de_l (t =T )NH,(t =7, )y, (t— T, )y, (t)dt}
= B(lul,z)[d, ,NHy, Qs 11 (1,7, 7,) + (4.32)
dy ,NH, Qs 1 oy (T Tp 1], 7,)]
+B(t,lubld, ,NH, Qs gy (LT, +7,,7,)
+d, ,NH\;,Qy i s Tp + T T+l 7, )]
= B(lul,z)[d, ,NH,, O 1oy (1T 7)) +dy  NH Qo 1o (T ToH 1 101,7,)]
+B(t,lubld, ,NH,, Oy yy (u LT, + 7,7 ) +d, . NH, Oy 5, (T 1], T )]
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where n<n'<n", B(a,B)=1 for 0<a < f and B(a, ) =0 otherwise. As defined in

(Huang et al 1998),

0,,@p.7)=] a,(t-pa, )t (4.33)

In the same way,

Ty +lul

Ysomar (T ) = J.M by, (1=t )y, (1 =T, )ay,,  (t)dt

=B(ul, 7 )[NH y, Oy 2 (T, T )+ NH 5 0Osy 5 (T Tt lul, T )1+, (4.34)
B(z, lu DINH 3 Q5 (LT + 7,7, )+ NH 3, Qy 5, (Tl ], 7 )]

At u =0, the cross-correlation terms become:

sz—l,zm—l (71(, 0)=B(0,7, )[dk,nNHlO,—lQZk—l,zm—l O, 7,7+ dk,n'NHlo,onk—l,zm—l (7 Tp, 7)1
+B(7,,0) [dk,n'NHlo,onk—l,zm—l 0T, +7,,7,)+ dk,n"NHlo,lek—l,zm—l (7,,0,7,)] (4'35)

:dIO,nNH10,71R2k71,2mfl (fk ) + dl(),n'NHIO,ORZkfl,mel (fk )
Then,

Y2k,2m—1 (Tk, 0) = NHZO,—IRZk,Zm—l (Tk ) + NHZO,OR\ZI(,Zm—l (Tk ) (436)

where R;,;(7,) and f"j,i(fk) are defined by Equations (3.38) and (3.39) as the continuous-

time partial cross-correlation functions. The decision-directed PLL discriminator (Huang

et al 1998) output is:

() = 52111—1,022m—1,Q = Sig"(zzm—u )sz—1,Q (4.37)
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where Z;Zm—l,O or sign(ZZM_L ,) is an estimate of the information data on the data channel

of satellite m. By substituting Equation (4.31) into (4.37), the PLL discriminator becomes

P -
V() = \/Tmbzm_l,obzm_lTp sinf, + Ao (1) +A; (1) (4.38)

where A.(f) and A, (t) correspond to cross-correlation interference and AWGN,

respectively. The cross-correlation and AWGN are expressed as:

P K . K
Ac(t)= ]/Tmem—l,O[z Yo 12 (7,,0)8I0 6, + Z O Yy ot (T,,0) 086, ] (4.39)
k=1 k=1

k#m k#m

~ T,
A =byyro | " Lopra@On(@)dt (4.40)

The autocorrelation function of the combination of these two types of interference is:
Ro.;u)=E{[A;(O)+A;OIA t+u)+ A, (t+u)]}

=E[A (DAt +u)]+E[A;(0)A;(t+u)] 4.41)
=R.(u)+R;(u)

since A, (t) and A;(t) are independent and have zero mean.

As these two noise components are white over the bandwidth of the loop filter, their

autocorrelation functions are zero at |u [> NT,. . Their one-sided PSD can be derived from

(Huang et al 1998):

=2 jNNTT R, (u)du (i=C,G). (4.42)



69

The autocorrelation of A () is expressed as:

R, (u) = E[A,(OA, (t +1)]

=EI[ " a, (s)cos(@,s+4,)n(s)ds[ a, ,(O)cos(@yt+,)n(t)dr]

NT. ¢NT,+ul N
= .[0 f' o Ay, (s)cos(@ys + 6, )a,,, (1) cos(ayt + ¢,,,)7°§(s —f)dtds

= &J‘NTC COS2 (w()t + ¢m )dt = &INTC 1 + COS(2(()0t + 2¢m )dt (4.43)
2 lul 4 lul
N, | )
= T{NTC —lul+ 5 [sin(Qo,NT, +2¢,,) —sinLa, | u | +2¢,)]}
0
N
= TO(NTC —lul)
since @yNT, >>1.
Therefore, the PSD of the AWGN is:
A (M A (Mc N, B _ N, 2
Ho=2[ - Ro(u)du=2 .[_NTCT(NTC ludu == (NT)". (4.44)
The cross-correlation function, Rc(u), is expressed by
P K
R.(u)=E[A (DA (t+u)]= ?m[z &Y 1o (T 05, (T u) +
k=1
(4.45)

k_m
K
z & Yo 21 (T,0)Y 5 5, (T 10)]
k=1

Due to a large number of random variables, the derivation is simplified by taking the
statistical average of one variable at a time. The bar denotes the statistical expectation of

the term underneath it. As before, the expectation values
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E(sin@, cosf )=E(sin26,)/2=0 E(sin6,)=0 E(cosf,)=0
(4.46)

E(sin® 8,) = E(cos’ 6,) =%
help to reduce terms between different satellites and different channels (in-phase and

quadrature)
E(by by ;) =EWd, )E, ;)E(NH,,,NH , ;)=0 (i # j) (4.47)

which allows for further simplification of the autocorrelation function. The first
summation term of Equation (4.45), representing the data channel, can then be expanded

as follows:
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Yo oma (7, ’O)YZk—l,Zm—l (7, ,u)

= [dk,nNHlO,—lRZk—l,2m—l (Tk ) + dk,n'NHIO,OIQZk—IJm—l (Tk )] {B(l u l’ Tk )[dk,nNHlo,—l X

Oriciomalulz ) +d,  NH Oy 0y (Tl +T,, 7)1+ B(T, L u ) X

[d,,,NH 40 1ami (.7, + T, 7 )+, NH o, Qs ot (Tl 1,71}
= B(ul, )Ry 1 1 (T) 00 1oy (U1, 7,7 ) +

BUul,T )Ry 1 s (T) Doy oy (Tl w1 4T, 7, ) +

Bt luD R,y 50 (700 1 ams (1), T, + T, 7,)
=B(lul, )Ry 5,1 (T )0y pma T, T )+

Ry ot TOBAU L, Ty 3t (0T, T ) = Oty s (01,7, 7)1+

Ry oy @OB@ N uD[Qo 1 21 (0.T5, 7)) = Oy gy (75l 1, 7)]
=B(lul,7 )Ry 5,1 (T)OQos (U, 7,7 )+

Ry oms Ty ot (0T, T ) = Oy 5y (min{luel, 7, }, max{lul, 7, },7,)]
=B(lul, )R 5 (T) Oty pma (Il T, T ) + IQZ tt2mt TR 2 (T4)

+ Ry o (T) = Oy oy (min{lul, 7, },max{lul, 7, },7,)]
=Ry yoms @)+ Ry 5 s (TR o (T ) +[BA L, T )Ry, 5,1 (7))

A

— Ry oma (7, )]QZk—l,Zm—l (min{lul,z, },max{lul,z,},7,)]

(4.48)

where T; 1s a random variable.

By the same token, the representation for the pilot channel is:

Yo o (7, ’0)Y2k,2m—1 (7, ,u)
=B(lul,z, )R2k,2m—1 (7, )Q2k—1,2m—1 (ulz,, 7))+
B(lul,z, )R\Zk,Zm—l (T)Qot12ma (Tolul+Tp, 7 ) +

B(z.lu |)I%2/<,2m—1 (7)1 omalul 7 +T,,7,)

(4.49)

since

E(by by, )= E(NH, ,NH,, )=0 0<i—jI<2. (4.50)
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Therefore the autocorrelation for the pilot channel is:

Yok am-1 (Th 00 Yo 2y (T, 1)

= I,éZk,Zm—lz (Tp) + I%Zk,Zm—l (T )R 2t (T) +[BUu LT )R 9y (T) — I%Zk,Zm—l (Tl (4.51)

X Qo ot (minflul, T}, max{lul, T, },7,)].

Finally, using Equations (4.47) and (4.50) cross-correlation function can be simplified as:

P & A A
R.(u)=E[A (DA (t+u)]= ?m { Z a, E[RZk—l,Zm—lz (z,)+ Ry 1 oma (7, )R2k—1,2m—1 (z,)+

k=1
k#m

(Bt JulRy 5, (7)) — Ié2k—1,2m—1 (TNo iz (min{lul,z, },min{lul, 7, },7,)]+ 4.52)

K
Z ak E'[RZk,Zm—l2 (Tk ) + R2/<,2m—1 (Tk )R2/<,2m—1 (Tk ) +

k=1
k#m

(BT uDRyy 51 () = Ryy 5 (7)o ey (min{lul 7, ), minlul, 7, },7,)1}.

Next, since T, is a random variable, the autocorrelation function is finally determined by
the statistical average of T;. As shown in (Huang et al 1998), the one-sided PSD of the

cross-correlation is expressed as:

3

T, PT
Ue =2 j_TP R, (u)du ='§—]\j1,< (4.53)

where (Huang et al 1998):
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1 K N-1
IK = g z 7 z {‘P[ZCZk—l,Zm—l (l)’ NCZk—l,Zm—l (l -N)- Dzk—1,2m—1 (l)] +
k=1 1=0
k#m

\P[2C2k—1,2m—l 0, DZk—l,Zm—l D1+ \P[2C2k—1,2m—l (I-N), Dzk—1,2m—1 (I-N)l+
®[C2k—l,2m—1 (l)’ C2k—1,2m—1 (Z)] + ®[C2k—1,2m—1 (l —-N), C2k—1,2m—1 (l - N)]-

O[Cs 1 21 (D, Coyy 5 L= NI (4.54))

1 K N-1
g z 7 z {‘P[ZCZk,Zm—l (l)’ NCZk,Zm—l (l -N)- D2k,2m—1 (l)] +
k=1 1=0
k#m
lP[2C2k,2m—l @), D2k,2m—1 D1+ ‘P[2C2k,2m—1 (I-N), DZk,Zm—l (I=N)l+
®[C2k,2m—l (l)’ C2k,2m—1 (l)] + ®[C2k,2m—1 (l - N)’ C2k,2m—1 (l - N)] -

®[C2k,2m—l (l)’ C2k,2m—1 (l - N)]}

with

YIA(D),B()]= A()B(I) +%A(I)B(l +1) +%A(l +1D)B()+A(l+1)B(+]1) (4.55)

O[A(),B()]= %A(Z)B(l) +%A(l +1)B(+1) +%A(l +1)B(l) +%A(l)B(l +1) (4.56)

N-1-1
> (j+Da, a; 0<I<N-1
FON—1+I
D, ()= Jag a; ;s I-N<I<0 (4.57)
j=0
0, 11> N

Based on the above equations, the phase error induced by white noise (cross-correlation

and broadband noise) is expressed as:

(U + )V H(2Af) 1P T, 2N, , 5
= = I, + |H(j2a)I". 4.58
T P, /4 SRR P, H(2H) (4.58)

My
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The corresponding PLL tracking error variance is:

64”2 - .[:,u¢df

T, ONy =
= (s T+ A )| THG2A) P df (4.59)
STy 2N

+
ON* K p

where

e T, isthe L5 PRN chip width;

e N denotes the period of the L5 PRN code in chips (10230);

e [, is a factor of the one-sided cross-correlation PSD from K-1 satellites given in

Equations (4.53) and (4.54);

e N, stands for the one-sided broadband noise PSD in the receiver (-202.8

dBW/Hz normally);

P is the total signal strength of satellite m;

B, is defined as the loop-noise bandwidth.

The calculation of the PLL variance is based on the linear model noise theory (Viterbi
1966) and the fact that the two components of the decision-directed discriminator output
are both white over the loop filter region of interest (Huang 1998). Therefore, most of the
aforementioned derivation is concentrated on the one-sided PSD of these two

independent noise components. Equations (4.39) and (4.40) express the noise
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components in the discriminator output. Equation (4.43) gives the autocorrelation
function of the white noise generated by the broadband noise, which is necessary for the
calculation of its PSD by equation (4.44). Equations (4.45) to (4.52) implement the
inference of the autocorrelation function of the white noise originating from the cross-
correlations, and Equation (4.53) gives the estimation of its one-sided PSD. Finally,
Equations (4.58) and (4.59) present the tracking error and its variance by using these two

PSDs and the linear PLL model.

4.2.2 Numerical Evaluation

4.2.2.1 Simulation Scheme

The purpose of this section is to design a simulation for the validation of the results
obtained theoretically. It is natural that the theoretical estimation be based on some
idealized assumptions and the simulation may either follow or ignore these assumptions.
In any GPS receiver, the code delay and carrier phase are tracked by two types of
tracking loops, DLL and PLL, which are coupled with each other. Because this chapter
focuses on PLL tracking performance, it is assumed that there is no code tracking error
either in theory or in the simulation.

As the PLL is a closed loop system, the feedback is generated by the input signal and
loop components before the second input can be processed. Because of the heavy
computational load, the PLL tracking error simulation is implemented on the baseband

signals. Then the task is naturally divided into two parts: the simulation of baseband
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signals including the desired signal, signals from other satellites and broadband noise,
and the simulation of the decision-directed PLL loop.

In terms of the assumption of accurate code tracking, it is convenient to assign zero to the
code delay of the desired signal and assume a completely correct wipe-off of the L5 PRN
code. The code delay of the interference signals from other satellites is generated
randomly and is uniformly distributed within the range [0, Tp], upon which the PRN
code, NH code and navigation data are produced. The phase of the carrier for the satellite
interference is considered a random variable with a uniform distribution over [0,2%]. The
incoming signal is then correlated with the local replica signal — the PRN code of the

desired signal.

[T | [ e
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C d A\ 4 ¢
ode
Delay > NI_CI}IEZ:I(\)Ide o X o X > Z
GEN
A
- Nav Data
" GEN X
Phase »> .
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+ A
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¢(t) » + > ( )

cos( )

Figure 4.7: Baseband Satellite Signal Simulation
The block diagram in Figure 4.7 illustrates the generation of the desired baseband or
cross-correlation signal. As mentioned already, the code delay is assumed to be zero for

the desired signal for simplicity. As to the signal from another GPS satellite, the code



77
delay generator and phase generator produce random numbers according to uniform

distributions in their own domains. The estimated or predicted phase ¢(t), as discussed in

terms of Equation (4.30), is the feedback of the decision-directed tracking loop shown in
Figure 4.8. The difference between the desired signal’s phase and this estimate represents
the PLL tracking error, whose RMS value corresponds to and is utilized to verify the PLL
tracking error variance presented by Equation (4.59). The sinusoid of this differential

signal is the quadrature-phase term (Q) and the cosine, the in-phase term (I).

I o Sign() o X | Filter

A

3] NCO e(t)

A

A

Figure 4.8: Decision-Directed PLL Simulation
Figure 4.8 illustrates the decision-directed phase tracking loop. Both the in-phase and
quadrature-phase terms consist of the desired signal, cross-correlation and broadband

noise. The desired signal component of the in-phase term denotes the estimation of data
symbol l;Zm—l,O in Equation (4.37). The product of the quadrature-phase channel and the

sign of the in-phase channel passes through the loop filter in order to produce the control
signal, e(t), for the NCO. Finally, the NCO generates the feedback signal or predicted
phase @(z) . The loop noise bandwidth is set to be 15 Hz for all simulation scenarios due

to the dynamics of indoor applications.
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4.2.2.2 Results and Analysis
Figure 4.9 illustrates the decision-directed PLL tracking errors due to broadband noise,
from the theory and simulation as a function of C/Ny. The simulation curve matches the
theoretical one well if the C/Nj is larger than 35 dB-Hz, in which case the PLL error is
less than 6 degrees. With a decrease in C/Nj, both theoretical and simulated tracking
errors rise since the noise power increases compared with that of the signal. However,
below a C/Ny of 30 dB-Hz, the two curves diverge. The divergence indicates the
degradation of the tracking error estimation in accordance with the rise of the phase error
itself. The cause is that this error estimation is in theory based on the linear model while
the phase error is actually transferred non-linearly inside the PLL tracking loop. The
linear model assumes that the difference between the error and its sinusoid is negligible.
When this difference is enlarged with the rise of the phase error, the linear model

becomes gradually invalid.

L5 Receiver PLL Error (Broadband Noise only)
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Figure 4.9: L5 Receiver PLL Error in the Presence of Broadband Noise only
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As shown in Figure 4.10, the gap between the theoretical and simulated results
broadens abruptly and becomes very large when the phase error approaches a value of
15°. The cause is the frequent occurrence of cycle slips in the simulations, resulting in
very large phase errors (multiple of 2w). PLLs suffer from frequent cycle slips when the
tracking error approaches 15° as discussed in (Humphreys et al 2005). “A conservative
rule-of-thumb threshold for a PLL tracking loop is that the 3-sigma phase errors from all
causes should not exceed 45° deg. Therefore, the 1-sigma rule-of-thumb PLL tracking
threshold is 15 deg” (Kaplan 1996). The actual tracking error might be larger than that
described in Figure 4.9 when the error variance is above Y4 rad® (Viterbi 1989), since the
linear model employed in this analysis can no longer exactly model the PLL behaviour.
The reason is that the linear model is established on the assumption that the phase error is

small enough to substitute for its sinusoid (sin¢ = ¢@ ). Cycle slips produce a change in

phase of nx2m which breaks the prerequisite for the linear model mentioned above. The
tracking loop enters the non-linear state frequently and makes the linear assumption
invalid. When the simulated PLL error reaches 15°, the C/Nj is approximately 28 dB-Hz.
Such a C/Nj value is equivalent to an input signal power of -174 dBW. From Figure 3.3
(I5 Correlator Output SNR), one sees that, for a signal power of -174 dBW, the average

SNR number is less than 0 dB, a fact which also explains why the loop loses lock.



80

L5 Receiver PLL Error (Broadband Noise only)
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Figure 4.10: LS Receiver PLL Error in the Presence of Broadband Noise only

L5 Receiver PLL Error under Cross-Correlation only
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Figure 4.11: LS PLL Error under Cross-Correlation only
Figure 4.11 displays the LS PLL error under various cross-correlation conditions. The K
value denotes the total number of satellites in view, and P,,/Px stands for the ratio of the

desired signal power to that of the signal from another satellite. This ratio is the inverse

of «, . For GPS applications under open sky conditions, the impact of low power cross-

correlation is negligibly small, as the right end of these curves show (below 0.2°). In GPS
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indoor environments, the magnitude of the cross-correlation interference may be an
order of magnitude higher than that of the desired signal. As a result, the PLL tracking
accuracy deteriorates to the degree level. The estimation error that indicates the gap
between the theoretical phase error and the phase error measurement obtained from
simulations presents a similar tendency to that of broadband noise — it becomes larger
with the enlargement of the phase error itself. More specifically, the estimation error
increases in size when P, /Py drops or the K value rises, since K-1 is the number of
interference sources. The reason is that the accuracy of the linear model and any
theoretical assessment based on this model is negatively proportional to the phase error
that is positively associated with the interference strength.

Figure 4.12 displays the PLL tracking error at various cross-correlation strengths and a
constant broadband noise level (C/Ny=55 dB-Hz). K indicates the number of satellites in
view. The LS5 signal strength is prescribed to be no less than -154.9 dBW, which is
equivalent to 47.9 dB-Hz (C/Ny). However, the actual radiated power is normally slightly
higher. The main purpose of this figure is to assess the accuracy and validity of the
theoretical estimate of the PLL error (RMS) due to both broadband noise and cross-
correlation interference. In this case, the effects of broadband noise and cross-correlation
are comparable in strength. Figure 4.12 demonstrates that the phase errors are confined to
the degree level, and the estimation error — the gap between the estimate and the
simulation — to the sub-degree level. Although the absolute estimation error increases in

accordance with P,./Px, the relative error is still below 16%.
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L5 Receiver PLL Error (C/N

= 55 dB-Hz)

K=2, Theory
K=2, Simulation
—+—— K=3, Theory -
—+—— K=3, Simulation
A K=5, Theory |

fg’ — A K=5, Simulation |
= ]
LE | |
0 009L S0 NG M N L ]
- | |
[a | |
ffffff =SS
0.5 ! 1 ! 1 ! | 1 | |
20 -8 -6 -14 -2 -0 -8 6 -4 -2 0
P /P, (dB)

Figure 4.12: The PLL Tracking Error under Broadband Noise and Cross-
Correlation
On the right part of Figure 4.12, all PLL phase error curves obtained from simulation rise
above any theoretical curve. For instance, the phase error on the curve “K=2, Simulation”,
which is the smallest for the simulations, is larger than the corresponding value on “K=5,
Theory”, which is the largest for the theory, when P,/Px approaches zero. This
phenomenon also occurs in Figure 4.13. Its cause is analysed below together with Figure

4.13.
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L5 Receiver PLL Error (C/N0 = 35 dB-Hz)
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Figure 4.13: The PLL Tracking Error for an Indoor Scenario

Figure 4.13 shows the PLL tracking error under cross-correlation and a higher broadband
noise level. In this case, the C/Ny is 35 dB-Hz, which is 13 dB lower than the minimum
C/Ny expected under line-of-sight conditions. The average impact of the cross-correlation
is comparatively small in the presence of powerful broadband noise, because these curves
stand for RMS errors. The theoretical phase tracking error is elevated by 0.1° with the
introduction of cross-correlation from four other satellites even if the cross-correlation
achieves its full strength (-20 dB), while its simulation result is 0.2°.

Both absolute and relative estimation errors are small — less than 0.7° (absolute) and 12%
(relative). However, all theory curves are located above the simulation, an occurrence
similar to the aforementioned phenomenon on Figure 4.12. The common underlying

cause is that the broadband noise power is overwhelmingly larger than that of cross-
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correlation. The lower effect of broadband noise is obvious in Figure 4.13. At the right
end of theoretical curve (K=5) in Figure 4.12, the total phase error, o, = m , 18
0.57°, while the phase error associated with broadband noise, O s> 1s 0.56°, as shown in
Figure 4.11, while the phase error produced by the cross-correlation, 0., is 0.11°.

The linear model employed in this theoretical estimation assumes that the phase error is

small enough to use the approximation sing=¢ , providing an explanation of the

increase in the estimation error difference between the theory and simulation with an
increase in the interference power . As Figure 4.13 indicates, the simulation curve goes
higher than the theoretical one. And the estimation error increases with the rise of the
phase error itself that results from interference. If the broadband noise is much more
powertful than cross-correlation, the estimation error resulting from powerful broadband
noise may be greater than the additional theoretical tracking error from the cross-
correlation. In other words, the tracking error in simulation solely introduced by
broadband can exceed the phase error produced by cross-correlation and broadband in
theory. This speculation can be verified by the fact that the simulated phase error at a
C/Ny value 35 dB-Hz (broadband noise only) is 5.7 degrees or so (shown in Figure 4.9),
larger than any points on the theory curve of Figure 4.13 when K has a value of 2. By the
same token, the simulation curve is located higher than the theoretical curve related to
higher cross-correlation sources, as shown in Figure 4.13. In conclusion, it is the inherent

drawback of the linear model that results in this phenomenon.
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4.3 LS Decision-Directed PLL Symbol Estimation Error in the
Presence of Broadband Noise and Cross-Correlation
4.3.1 Theoretical Investigation

The estimation of the information data, 152”1_1,0 or sign(ZZm_u) is also susceptible to

interference and noise, resulting in errors in the output of a decision-directed
discriminator. This section will evaluate the error probability of this symbol estimation so
as to provide a thorough understanding of the impact of interference on the PLL.

Upon the assumption that the phase tracking error is negligibly small, the in-phase L5
correlation output is

Zonrs =[P, 1 4By, Ty + Ai\/oz_k Do s 1Rog 1ot (T0) +boy s o Ry 1 2y (,)1COS @,

ko (4.60)
K " . T,
+ Z \/;k[bZk,—lRZk,Zm—l () + Dy R 2 (T )]8IN G, } + J.O n(t)a,, (t) cos ,rdt
k=1

k#m
The symbol estimation error probability is defined as P.{Z,, , >01b,, ,=-1} and
Pi{z,, ., <0lb,, ,=1} for all 7., @, b, _,, by, by _, and b,, , (Pursley 1977a).
In terms of the obvious symmetry of the set of parameters aforementioned for both

probabilities, these two share the same maximum value P__ (2m—1). Therefore, the

max

computation of one probability can be automatically applied to the other. The following

discussion is based on the assumption that b,,,_, , =—1.
According to Equation (4.60), v, (7,) is defined by

v, (z)=b, R, (t))+b, R, (). (4.61)



86
Taking equations (3.38) and (3.39) into account, it follows that

v, (z)=b,_{C,,(0-NT.+[C,,(A+1-N)~C,,( - N)I(z - IT.)}

J

b lc.a I DIz —IT.)} (+62)
+ J.0 Cj,[( )TC +[Cj,[( +1) _Cj,[( )](T_ Tc)
The periodic cross-correlation function is defined by
N-1
6..()= Zak,jai,jH (4.63)
j=0

for any integer 0</< N . This function can be expressed by an aperiodic cross-

correlation as (Pursley 1977b)

0.,H=C ,D+C. (-N) (4.64)
since
N-1 N-1-1 N-1
0, ()= Zak,jaf.m = zak,jai,j+z + zak,jai, i
Jj=0 j=0 j=N-1
N-1+1 1-1
=Cy, (H+ z a4, =C,(D+ z Ay by (4.65)
n=N n=0
N—1+(I-N)
=Cy; O+ Zak,n—lai,n =C,, )+ Cy. (I-N)
n=0
Noting that
6., (=6, (N-1), (4.66)

an odd cross-correlation function was defined by Massey and Uhran (1975) as
6,,(h=C,,(H-C, (=N, (4.67)
because
6,,()=-6, (N-1I). (4.68)

If 0T, <7;<(l;+)T, <T, foraninteger /;, then v, (7;) can be rewritten as
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v, (t)=b,,10,,U)T. +|6,,(,+D-6,,()|z,-1,T. )} (4.69)

under the assumption that b, , =b, _,, or that

v (@) =b,0 10,0 )T+ 16,4, +D-6,,0) e, -1,1.)} (4.70)
if b,y =-b; ;.
The correlation output can be expressed in terms of v, (7;) as

K
Zya =P, 14{b,, T+ Z\/a—k[VZk—l,2m—1 (Tk )COS D +Var 2 (Tk )Sin P, ]
k=1

k#m

+ LTP n(t)a,, (t)cos wytdt

4.71)
K
=P, 14{b,, Ty + z VO, \/VZZk—l,Zm—l (Tk )+ ng,an (Tk ) Sin(¢k T ¢ )
ko
Tp
+ J'O n(t)a,, (t)cos w,rd
where
T

tan(p, ) = “2nt ). (4.72)

Vot amat (Tp)

This correlator output conforms to a Gaussian distribution with the expectation value

K
E[ZZm—l ] = \/ Pm /4 b2m—l,0TP + Z \/a—k\/VZZk—l,Zm—l (Tk )+ V221<,2m—1 (Tk )Sin(¢k + ¢k ) (473)
k=1

k#m

and variance

(4.74)

From Equations (4.69) and (4.70), it is clear that for 0</, 7. <7, < (I, +DT. <T,
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v, (@)=v,,(,T.)+ [vj’l. ((d,+DT)—v,, (leC)(;—;—ljj (4.75)
where
v, ([ T)=b,,0, ()T, v, ((L;+DT.)=b,,0, (I, + DT, (4.76)
ifb,,=b,_,or
v, (T =bj,00AjJ. ()T, v, (L, +DT,) =bj!00Aj!i (; + DT, (4.77)

if b, , =—b,_,. This fact means that inside the two-dimension 7 —v(7) plane, an arbitrary
point (Tj,vj’l. (Tj)) (0<IT.<7,<(;+DT.<T, ) is located on the line between
(z,,v,,(,T)) and (z,,v,, (1, +DT,)).

It follows that

max (\/v22k—1,2m—1 (Tk )+ V;k,Zm—l (Tk )): max (\/v22k—1,2m—1 (lch )+ v22k,2m—1 (lch )) (4.78)

where 0 </, <N is an integer.
Actually, the validity of Equation (4.78) can be ensured by

V22k71,2mfl (lTC )+ v;k,mel (lTC )’ V22k71,2mfl ((l + I)TC )

V3, . (z’)+ % . (T)S max
2k-1,2m-1 2k,2m—1 +v22kq2m71((l+l)TC)

J (4.79)

where 7 is an arbitrary value (0<IT,. <7< ([+1)T. <T,). Equation (4.79) converts the

problem into an issue of analytical geometry, and the equation will be proven in the
following section.

Assume an arbitrary 7, (/7. <7, <(I+1)T,); then the point (TO’VZk—l,Zm—l (Z'O)) must reside

on the line whose ends are (I7.,v, 5, (IT.)) and ([+DT vy s (U+DTL)) .
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According to analytical geometry, any point (Z',vz,(_lwm_l(z')) on this line can be
depicted as
Vak-1,2m-1 (r)= Vak-1,2m-1 (7,)+ K, (r -7, ). (4.80)

Vok-1,2m-1 ((l + DT, )_ Vok-1,2m-1 (ch )

where K, = T
C

The same conclusion is also valid for the points (Z'O,VZk’M_1 (TO)), (lTC Varoma UT¢ )) ,
(1 + DT, vy 5, (L +1)T,.)) and any point (z,v,, ,, (7)) on their line
Vak,2m-1 (r)= Vak 2m-1 (To)+ K,(z- To)’ (4.81)

Vok,2m-1 ((l + DT, )_ Vok,om-1 (ZTC )
T, '

where K, =

It follows that

V22k71,2mfl (T) + ng,szl (T) = (V2k71,2m71 (To ) +K, (T -7 ))2 + (V2k,2m—1 (To ) +K, (T -7 ))2

= V22k71,2m71 (To ) + ngamq (To ) + 2(K1V2k71,2m71 (To ) + KoVt (To ))(T - To) . (4.82)
+ (K12 + K22)(7_ 70)2

The last term (K l+K: )(Z'—TO )’ is of course non-negative. The situation of the second
term 2(K Vaket 2mt (z,)+ Ky ama (z, ))(Z'— 7,) is somewhat complicated, and needs to be

clarified.

If K1v2k_1,2,11_1(70)+ K2v2k,2m_1(1'0) is zero, then the second term is also zero. If
KV ioma (z,)+ Ky ama (z,) is negative, then the term is positive for 7 < 7, including
7 =IT. . Otherwise, K1v2k_1,2m_1(70)+ szz,{,z,n_l(z'o) is positive, and consequently, the

second term is positive for 7>7, , including 7=(+1)7. . Therefore,
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2 2 : . 2 2
Vait2m-t (TO)+ Vi omat (Z'O) is no greater than at least either vy _,,, (lTC)+vz,(!2m_l (lTC)
or Vi o[+ DT )43 5, (+DT.) . Combined with the arbitrariness of 7, ,
Equation (4.79) has been proved.
Based on Equations (4.76) and (4.77), v:,(I,T.) = 6;,(I)T; is valid when b, ,=b, ,, or

vf’i(leC)=6A’].2J.(l].)TC2 if b,y =-b;_, . Thus, the maximum value of P, (2Zm—-1) is

obtained when \/vzzk_1'2m_1(fk)+ v22k,2m—1(Tk) approaches its maximum quantity 4, ,, T

and when sin(@, + ¢, )=1, under the assumption b,,_, =—1, where

VO 0) 102 (), O 1)+ 62,0

. A _ (4.83)
VGions 1)+ 60 0)e O (1) 46200,

lk ,2m—1 = max

for the integer [, (0</ <N ). In this worst-case condition, the expectation value
becomes

P K
E[ZZm—l] = \/Tm —T, + Z\/ & Ay oI - (4.84)
P

k#m

Since the threshold for estimating this correlation value as either -1 or +1 is zero, the

maximum error probability is
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O — 4/ Pm /4 - Tp + i\/a—kﬂk,Zln—lTC
k=1

P (2m-1)=1-o sl

max \/ﬁ
4

PT 1 &
=1-P| [2L]-— a, , 4.85
NO N]; k 7Yk, 2m—1 ( )
k#m
E 1 &
=1-@| |—{1-=>"Ja, A
NO N];Zl kY, 2m-1

where
e & is the standard (zero mean and unit variance) Gaussian cumulative distribution
function; and
e E=PT,=(P,+P )T, =2P,T,=2E, =2E,, is the total LS signal energy of
the expected satellite m within period 7, including both in-phase and quadrature

channels.

If there is no cross-correlation from another satellite (K=1), this error probability reduces

2E,
P (1)—1—<I>[1 /TOJ , (4.86)

a result also agreeing with the error probability for the coherent receiver (matched filter)

to

under the condition of white Gaussian noise.
Simulations in the following section will verify the theory represented by Equation (4.85).

It is obvious that the maximum cross-correlation, represented by Equation (4.83), is an
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important parameter for the final result. The condition under which the maximum

cross-correlation is achieved is also of interest and listed in Table 4.1.

Table 4.1 the Maximum Cross-Correlation and Associated Combination of

Parameters
A 7, (chips) @, () A B
2 425.52 7109 32.7 Yes Yes
k 3 438.99 6643 138.0 No Yes
4 454.69 4114 167.6 Yes No
5 450.28 3697 15.5 Yes Yes

A: data transition on data channel

B: data transition on pilot channel

4.3.2 Numerical Evaluation

4.3.2.1 Simulation Scheme

As the definition of the decision-directed discriminator in Equation (4.37) shows, the

decision-directed phase tracking loop is affected by the sign of the in-phase correlator

output. The proper operation of the tracking loop depends on the correct retrieval of

information data — its sign. But the information data is contaminated by broadband noise,

which is unavoidable in any system, and by the cross-correlation if there is more than one

satellite in view.

As in the previous simulations, the broadband noise is treated as a white Gaussian

process. However, the impact of cross-correlation is no longer considered from the
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perspective of the average effect — the worst-case situation is investigated here.
Therefore, the simulation produces the worst combination of cross-correlation in terms of
code delay and phase offset as the first step, and the symbol estimation error rate is
evaluated under the circumstance of these worst-case combinations and broadband

random noise. Just as in the theoretical analysis, the simulation concentrates on only one

probability, P{Z,,_,, >01b,, ,, =—1}. As a result of the symmetry, the conclusions are
valid for the other probability, P.{Z,, 5 <01b,,  , =1}. Since the correlation is a linear

transform or a matched filter, the correlator output of the incoming signal is equivalent to
the sum of the correlations of each component of the input signal with the local replica.
Thus, the simulation consists of two comparatively independent parts.

In the first stage, the so-called worst-case cross-correlation is obtained through the
simulation shown in Figure 4.14. More specifically, the objective is to find the maximum
correlation which will be associated with a particular code delay, phase offset, and the

absence or presence of data transition on the signals from unexpected satellites.

Code Delay (T¢)
1,2,...10230

Phase Offset Signal X 3 | Max()
1°,2°,...360° | GEN

A 4
A 4
A

Data Transition
or Not Local Code

Figure 4.14: Search for the Maximum Cross-Correlation
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Then, the in-phase L5 correlator output is formed as the maximum or worst-case cross-
correlation plus the correlation of the desired signal and broadband noise with the local
replica, as Figure 4.15 shows. The data symbol carried on the PRN code of the desired
signal is set to -1 for the entire simulation. Thus, an error is identified when the output in
Figure 4.15 exceeds the threshold of zero. The symbol estimation error rate is determined

through a statistical approach with a set of simulations.

Desired A+ | X s d+ | >0 | Error
Signal g " g " - _>
A A A
Broadband
Noise Local Code Worst Case (Max)

Cross-Correlation

Figure 4.15: Symbol Estimation Error

4.3.2.2 Results and Analysis

Figure 4.16 depicts the symbol estimation error rate in the presence of broadband noise
only. The theoretical and simulated curves demonstrate that an erroneous symbol
estimate is a small probability event if the C/Ny is above 35 dB-Hz. When the C/N, drops
to approximately 30 dB-Hz, the symbol estimation error rate is no longer negligible and
contributes to the large gap between the estimated and simulated PLL tracking errors, as
Figure 4.9 shows. The reason is that the theoretical curve does not take the symbol
estimation error into account. After the C/Ny is lowered to 32 dB-Hz, the error rate
approaches 0.1, a value that is considered to affect the PLL tracking error significantly

(Huang et al 1998). As the symbol estimation error rate increases further, cycle slips



95
producing unacceptably large PLL errors become more frequent. Figure 4.10

demonstrates the effect on the PLL tracking error.

Symbol Estimation Error Rate (Broadband Noise only)
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Figure 4.16: Symbol Estimation Error Rate for Broadband Noise only
Figure 4.17 presents the joint effect of both broadband noise and cross-correlations on
symbol estimation. The figure shows that in the worst case, even a single cross-
correlation satellite (K=2) can produce a relatively high symbol estimation error rate
(over 0.16). With four interfering satellites having large SIR values, the performance of
the symbol estimation inside the PLL discriminator degrades to an unacceptable level, as
the K=5 curve displays. The poor quality of the symbol estimation is bound to increase
the PLL error and cycle slip rate. The results of Figure 4.17 demonstrate for the first time
how serious the impact of cross-correlation can be. Note that these results are for the
worst case, while the SNR and tracking errors investigated previously, are both evaluated
from an average viewpoint. The information indicates the worst case combination of code
delay, phase offset and data transitions on two channels, as given in Table 4.1 the
Maximum Cross-Correlation and Associated Combination of Parameters, Although this

combination has a small probability of occurring and, if it does, has a short duration, it
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does warn us of the possibility of the destructive power of cross-correlation in certain

cascs.

Symbol Estimation Error Rate (C/No = 35 dB-Hz)
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Figure 4.17: Symbol Estimation Error Rate under Broadband Noise and Cross-

Correlations

4.4 Conclusions

This chapter investigates the RFI impact on the decision-directed phase tracking loop.
The tracking error is estimated from the average point-of-view using a linear model and
neglecting any symbol estimation error. The latter was studied separately to determine
the maximum possible influence.

In the investigation of the RMS tracking error, both cross-correlation and broadband
random noise are treated as white Gaussian noise because of the limited receiver
passband. The most important parameter of a white Gaussian process is the power
spectral density. The RMS error is obtained from the PSD and the closed-loop transfer

function that describes the linear model. Thus, the theoretical deduction consists of the
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calculation of the PSD of cross-correlation and broadband noise, respectively, and the
tracking error. The computation of the tracking error depends upon the PSD and the
linearization or approximation of the PLL, although PLL is in essence a non-linear
system. The simulation results indicate that the theoretical estimate is adequate for
assessing the RFI (cross-correlation and broadband noise) impact on the GPS L5
decision-directed PLL with acceptably small absolute and relative errors, especially for
low interference power. Although the approximation and the ignored symbol estimation
error actually introduce an additional tracking error which is seen in the simulation, the
theory presents a relatively accurate indication of the behaviour of the phase tracking
loop with a sub-degree estimation error level. When the C/N, decreases below 30 dB-Hz,
the estimation error rate increases, due to the drawback of the linear approximation and
the rise of the symbol estimation error rate. However, the estimate and measurement of
the tracking error make no sense if the lower C/N, drives the PLL into a loss of track,
because the control will be taken over by the frequency locked loop (FLL) or the receiver
may have to search for the signal by returning to the stage of acquisition.

The average effect of cross-correlation is much smaller than that of broadband noise,
since broadband noise is strong due to large signal attenuation after the long propagation
distance between GPS satellites and the receiver. The RMS tracking error produced by
cross-correlation is at the sub-degree level, and is not a serious problem under large C/Ny
circumstances. However, its impact is no longer negligible in an indoor environment
where weak signal conditions have pushed reception performance to an already critical

state.
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The theoretical estimate of the symbol error rate is accurate because the model does
not make use of the same kind of approximation as used in the tracking error estimate.
The error rate estimate reveals another aspect of the cross-correlation interference — a
short-term but destructive effect due to a particular combination of interference
parameters. The symbol detection error makes little difference to the tracking error if its
value is below 1% (Huang et al 1998), but its influence increases significantly with a rise
in detection error. The outcome may be a loss of tracking, or an unreliable tracking state

after a short period.
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Chapter Five: CONCLUSIONS AND

RECOMMENDATIONS

5.1 Conclusions

The objective of this thesis was to investigate and assess, from both the theoretical and
the practical viewpoint, the effect of RF interference on the future GPS L5 signal with
respect to the accuracy and reliability of acquisition and carrier tracking. This
investigation was accomplished for the basic 1 ms coherent integration strategy on the in-
phase component.

One purpose for the new signals of the GPS modernization scheme is to extend the
positioning service to indoor applications, since GPS was originally designed for line-of-
sight conditions. In indoor environments, receivers are susceptible to broadband noise
and cross-correlation due to the large attenuation of signal power along the propagation
path and the near-far problem. This thesis aims to present an appreciation of the impact of
RF interference according to the major characteristics of the signal reception process,
correlation, and carrier phase tracking.

The simulation results for average SNR and the worst-case symbol estimation error rate
present strong support for the validity and accuracy of the theoretical quantification of
these parameters. The average SNR values were obtained under the assumption that the
code and carrier phase tracking of the desired signal were accurate. This assumption was

used in the theoretical estimation as well as in the simulations. It should therefore be
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referred to as the maximum average SNR at the correlator output, since the accuracy
of code and carrier tracking is degraded with a rise in interference strength. The symbol
estimation error rate was also analyzed under this assumption.
The theoretical L5 RMS tracking error accurately followed the simulation results
(estimation error less than 0.3°) when the tracking error itself is below 5°. In the
theoretical evaluation, the phase tracking loop was considered to be a linear system based
on the approximation that the phase error can be substituted for its sinusoid. This
approximation is valid in the case of small phase errors and, as a result, the linear model
accurately describes and reflects the actual operation of the PLL.
The accuracy of the tracking error estimation degrades with an increase in interference
power due to the breakdown of the linear model and the neglected symbol estimation
error. Huang et al. (1998) investigated the difference in the decision-directed PLL
tracking error with and without a detection error; they found that the tracking error
increases significantly if the bit error rate is above 10%. BER is the ratio of the number of
bits incorrectly received to the total number of bits during a specified time interval, while
the symbol estimation error rate is the percentage of the number of symbols erroneously
received to the total number of symbols transferred but it is assumed that the data
transmitted is -1 rather than +1. Therefore, the investigation on BER gives some
indication on the influence of symbol estimation error on the decision-directed tracking
loop. Both theory and simulation reveal that broadband noise results in a symbol
estimation error larger than 10% for low carrier-to-noise density ratios. Thus, the

theoretical assessment based on the linear model, together with the omission of the
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symbol estimation error, is unable to maintain a constant accuracy for different
interference strengths.

From the perspective of average SNR and RMS tracking errors, cross-correlation is a
minor interference compared with broadband noise. A GPS signal, whether it be the
desired one or that of another satellite, is extremely weak near the earth’s surface
compared with sky noise and receiver thermal noise, both of which are modeled as
broadband noise.

The worst-case error rate estimate reveals another aspect of cross-correlation
interference: a short-term but destructive effect associated with certain combinations of
interference parameters presented in Table 4.1 the Maximum Cross-Correlation and
Associated Combination of Parameters. For the duration of these combinations of
parameters, receiver performance may be degraded to the extent that positioning service

may be disrupted because of the loss of track of incoming signals.

5.2 Recommendations for Future Research

The average SNR was obtained only from the data channel correlator output limited to 1
ms coherent integration. This integration period is the basic and simple strategy that
matches the NH code width, such that no NH code wipe-off is necessary. A receiver may
adjust and extend the coherent integration time for interference mitigation. The
introduction of NH code wipe-off for longer correlation periods will make the theoretical
analysis more complicated, with some differences in the underlying mathematical model.
However, possible long coherent integration implementation is an important advantage of

and motivation for the pilot channel that is added to L5 signal. Henceforth, it is necessary
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to extend the average SNR analysis to various correlator schemes for the assessment
of a LS receiver.
Several discriminators may be used for the carrier phase tracking loop design besides the
decision-directed loop upon which the tracking error is estimated. Furthermore, the dual
channel signal structure presents more options on the tracking schemes for L5 with
respect to different coherent times, tracking on either component, or combination
strategies described and investigated by Hegarty (1999) and Julien et al. (2004). The
research of RF interference impact on various tracking schemes will make possible a
comprehensive understanding of future LS receiver performance.
Due to time constraints and because the PLL is subject to much interference, code
tracking performance was not discussed. As a CDMA system, code tracking (DLL) is as
indispensable in a GPS receiver as the conventional phase tracking loop (PLL). The
proper operation of either is the prerequisite for the stable functioning of the other.
Therefore, an investigation of RF interference effects on the DLL, consistent with other
discriminators and strategies, is required.
Finally, this thesis concentrates on the average effect based on statistical models. The
averaged effect of cross-correlation was shown to be small compared with its impact in
terms of certain code delays demonstrated by the worst-case analysis. It is expected that
research on other methodologies beyond the statistical average will be proposed and
executed to develop a fuller understanding of the influence of RF interference on the L5

signal acquisition and tracking.
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